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요약

본 논문에서는 쿼드로터의 모터 하나가 완전히 고장이 발생한 경우 쿼드로터의 위치 제어를 위한 능동 결함 허용 

제어 방법을 제안한다. 소각의 가정 없이 라그랑지 방정식을 사용하여 쿼드로터의 동적 방정식을 구한다. 제안한 방법

에서는 모터의 결함 검출을 위해 고장 검출 및 진단(FDD) 모듈과 고장 검출 및 분리(FDI) 모듈로 구성되는 고장 검출 

모듈을 설계한다. FDD 모듈에서는 구해진 동력학에 기반하여 쿼드로터의 상태를 관측하는 비선형 관측기를 설계한다. 

관측된 쿼드로터의 상태들를 이용하여, 유수 신호를 설계하고 결함을 검출하기 위한 유수 신호의 적절한 문턱 값을 설

정한다. 또한 설계된 추가 조건을 사용하여 결함 위치를 알아내기 위한 FDI 모듈을 설계한다. 모터의 결함을 검출한 

후 쿼드로터가 원하는 경로로 비행하기 위해 다중 슬라이딩 표면 제어 기법에 기반한 결함 허용 제어기를 설계한다. 

마지막으로, 모의실험을 통해 제안한 능동 결함 허용 제어 방법이 효용성을 검증한다. 

ABSTRACT

In this paper, we proposed an active fault tolerant control (AFTC) method for the position control of a quadrotor 

with complete loss of effectiveness of one motor. We obtained the dynamics of a quadrotor using Lagrangian equation 

without small angle assumption. For detecting the fault on a motor, we designed a fault detection module, which 
consists of the fault detection and diagnosis (FDD) module and the fault detection and isolation (FDI) module. For the 

FDD module, we designed a nonlinear observer that observes the states of a quadrotor based on the obtained 

dynamics. Using the observed states of a quadrotor, we designed residual signals and set the appropriate threshold 
values of residual signals to detect the fault. Also, we designed an FDI module to identify the fault location using the 

designed additional conditions. To make a quadrotor track the desired path after detecting the fault of a motor, we 

designed a fault tolerant controller based on the multiple sliding surface control (MSSC) technique. Finally, through 
simulations, we verified the effectiveness of the proposed AFTC method for a quadrotor with complete loss of 

effectiveness of one motor.
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I. INTRODUCTION

A multirotor is one of small unmanned aerial 

vehicles (UAVs). Since a multirotor has the 

structural symmetry, it can do the vertical take-off 

and landing (VTOL) and can be easily 

manufactured. Because of these advantages of a 

multi- rotor, it is among the more commonly used 

types of UAV. However, due to poor control and 

unexpected accident, a multirotor might have some 

faults on sensors or motors, thus the collision 

accidents of multirotor usually happen. To prevent 

that, the fault tolerant control of a multirotor is a 

key topic nowadays. When the sensor faults occur 

on a multirotor, the sensing data is compensated by 

filters to control a multirotor. However, when the 

faults occur on motors of a multirotor, control 

strategy should be changed to control a multirotor. 

In [1-4], passive fault tolerant control (PFTC) is 

suggested for a multirotor UAV with the fault on 

motors. However, PFTC is useful in the case of 

only partial loss of effectiveness on motors because 

it does not have the fault detection module and only 

depends on the robustness of controller. In [2-9], 

active fault tolerant control (AFTC) is designed for 

the fault on motors of a multirotor. AFTC has 

better performance than PFTC because it has fault 

detection module and controllers for healthy and 

faulty conditions seperately. In [2] and [8], AFTC is 

designed using the well-known control strategies. 

They also applied the designed controller to a real 

quadrotor. However, they did not address the fault 

detection module and assumed that the time 

between the occurrence of a fault and the detection 

of a fault, that is, decision making time is 0s. In 

[3-7] and [9], they designed an AFTC and tested it 

with the fault detection modules. However, the fault 

detection modules that are used in these paper only 

detects whether the fault occurs or not. In other 

words, they cannot know where the fault occurs. In 

[4] and [7], they designed an AFTC of a quadrotor 

with coaxial propeller system and octorotor which 

have 8 motors on a  multirotor. These systems that 

have more actuators than state variables are called 

overactuated system. These systems are easy to 

design a fault tolerant controller because they have 

2 motors more than state variables. However, a 

quadrotor system is an underactuated system since 

it has more state variables than actuators. In other 

words, it does not have extra motors to control 

state variables, so it is difficult to design a fault 

tolerant controller when the fault occurs on motors. 

