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Abstract. The purpose of the present paper is to estimate some real parts for certain

analytic functions with some applications in connection with certain integral operators and

geometric properties. Also we extend some known results as special cases of main results

presented here.

1. Introduction

Let U = {z ∈ C : |z| < 1}. We denote by P the class of analytic functions
p : U→ C of the form

p(z) = 1 +
∞∑
n=1

pnz
n

with Re p(z) > 0 for z ∈ U. This class P is known as the Carathéodory class or
the class of functions with positive real part [3, 4], pioneered by Carathéodory.
The theory of Carathéodory functions plays very important role on geometric
function theory. For recent developments, the readers may refer to the works

Received December 7, 2021. Revised July 20, 2022. Accepted July 25, 2022.
2020 Mathematics Subject Classification: 30C45.
Keywords: Carathéodory function, analytic functions, starlike functions, integral

operator.
Corresponding author: N. E. Cho(necho@pknu.ac.kr).



774 I. H. Kim and N. E. Cho

of Kim and Cho [5], Kwon and Sim [7], Nunokawa et al. [14], Sim et al. [18]
and Wang [21]. Let A denote the class of analytic functions f in the open unit
disk U with the usual normalization f(0) = f ′(0) − 1 = 0. Let S∗(α) denote
the subclass of A consisting of starlike functions of order α in U. The class
S∗ of starlike functions is identified by S∗(0) ≡ S∗. A function f ∈ A is said
to be in B(α, β, γ) if

Re

{
zf ′(z)

f1−γ(z)gγ(z)

}
> β (z ∈ U)

for some g ∈ S∗(α) and γ (γ > 0), β (0 ≤ β < 1). Furthermore, we denote
by B1(0, β, γ) the subclass of B(α, β, γ) for which g(z) ≡ z. We note that
B1(β, 0) = S∗(β) and B1(β, 1) is the subclass of A consisting of functions such
that Ref ′(z) > β (z ∈ U) (see, for details [1, 16, 19, 20]). Many authors (for
example, see, [2, 6, 8, 9]) have studied the integral operators of the form:

Jc,µ(f) =

(
c+ µ

zc

∫ z

0
tc−1fµ(t)dt

) 1
µ

, (1.1)

where c and µ are suitably chosen real constants and f belongs to some
favoured classes of univalent functions.

Motivated by the works mentioned above, in the present paper, we obtain
some estimates of real parts for certain analytic functions. Also we give various
applications for functions belonging to A and integral operator given by (1.1).

2. Main results

In proving our results, we shall need the following lemmas due to Miller and
Mocanu [11] and Nunokawa [12], respectively.

Lemma 2.1. Let φ(u, v) be a complex-valued function,

φ : D → C (D ⊆ C2, C is the complex plane)

and let u = u1 + iu2, v = v1 + iv2. Suppose that the function φ(u, v) satisfies
the following conditions:

(1) φ(u, v) is continuous ;

(2) (1, 0) ∈ D and Re{φ(1, 0)} > 0 ;

(3) for all (iu2, v1) ∈ D such that v1 ≤ −(1 + u2
2)/2, Re{φ(iu2, v1)} ≤ 0.

Let p(z) = 1 + p1z+ p2z
2 + · · · be regular in U such that (p(z), zp′(z)) ∈ D for

all z ∈ U. If Re{φ(p(z), zp′(z))} > 0 (z ∈ U), then Re{p(z)} > 0 (z ∈ U).
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Lemma 2.2. Let p be analytic in U with p(0) = 1 and p(z) 6= 0 in U. Suppose
that there exists a point z0 ∈ U such that

| arg{p(z)}| < π

2
α for |z| < |z0| (2.1)

and

| arg{p(z0)}| =
π

2
α (0 < α ≤ 1). (2.2)

Then we have
z0p
′(z0)

p(z0)
= iαk, (2.3)

where

k ≥ 1

2

(
a+

1

a

)
when arg{p(z0)} =

π

2
α, (2.4)

k ≤ −1

2

(
a+

1

a

)
when arg{p(z0)} = −π

2
α (2.5)

and

{p(z0)}
1
α = ±ia (a > 0). (2.6)

With the help of Lemma 2.1, we now derive the following theorem.

