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Abstract. The need for smoothness measures emerged by mathematicians working in the

fields of approximation theory, functional analysis and real analysis. In the present paper, a

new version of generalized modulus of smoothness is studied. The aim of defining that mod-

ulus, is to find the degree of best Lp functions approximation via trigonometric polynomials.

We benefit from Jackson integrals to arrive to the essential approximation theorems.

1. Introduction

Many papers have been introduced about approximation theorems in terms
of moduli of smoothness (see [2, 3, 4, 6]). In addition, numerous authors have
investigated the problem of approximation by several types of functions, see
[5].
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In [6], the authors proved direct and inverse inequalities for the best alge-
braic approximation with modulus of smoothness with order 2.

Here, we define kth order modulus of smoothness to serve as a generalization
of their modulus.

2. Preliminaries

Now let us list some definitions, which are used throughout our present
paper. Let the following periodic function space is given by

Lp[−π, π] =

{
f : ‖f ‖p=

(∫ π

−π
|f(x)|pdx

)1/p

<∞

}
.

We define here an operator that yeilds a version of trigonometric Jackson
integrals as follow,

Definition 2.1. For any m, k ∈ N , f ∈ Lp [−π, π], define

Gm,k (f (x)) =
k∑
i=1

f

(
cos

(
arccosx+

(
k

2
− i
)
h

))
Jm(x),

where Jm(x) = 1
2 +

∑k
i=1 ρi,m cos ix, is the Fejer Kernel from [1], that satisfies∫ π

−π
Jm(x)dx = 1.

Now, define

Ωk (f, t)p = sup
|h|≤t
‖∆k

hf(·)‖p,

to be the k-genalized modulus of smoothness in the interval [−π, π], where

∆k
hf(x) =

k∑
i=1

(
k
i

)
(−1)k f

(
cos

(
arccosx+

(
k

2
− i
)
h

))
.

Define Ξ to be the set of all operators of the above form of Gm,k.
Define,

En(f)p = inf
G∈Ξ
‖f −G‖p

to be the degree of best approximation of Lp [−π, π] out of Ξ.
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3. Main results

We introduce the results that we need for the proof of our approximation
theorems.

Lemma 3.1. For any Gm,k ∈ Ξ , we have

Ωϕ
k,r (Gm,k, t)p ≤ C‖Gm,k‖p,

where C is a constant of p,m and k.

Proof. It is direct from quasi-triangle inequality that∥∥∥∆k
hGm,k(f)

∥∥∥p
p

=

∥∥∥∥∥
k∑
i=1

(
k
i

)
(−1)k f

(
cos

(
arccosx+

(
k

2
− i
)
h

))
Jm(x)

∥∥∥∥∥
p

p

≤ C
k∑
i=1

(
k
i

)
(−1)k

∥∥∥∥f (cos

(
arccosx+

(
k

2
− i
)
h

))
Jm(x)

∥∥∥∥p
p

≤ C
∥∥∥∥f (cos

(
arccosx+

(
k

2
− i
)
h

))
Jm(x)

∥∥∥∥p
p

≤ C (m, k, p) ‖Gm,k(f)‖pp .
�

Also, we need the following lemma (see [2]).

Lemma 3.2. Let I = ∪Im,m = 1, · · ·, n, where |Im| ∼ h ∼ 1
n be any partition

of I. Then for any m < n, and f ∈ Lp,
n∑

m=1

Em(f)Lp(Im) ≤ CEn(f)Lp(I).

The generalized modulus of smoothness that defined in Definition 2.1 has
the following properties.

Theorem 3.3. For any f ∈ Lp[−π, π], we have

(1) limt→0 Ωk (f, t) = 0,
(2) Ωk (f + g, t)p ≤ Ωk (f, t)p + Ωk (g, t)p ,

(3) Ωk (f, t)p ≤ Ωk (f, t′)p, for any t ≤ t′,
(4) Ωk (f, nt)p ≤ nkΩk (f, t)p, for any n ∈ N ,

(5) Ωk (f, λt)p ≤ (1 + λ)k Ωk (f, t)p, λ ∈ R,
(6) Ωk (f, t)p ≤ C‖f‖p .
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Proof. Proofs of properties (1), (2) and (3) follow directly from definition of
generalized moduli of smoothness. To prove property (4), we use the difference
identity from [2]:

∆k
nh =

n−1∑
i1=0

· · ·
n−1∑
ik=0

∆k
nhf

(
x+

(
i1 + i2 + · · ·+ ik −

nk

2

)
h

)
.