In [1-4] and [9], they assumed that a multirotor has 

the fault with partial loss of effectiveness of motors. 

It is possible to control a multirotor safely with 

partial loss of effectiveness of motors. However, 

when a multirotor has the fault with complete loss 

of effectiveness of motors, it is difficult to control a 

multirotor safely. Thus in [8], only attitudes and 

altitude, not position are controlled to land a 

multirotor safely using a PID control strategy.

In this paper, we propose an AFTC method for 

the position control of a quadrotor with complete 

loss of effectiveness of one motor. We obtain the 

dynamics of a quadrotor using Lagrangian equation 

without small angle assumption. In the proposed 

method, we design a nonlinear observer that 

observes the state variables of a quadrotor to make 

the residual signals. Using the states of a 

quadrotor and the state variables observed by the 

designed nonlinear observer, we design residual 

signals for the fault detection and diagnosis (FDD) 

module and the fault detection and isolation (FDI) 

module. We set some threshold values and 

conditions of residual signals to detect the fault 

occurrence and the fault location. Also we design a 

fault tolerant controller for tracking the desired 

path after occurring fault, which is  based on the 

multiple sliding surface control (MSSC) technique. 

Finally, we demonstrate the effectiveness of the 

proposed AFTC via simulation results.
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II. MODELING OF QUADROTOR

A quadrotor has 4 motors with propellers 

symmetrically. To prevent spinning, two motors 

facing each other on a quadrotor turn clockwise, on 

the other hand, the others turn counter-clockwise. 

A quadrotor used in this paper is shown in Fig. 1, 

where     are the speed of each motor

Fig. 1. The quadrotor system 

To derive the model of a quadrotor, two frames 

are used: one is the body-fixed frame and the 

other is the earth-inertia frame [10]. The 

body-fixed frame is described on a quadrotor with 

origin at the center of mass of a quadrotor, which 

is represented as follow:

                              (1)

The translational and rotational velocities of a 

quadrotor on each axis are used as the state 

variables in the body-fixed frame as follows:

                             (2)

where   is the translational velocity of a 

quadrotor on each axis and   is the rotational 

velocity of a quadrotor on each axis. The 

earth-inertia frame is described on the earth with 

origin at the center of earth, which is represented 

as

                              (3)

The position and angles of a quadrotor on each 

axis are used as the state variables in the 

earth-inertia frame as follows:

                            (4)

where   is the position of a quadrotor on 

each axis and   is the angles of a quadrotor 

on each axis. For modeling a quadrotor, we set 

Lagrangian function as follows:

                                   (5)

where   and   are the kinetic and potential 

energies of a quadrotor, respectively. The dynamics 

of a quadrotor can be obtained using the following 

Lagrangian equation:



 
 


                           (6)

where   is the control input of a quadrotor. 

Then we can obtain the dynamics of a quadrotor 

expressed on the body-fixed frame as follows:




 


× ×

× ×













  × 
 × ×














  (7)

where ×  denotes a ×  diagonal matrix with 

the mass of a quadrotor,  ×  denotes a ×  

diagonal matrix with the moments of inertia 

    that are on each axis on the body-fixed 

frame, and   are the control inputs of a 

quadrotor for the translational and rotational 

movements, respectively. The dynamics of a 

quadrotor can be described as follows [11-13]:



JKIECS, vol. 17, no. 01, 59-70, 2022

62

 
 

  






 










 










 





                (8)

where   is the acceleration of gravity,   

are control inputs of a quadrotor,   is the total 

moment of inertia of motor and propeller on each 

center of propeller, and  is the total rotational 

speed of motors described as the following form:

                      (9)

The dynamics of a quadrotor are more 

conveniently formulated in the body-fixed frame. 