Theorem 2.3. Let p be analytic in U with p(0) = 1. If

Re{p(z) + r(z)zp′(z)} > −1

2
δ (0 ≤ δ < 1; z ∈ U),

where r is analytic in U with Re{r(z)} ≥ δ, then Re{p(z)} > 0 (z ∈ U).

Proof. Let us put

q(z) =
2

2 + δ

{
p(z) + r(z)zp′(z) +

1

2
δ

}
.

Then q is analytic in U with q(0) = 1 and Re{q(z)} > 0 (z ∈ U).

Let

φ(u, v; z) =
2

2 + δ

{
u+ r(z)v +

1

2
δ

}
.

Then φ(u, v; z) satisfies

(1) φ(u, v; z) is continuous in D = C× C ;

(2) (1, 0) ∈ D and Re{φ(1, 0)} = 1 > 0 ;
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(3) for all (iu2, v1) ∈ D such that v1 ≤ −(1 + u2
2)/2,

Re{φ(iu2, v1; z)} =
2

2 + δ
v1Re{r(z)}+

δ

2 + δ

≤− (1 + u2
2)δ

2 + δ
+

δ

2 + δ
≤0.

Thus we see that φ(u, v; z) satisfies the conditions in Lemma 2.1. Therefore
this shows that Re{p(z)} > 0 (z ∈ U). �

Corollary 2.4. Let f, g ∈ A and

Re

{
g(z)

zg′(z)

}
≥ δ (0 ≤ δ < 1; z ∈ U).

If

Re

{
f ′(z)

g′(z)

}
> β − 1

2
δ(1− β) (0 ≤ β < 1; z ∈ U),

then

Re

{
f(z)

g(z)

}
> β (z ∈ U).

Proof. Let

p(z) =
1

1− β

(
f(z)

g(z)
− β

)
.

Then p is analytic in U with p(0) = 1. Hence we obtain

1

1− β

(
f ′(z)

g′(z)
− β

)
= p(z) +

g(z)

zg′(z)
zp′(z).

Therefore, applying Theorem 2.3, we have the result. �

Remark 2.5. Taking δ = 0 in Corollary 2.4, we have the result obtained by
Libera [8], MacGregor [10] and Sakaguch [17].

Corollary 2.6. Let c and µ be real numbers with c ≥ 0, µ > 0, respectively
and let f ∈ A. If

Re

{
zf ′(z)fµ−1(z)

zµ

}
> β − 1

2
(c+ µ)(1− β) (0 ≤ c+ µ < 1; β < 1; z ∈ U),

then

Re

{
z(Jc,µ(f))′Jµ−1c,µ (f)

zµ

}
> β (z ∈ U),

where Jc,µ is the integral operator defined by (1.1).
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Proof. It follows form (1.1) that

µ
z(Jµ,c(f))′

J1−µ
µ,c (f)

+ cJµµ,c(f) = (µ+ c)fµ(z). (2.7)

Let

p(z) =
M(z)

N(z)
(z ∈ U),

where

M(z) =
1

1− β

 (Jµ,c(f))′(
(Jµ,cf)

z

)1−µ zµ+c − βzµ+c


and
N(z) = zµ+c.

Then p is analytic in U with p(0) = 1. From (2.7), we have

M ′(z)

N ′(z)
=

1

1− β

 f ′(z)(
f(z)
z

)1−µ − β
 .

Applying Corollary 2.4, we have

Re

{
z(Jc,µ(f))′Jµ−1c,µ

zµ

}
> β.