We get the result by induction on k. From definition of kth difference and
operator G, we have

∆nhf(x) =

n−1∑
i=0

f

(
cos

(
arccosx+

(
k

2
− i
)
h

))
.

Suppose that the relation is true for k. Then

∆k+1
nh f(x) = ∆k

nh[∆nhf(x)]

=
n−1∑
i1=0

· · ·
n−1∑
ik=0

∆k
nhf
(

cos(arccosx+ (
k

2
− i1)h+ · · ·

+ (
k

2
− ik)h+ (

k + 1

2
− ik+1)h)

)
.

Therefore, we have

‖ ∆k+1
nh f(x) ‖pp ≤

n−1∑
i1=0

· · ·
n−1∑
ik=0

∥∥∥l∆k
nhf
(

cos(arccosx+

(
k

2
− i1

)
h+ · · ·

+

(
k

2
− ik

)
h+

(k + 1

2
− ik+1

)
h)
)∥∥∥p

p

= nkΩk(f, t)
p
p.

Moreover, we let n− 1 < λ ≤ n, to prove (5). Then

Ωk(f, λt)p ≤ Ωk(f, nt)p ≤ nkΩk(f, nt)p ≤ (λ+ 1)kΩk(f, t)p.

For (6), it is easily to be proved by using inequalities of quasi-normed space,
as follow:

Ωk(f, t)
p
p ≤ 2p

k∑
i=0

(
k
i

)p ∫ π

−π
sup
h≤t

∣∣∣∣f (cos

(
arccosx+

(
k

2
− i
)
h

))∣∣∣∣p dx
≤ C(k, p)‖f‖pp.

�

It is time to find and estimate the degree of best approximation in the
following theorems.
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Theorem 3.4. For any f ∈ Lp[−π, π], 0 < p < 1, we have

En (f)p ≤ CΩk

(
f,

1

n

)
p

.

Proof. Let f ∈ Lp[−π, π], Gm,k ∈ Ξ. By using Lemma 3.1, we have

En (f)p

≤ ‖f −Gn,k (f) ‖pp

=

∫ π

−π

∣∣∣∣∣
k∑
i=1

(
k
i

)
(−1)k f

(
cos

(
arccosx+

(
k

2
− i
)
h

))
Jm(x)− f(x)

∣∣∣∣∣
p

dx

≤ C
k∑
i=1

(
k
i

)
(−1)k

∫ π

−π

∣∣∣∣f (cos

(
arccosx+

(
k

2
− i
)
h

))
− f(x)

∣∣∣∣p
×
∫ π

−π
|Jm(x)|p dx

≤ CΩk (f, h)pp .

�

To make the degree of approximation more accurate, we prove the following
lower estimate, so that the degree of approximation is essentially estimated.

Theorem 3.5. For any f ∈ Lp[−π, π], 0 < p < 1, we have

Ωk

(
f,

1

n

)
p

≤ C(p)En (f)p .

Proof. For m < n, suppose that

‖Gn −Gm‖p ≤ 2C(p)Em (f)p .

Now, by letting b = max{i : 2−i < n}, so that by Lemma 3.1, Lemma 3.2
and Theorem 3.4 we get

Ωk (f, t)pp ≤ C
[
Ωk (f −Gn, t)pp + Ωk (Gn, t)

p
p

]
≤ C

[
‖f −Gn‖pp + Ωk

(
G2i −G2i−1 , 2−b

)p
p

]
≤ C

[
Ωk (f, t)pp +

n∑
m=2

(m+ 1)p−1Em(f)pLp(Im)

]
≤ 2CEn(f)pp.

�
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4. Conclusions

Studying inverse and direct theorems is very important in the field of func-
tion approximation theory. In Lp spaces, we estimated the degree of best
approximation by using newly defined trigonometric operators via generalized
modulus of smoothness. Thus more generalizations are done for the main
theorems.
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