However the dynamics of a quadrotor described on 

the body-fixed frame should be converted to those 

described on the earth-inertia frame for tracking 

control. The relation of the translational and 

rotational velocities between the body-fixed frame 

and the earth-inertia frame are described as follows 

[10]:

  
               (10)

  
              (11)

where    are the translational velocity on 

the earth-inertia frame and the body-fixed frame, 

respectively,    are the rotational velocity on 

the earth-inertia frame and  the body-fixed frame, 

respectively, and  and  are the rotation and 

translation matrices, respectively. The rotation and 

translation matrices  and  are expressed as













  
  
  

  

(12)













  
  

 





                     (13)

where ∙ ∙ , and ∙  mean sin∙, cos∙ , 
and tan∙, respectively. The dynamics of a 

quadrotor described on the earth-inertia frame can 

be obtained with (8), (10), and (11). The control 

inputs of a quadrotor shown in Fig. 1 are 

expressed as the following form:

  
 

 
 



  
 



  
 



  
 

 
 



             (14)

where   is the thrust factor of propeller,   is the 

distance between the center of a quadrotor and the 

center of each motor, and   is the drag factor of a 

quadrotor. The speed of each motor in this paper 

can be calculated as follows [14]:


                       (15)

where   is the motor coefficient and 
 is 

the desired speed of each motor for  ⋯. A 

quadrotor used in this paper is Asctec 

Hummingbird, where its parameters and limitations 

are listed in Tables 1 and 2, respectively.
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Para-
meter

Description Value

 Mass of quadrotor 


Moment of inertia 

about   axis
× 

∙ 


Moment of inertia 

about   axis
× 

∙ 


Moment of inertia 

about   axis
× 

∙ 


Distance between 

center of the quadrotor to 
center of each propeller



 Thrust factor
× 

∙ 

 Drag factor


∙∙



Total moment of 
inertia of motor and 
propeller about center of 
each motor axis

× 

∙ 

 Acceleration of graviry

∙ 

 Motor coefficient   

Table 1. The parameters of Asctec Hummingbird. 

 

Limitations Description

 Limitation of angle 

 Limitation of angle 

 Limitation of angle 


Limitation of 

translational velocity 
about x axis


Limitation of 

translational velocity 
about y axis


Limitation of 

translational velocity 
about z axis


Limitation of 

rotational velocity about 



Limitation of 

rotational velocity about 



Limitation of 

rotational velocity about 


Table 2. The limitations of Asctec Hummingbird 
in non-faulty case

III. DESIGN OF ACTIVE FAULT 
TOLERANT CONTROLLER

In this section, we design  an active fault 

tolerant controller of a quadrotor with complete loss 

of effectiveness of one motor. The proposed active 

fault tolerant controller is designed with three 

steps: the fault detection, the fault isolation, and the 

switching to active fault tolerant controller.

3.1 Design of Fault Detection Module

To detect the fault occurring on a quadrotor, the 

FDD module and the FDI module should be 

designed. For this purpose, the nonlinear observer 

of a quadrotor is used. The dynamics of a 

quadrotor (8) can be described as follows:












                         (16)

where


 




 


















 









 









 







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

 






   
   
   
   
   
   
   
   

   
   

   
   







 

Similarly, we design a nonlinear observer as the 

following form [15]:


























         (17)

 where 



 is the observed states of a quadrotor 

through nonlinear observer and   is a ×  

diagonal matrix.

Theorem 1: The observed states of a quadrotor 

asymptotically converges to the states of a 

quadrotor if a diagonal matrix   is set as follows:

 


























  (18)

where 

 







  is the component of 

error vector and η is a positive constant.

Proof: we define the error vector as the 

following form:








                                (19)

Using (19), we choose the Lyapunov function 

candidate as

  





                                (20)

The time derivative of (20) is calculated as









 



























 

(21)

If we select a diagonal matrix   as (18), then 

(21) can be expressed as follows:





                                (22)

Since the Lyapunov candidate (20) is positive 

definite and its time-derivative (22) is negative 

definite, the error vector (19) converges to 0 by 

Lyapunov theorem. It means the observed states of 

a quadrotor asymptotically converges to the states 

of a quadrotor.               