�

Theorem 2.7. Let p be analytic in U with p(0) = 1. If

Re

{
p(z) +

zp′(z)

βp(z) + γ

}
> − γ

2β2
(β > γ; γ ≥ 0; z ∈ U),

then Re{p(z)} > 0 (z ∈ U).

Proof. Let us put

g(z) =
2β2

γ + 2β2

{
p(z) +

zp′(z)

βp(z) + γ
+

γ

2β2

}
.

Then g is analytic in U with g(0) = 1 and Re{g(z)} > 0. Let

φ(u, v) =
2β2

γ + 2β2

{
u+

v

βu+ γ
+

γ

2β2

}
.

Then φ(u, v) satisfies

(1) φ(u, v) is continuous in D = (C\ {−γ/β})× C ;
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(2) (1, 0) ∈ D and Re{φ(1, 0)} = 1 > 0 ;

(3) for all (iu2, v1) ∈ D such that v1 ≤ −(1 + u2
2)/2,

Re{φ(iu2, v1)} =
2β2

γ + 2β2

{
γv1

γ2 + β2u22
+

γ

2β2

}
≤ 2β2

γ + 2β2

{
− γ(1 + u2

2)

2(γ2 + β2u22)
+

γ

2β2

}
≤0.

Thus we see that φ(u, v) satisfies the conditions in Lemma 2.1. This completes
the proof. �

If we take β = 1 and γ = 0 in Theorem 2.7, we can get the following
corollary.

Corollary 2.8. Let p be analytic in U with p(0) = 1 and satisfy the differential
equation:

B(z)p(z) + zp′(z) = 1 (z ∈ U),

where B is analytic with B(0) = 1. If Re{B(z)} > 0 for z ∈ U, then
Re{p(z)} > 0 for z ∈ U.

Putting p(z) = zf ′(z)/f(z), β = 1/α and γ = 0 in Theorem 2.7 or p(z) =
f(z)/zf ′(z) in Corollary 2.8, we have the following result.

Corollary 2.9. Let f ∈ A and α > 0. If

Re

{
(1− α)

zf ′(z)

f(z)
+ α

(
1 +

zf ′′(z)

f ′(z)

)}
> 0 (z ∈ U),

then f ∈ S∗.

Corollary 2.10. Let f ∈ A and let µ > c (c ≥ 0). If

Re

{
zf ′(z)

f(z)

}
> − c

2µ2
(z ∈ U),

then Jc,µ(f) ∈ S∗, where Jc,µ(f) is the integral operator defined by (1.1).

Proof. Setting

p(z) =
z(Jc,µ(f))′

Jc,µ(f)
(z ∈ U),

then we obtain

p(z) +
c

µ
=

zcfµ(z)

µ
∫ z
0 t

c−1fµ(t)dt
.



Differential inequalities associated with Carathéodory functions 779

Taking logarithmic derivatives and multiply by z, after some simple calcula-
tions, we have

zp′(z)

p(z) + c/µ
=
µzf ′(z)

f(z)
− µp(z).

and
zf ′(z)

f(z)
= p(z) +

zp′(z)

µp(z) + c
.

Therefore by using Theorem 2.7, we have desired result. �

Taking β = 1, γ = 1/α− 1 (α > 0) and p(z) = zf ′(z)/f(z) in Theorem 2.7,
we have the following corollary.

Corollary 2.11. Let f ∈ A and 0 < α ≤ 1. If

Re

{
αz(zf ′(z))′ + (1− α)zf ′(z)

αzf ′(z) + (1− α)f(z)

}
>
α− 1

2α
(z ∈ U),

then f ∈ S∗.

Proof. Putting

p(z) =
zf ′(z)

f(z)
(z ∈ U),

then we have

αz(zf ′(z))′ + (1− α)zf ′(z)

= αzf(z)p′(z) + αzp(z)f ′(z) + (1− α)p(z)f(z)

= {αzp′(z) + p(z)(αp(z) + (1− α))}f(z)

and
αzf ′(z) + (1− α)f(z) = (αp(z) + (1− α))f(z).

Hence, we obtain

αz(zf ′(z))′ + (1− α)zf ′(z)

αzf ′(z) + (1− α)f(z)
=
αzp′(z) + p(z)(αp(z) + 1− α)

αp(z) + 1− α

= p(z) +
zp′(z)

p(z) +
(
1
α − 1

) .
Therefore, applying Theorem 2.7, we have desired result. �

Next, by virtue of Lemma 2.2, we now prove the following theorem.

Theorem 2.12. Let p(z) = 1 +
∞∑
n=1

cnz
n be analytic in U. Suppose that

Re

{
p(z) +

zp′(z)

p(z)

}
<
β(2β − 1)

2(β − 1)
(β > 1; z ∈ U),
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and for arbitrary real number r (0 < r < 1), p(z) satisfies the following con-
dition:

Max
|z|≤r

Re{p(z)} = Re
|z0|=r

{p(z0)} 6= p(z0).

Then

Re{p(z)} < β (z ∈ U).

Proof. From the assumption of Theorem 2.12, we see that

p(z) 6= 0 (z ∈ U).

Let us put

q(z) =
β − p(z)
β − 1

(β > 1; z ∈ U).

Then q(z) is analytic in U with q(0) = 1. If there exists a point z0 ∈ U such
that

Re{q(z)} > 0 for |z| < |z0|

and

Re{q(z0)} = 0,

then from the assumption of Theorem 2.12, we obtain that q(z0) 6= 0. Hence
from Lemma 2.2 with α = 1, we have

z0q
′(z0)

q(z0)
= ik,

where

k ≥ 1

2

(
a+

1

a

)
≥ 1 for arg{q(z0)} =

π

2
,

k ≤ −1

2

(
a+

1

a

)
≤ −1 for arg{q(z0)} = −π

2
,

and

q(z0) = ±ia, a > 0.

For the case arg q(z0) = π/2, it follows that

z0q
′(z0)

q(z0)
=
−z0p′(z0)
β − p(z0)

= ik

and

−z0p
′(z0)

p(z0)
=
−(β − 1)ak

β − i(β − 1)a
=

β + i(β − 1)a

β2 + (β − 1)2a2
(−(β − 1)ak).
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Therefore, we have

Re

{
z0p
′(z0)

p(z0)

}
≥ β(β − 1)

2

a2 + 1

(β − 1)2a2 + β2
.

While, the function

g(a) =
a2 + 1

(β − 1)2a2 + β2

is increasing for a > 0 and β > 1. Therefore, we obtain that

Re

{
z0p
′(z0)

p(z0)

}
≥ β

2(β − 1)
,

and so

Re

{
p(z0) +

z0p
′(z0)

p(z0)

}
≥ β +

β

2(β − 1)
=
β(2β − 1)

2(β − 1)
.

This is a contradiction to the assumption of Theorem 2.12. For the case
arg q(z0) = −π/2, applying the same method as the above, we have

Re

{
p(z) +

z0p
′(z0)

p(z0)

}
≥ β(2β − 1)

2(β − 1)
.

This is also a contradiction to the assumption of Theorem 2.12. Therefore we
complete the proof of theorem. �

Corollary 2.13. Let f ∈ A. Suppose that

1 + Re

{
zf ′′(z)

f ′(z)

}
< α

(
α >

3 +
√

2

2
; z ∈ U

)
,

and for arbitrary real number r (0 < r < 1), zf ′(z)/f(z) satisfies the following
property:

Max
|z|≤r

Re

{
zf ′(z)

f(z)

}
= Re
|z0|=r

{
z0f
′(z0)

f(z0)

}
6= z0f

′(z0)

f(z0)
.

Then

Re

{
zf ′(z)

f(z)

}
<

1 + 2α+
√

4α2 − 12α+ 1

2
(z ∈ U).