The designed nonlinear observer observes the 

states of a quadrotor within the limitation as listed 

in Table 2. For detecting the fault on one motor, 

the residual signals are designed as the following 

form [16]:

  

  

                         

When the fault occurs on one motor, a quadrotor 

will tilt to the   or   directions. However, the 

designed observer only observes the states of 

quadrotor within the limitation, so the residual 

signals will be larger. Therefore fault diagnosis and 

detection module is designed as follows:

no fault   r   and    fault otherwise

where   and   are the threshold value of   

and , respectively. The smaller   and   are, the 

shorter the time between the fault occuring point 

and the controller switching point. However, it can 

be misrecognized in non-faulty case because of 

some noise. Thus,   and   should be set 

appropriately. To control a quadrotor with complete 

loss of effectiveness of one motor, not only 
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detecting the fault but also isolating the fault is 

needed. For this purpose, we design an FDI 

module. Without loss of generality, it is assumed 

that motor 1 in Fig. 1 has the fault. When motor 1 

has the fault, the thrust force of motor 1 will be 0 

thus a quadrotor with fault will be tilted to the 

positive   direction. However, it will be tilted to 

the   direction because of the Coriolis force. Thus 

the size of residual signals should be compared in 

order to isolate the fault. Finally, the conditions of 

residual signals for detection and isolation of the 

fault are described as follows:

no fault   r   and    fault on motor    and  fault on motor    and  fault on motor    and  fault on motor   and  

3.2 Design of Fault Tolerant Controller

After the diagnosis and isolation of fault, the 

fault accommodation is needed to control a 

quadrotor with complete loss of one motor. In fault 

accommodation step, the controller that is applied to 

a quadrotor before occurring the fault is switched 

to the fault tolerant controller. For the design of 

the fault tolerant controller of a quadrotor with 

complete loss of one motor, the dynamics of a 

quadrotor (8) is described as follows:

 








 






















             (23)

where, 

  




 




 





 



 


 ×

× 


  











 












 







 







 







  






 






   
   
   
   

   

   






To control a quadrotor described in (23), the 

sliding surfaces are set as follows:

























                              (24)

where 



 and 




 are the desired vectors for 

tracking control of a quadrotor. The time 

derivatives of (24) is calculated as





 


























 







































 should converges to 0 to make quadrotor 

track the desired path thus set 



 as follows:










 











where   and   are positive contstants, and 


 



  is the right pseudoinverse of 




. 


 



  always exists except  ±  because  





  has full rank. Likewise, set 


  to make 




 

converge to 0 as follows [17-18]:







































    (25)
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where   is a positive constant and 
 







  

is the right pseudoinverse of   



. 

 







  

always exists because  







  has full rank. 




 

and 



 are calculated as



































where 



  and 




  are the nth calculated 

desired vectors and   is the sampling time. 

However, we cannot control all state variables of a 

quadrotor because a quadrotor is under-actuated 

system. Thus, the desired positions should be 

translated to the desired attitude angles for the 

tracking control of a quadrotor. For this, vectors 

are defined as follows:




 




 

For the tracking control of a quadrotor, the 

sliding surfaces are defined as follows:

























                             (26)

where 


  and 


  are the desired vectors of 


  

and 


 , respectively. The time derivatives of (26) is 

calculated as













































 









To make 


  converge to 0, 


  is set as 

follows:




 















where   is a positive contstant larger than   

and   is a positive constant. Likewise, to make 



  converge to 0, define the virtual inputs as 

follows:
























                             (27)

Then, the virtual inputs are calculated to make 



  converge to 0 as follows:











































   

where   is a positive constant. The attitude 

angles   and   of a quadrotor can be calculated 

by (27) as

   

  
                             (28)

We can substitute the attitude angles into the 

desired angles in (28). Therefore, the desired angles 

can be calculated as follows:

  

  
                            (29)

If we substitute   and   in (24) into (29), a 

quadrotor tracks the desired path.
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Theorem 2: A quadrotor asymptotically 

converges to the desired path if the designed 

control iputs (25) are applied to a quadrotor by 

setting   as follows:

≥ 

∥∥ ∥ ≥ ∥
≥  

      (30)

Proof: We choose the Lyapunove function 

candidate as follows:













 












                      (31)

The time derivative of (31) is calculated as

 































 








































































≤




     

     (32)

(32) will be negative definite if we set   as (30). 

The Lyapunov function candidate (31) is positive 

definite and the time derivative of candidate (32) is 

negative definite, thus the sliding surfaces 


  and 



  asymptotically converges to 0 by Lyapunov 

theorem. It means 


  asymptotically converges to 



 , thus a quadrotor asymptotically converges to 

the desired path.                    