Theorem 2.14. Let p(z) be analytic in U with p(0) = 1, p(z) 6= 0 in U and
suppose that

∣∣∣∣∣∣
p(z)+β zp

′(z)
p(z) −γ

p(z)

∣∣∣∣∣∣ <
√(

1+
β

2
+

β

2|p(z)|2

)2

+
γ2

|p(z)|2
(β > 0; γ ≥ 0; z ∈ U).

(2.8)

Then we have
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Re{p(z)} > 0 (z ∈ U).

Proof. Suppose that there exists a point z0 ∈ U such that

Re{p(z)} > 0 for |z| < |z0|
and

p(z0) = ±ia (a > 0).

Then by Lemma 2.2, we have∣∣∣∣∣∣
p(z0) + β z0p

′(z0)
p(z0)

− γ
p(z0)

∣∣∣∣∣∣ =

∣∣∣∣1 +
βk

a
+
γi
a

∣∣∣∣
≥

√(
1 +

β

2a

(
1 + a2

a

))2

+
(γ
a

)2
=

√(
1 +

β

2
+

β

2|p(z0)|2

)2

+
γ2

|p(z0)|2

which is a contradiction to (2.8). Therefore we obtain

Re{p(z)} > 0 (z ∈ U).

�

Taking p(z) = zf ′(z)/f(z), β = 1and γ = 0 in the Theorem 2.14, we have
the correspoinding result obtained by Nunokawa [13].

Corollary 2.15. Let f ∈ A with f(z)f ′(z) 6= 0 in U\{0} and suppose that∣∣∣∣1 +
zf ′′(z)

f ′(z)

∣∣∣∣ < 3

2

∣∣∣∣zf ′(z)f(z)

∣∣∣∣+
1

2

∣∣∣∣ f(z)

zf ′(z)

∣∣∣∣ (z ∈ U).

Then f ∈ S∗.

Remark 2.16. Corollary 2.15 is also an improvement of the earlier result by
Obradović and Owa [15].

Letting p(z) = zf ′(z)/f(z) and β = γ = 1 in Theorem 2.14, we have the
following result.

Corollary 2.17. Let f ∈ A with f(z)f ′(z) 6= 0 in U\{0} and suppose that∣∣∣∣f(z)f ′′(z)

(f ′(z))2

∣∣∣∣ <
√√√√(3

2
+

1

2

∣∣∣∣ f(z)

zf ′(z)

∣∣∣∣2
)2

+

∣∣∣∣ f(z)

zf ′(z)

∣∣∣∣2 (z ∈ U).

Then f ∈ S∗.
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Proof. Set

p(z) =
zf ′(z)

f(z)
(z ∈ U).

Then p is analytic in U and

f(z)f ′′(z)

(f ′(z))2
= 1− 1

p(z)
+

zp′(z)

(p(z))2
.

Applying Theorem 2.14, we have Corollary 2.17. �

Making p(z) = zf ′(z)/f(z) and β = γ in Theorem 2.14, we have:

Corollary 2.18. Let f ∈ A with f(z)f ′(z) 6= 0 in U\{0} and suppose that∣∣∣∣β f(z)f ′′(z)

(f ′(z))2
+ 1− β

∣∣∣∣
<

√√√√(1 +
β

2
+
β

2

∣∣∣∣ f(z)

zf ′(z)

∣∣∣∣2
)2

+ β2
∣∣∣∣ f(z)

zf ′(z)

∣∣∣∣2 (β > 0; z ∈ U).

Then f ∈ S∗ .

Proof. Letting

p(z) =
zf ′(z)

f(z)
(z ∈ U),

we see that p is analytic in U with p(z) 6= 0 in U and

β
zf ′′(z)

f ′(z)
+ (1− β)

zf ′(z)

f(z)
= p(z)− β + β

zp′(z)

p(z)
.

Therefore, by Theorem 2.14, we have desired result. �
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