When motor 1 of a quadrotor has fault during 

flight, the relation between the control inputs and 

the speed of each motor is described as follows:

 
 

 


 
 



 


 
 

 


                    (33)

where , and  are unknown. Thus the 

solutions are not found because we have 4 

equations and 3 unknowns. It means that we 

cannot control all of altitude, ,, and   of a 

quadrotor. Thus we should sacrifice the 

controllability of   because the control of   is of 

little importance. Then, the relation between the 

control inputs and speed of each motor in fault 

case is described as follows:












 








  
  
  








































      (34)

where 
,

 and 
 are the speed of each 

motor in fault case. Since constants   and   are 

not zero,   always exists. Then,  
,

 and 


  can be calculated as follows:
































 








  
  
  














The fault tolerant control inputs of a quadrotor 

can be calculated as follows:

 
 

 
 

 
 

 

 
 

 
 

 
 

               (35)

where     and   are the calculated 

fault tolerant control inputs of a quadrotor. We can 
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prove that a quadrotor asymptotically converges to 

the desired path if we apply the fault tolerant 

control inputs to a quadrotor after occurring the 

fault by Theorem 2.

IV. SIMULATIONS 

In this section, we demonstrate the effectiveness 

and superiority of the proposed AFTC method. 

Without loss of generality, it is assumed that motor 

1 of a quadrotor shown in Fig. 1 has the complete 

loss of effectiveness during flight. In the simulation 

for set to follow the continuous round path in the 

space. The equation of the path is as follows:

 








 ≤ ≤ 

cos×
  ≤ ≤ 

 








 ≤ ≤ 

sin×
  ≤ ≤ 

 










≤ ≤ 

 ≤ ≤ 

where, ,   and   is the object coordinate 

value over time on the earth-inertia frame.

The fault suddenly occurs on one motor at 

    and the controller is switched to the 

designed fault tolerant controller after detecting the 

fault by the designed fault detection modules. In 

the simulation, we used the system parameter listed 

in Table. 1. To detect the fault, we also set the 

threshold values as follows:

  

The simulation results are shown in Figs. 2 and 

3. Figure 2 shows the results of tracking control 

for the fault on motor 1 without switching the 

controller to the designed fault tolerant controller. 

In this figure, the full line denotes the position of a 

quadrotor and the dashed line with circles denotes 

the desired path of a quadrotor. When the fault 

suddenly occurs on motor 1 at 22s, a quadrotor 

strays from the desired path and can no longer  be 

controlled. However, a quadrotor tracks the desired 

path with small error after switching the controller

Fig. 2. The results of tracking control for 
the fault on motor 1 without switching the 
controller.

Fig. 3. The results of tracking control for 
the fault on motor 1 using the designed 
active fault tolerant controller.  

Figure 3 shows the results of tracking control 
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for the fault of motor 1 with switching the 

controller to the designed fault tolerant controller. A 

quadrotor tracks the desired path well before the 

occurrence of the fault on motor 1. When the fault 

occurs on motor 1, a quadrotor  strays from the 

desired path for a moment because of the time 

between the occurrence of a fault and the detection 

of a fault. It is 0.05s in the simulation. After 

detecting the fault, the controller is switched to the 

designed fault tolerant controller. The designed 

controller allows a quadrotor flies through the 

desired path with some error as shown in Fig. 3. 

Fig. 4. The results of tracking control for the 
fault on motor 1 using the controller in [8]. 

To compare the performance of the fault tolerant 

controller, we test another fault tolerant controller 

designed in [8] in the simulation as shown in Fig. 

4. Likewise, If a fault suddenly occurs on motor 1 

at    , a quadrotor can not track the desired 

path anymore and consequently falls to the ground.. 

In this fiqure, the full line and the dashed line 

with circles denotes the position ans desired path 

of a quadrotor, respectively.

V. CONCLUSIONS

In this paper, we have proposed a method for 

designing an active fault tolerant controller for a 

quadrotor with complete loss of effectiveness of one 

motor. We derived the dynamics of a quadrotor 

using Lagrangian equation to represent the 

nonlinear quadrotor system. We designed the FDD 

and FDI modules using the nonlinear observer that 

observes the state variables of a quadrotor and 

formulated residual signals to detect the fault 

occurrence and the fault location. For the tracking 

control of a quadrotor after occurring the fault, we 

designed a fault tolerant controller for each motor, 

based on the MSSC method. Finally, we 

demonstrate the effectiveness of the designed FDD 

and FDI modules, and a fault tolerant controller via 

simulations results.
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