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WHICH WEIGHTED SHIFTS ARE M-HYPONORMAL?

YuN HEE JEE

ABSTRACT. Let a = {an}neo be a weight sequence and let W,
denote the associated unilateral weighted shift on {*(Z;). In this
paper we will investigate which weighted shift is M-hyponormal.

1. Introduction

Let B(H) be the algebra of bounded linear operators on a separable
complex Hilbert space H. An operator T € B(H) is called normal if
T*T = TT* and hyponormal if T*T > TT*. An operator T € B(H) is
called M-hyponormal if there exists M > 0 such that

| (T =Xz ||[< M| (T — Nz || for all A € C and for all x € H.

Note that if T is an M-hyponormal operator then M > 1 and T is
hyponomal iff M=1.
If M <1 then M-hyponormality implies hyponormality. The notion of
an M-hyponormal operator is due to Stampfli(unpublished)(see[9]).
It is an easy extension of hyponormal operators,

T is hyponormal = T is M-hyponormal.

Recall that given a bounded sequence of positive numbers a: ag,aq,...
(called weights), the unilateral weighted shift W, associated with «
is the operator on [2(Z,) defined by Wye, :=aneny1 for all n > 0,
where {e,}22, is the canonical orthonormal basis for [*(Z;) (where
Z4 is the set of non-negative integers). We also simply write W, =
shift(ag, a1, ...). It is well known that 7" = W, is hyponormal but not
normal if and only if « is monotonically increasing. Wadha[9] gave an
example of an M-hoponormal operator which is not hyponormal. An
example is : Let {e;}°; be an orthogonal basis of a Hilbert space H.
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Let T be a weighted shift defined by Tej=es, Tea=2e3 and Te;=e;41
for i > 3. In paper [4], as a result of studying which weigfted shift
is M-hyponormal, it was shown that if « is eventually increasing then
T = W, is M-hyponormal. In this paper, we will try to find another
case of which weighted shift becomes M-hyponormal.

On the other hand, Radjabalipour[6] showed that the only quasinilpo-
tent M-hyponormal operator is 0. Thus if W, is a weighted shift with
weight sequence {«,} converging to 0 then W, is not M-hyponormal.
In this paper, we are trying to prove the above fact directly by using the
definition of M-hyponormality.

2. Preliminaries

In this section we give the definition of M-hyponormal operator and
we shall state some general properties of M-hyponormal operator.

DEFINITION 2.1. An operator 7" € B(H) is called M-hyponormal if
there exists a real number M > 0 such that

| (T =Nz ||[<M| (T — Nz | for all A\ € C and for all x € H.

The following facts follow from the above definition and some well
known facts about M-hyponormal operators. The following results are
proved by the definition of M-hyponormality or similar to hyponormal
operators.

ProrosiTION 2.2. T is an M-hyponormal operator iff

M>T —\N*(T —X\) — (T =X\ (T —N*>0forall A € C.

ProrosiTION 2.3. If T is an M-hyponormal operator, then
(i) Tz = Az implies that Tz = A\ ;
(@) || (T* =Nz ||<K M || (T — X)~"'z || for all X in resolvent set of T ;
(idd) | (T = Nz ||"+1< MO | (T — ) e ||,

ProroOSITION 2.4. Let T be an M-hyponormal operator.
(i) If (T — X\)"z = 0,then(T — X)x = 0.
(ii) If Tx = Mz and Ty = Aoy, A1 # Ag, then (x,y) = 0.
(iii) If there exists a polynomial p(\) such that p(T) = 0,
then T is normal.
(iv) If H is finite dimensional, then T is normal.
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The following result simplifies the construction of a dominant opera-
tor that is not M-hyponormal for any M > 0(see[6]).

ProrosiTioN 2.5. Every M-hyponormal quasinilpotent operator is
zero. Therefore if {en}_co<n<oo 1S an orthonormal basis for H and if
T is the bilateral weighted shift defined by Te, = 2""‘en+1, then both
T and T* are compact, quasinilpotent and dominant, but are not M-
hyponormal for any M > 0.

With the following result, we can see which weighted shift becomes
the M-hyponormal(see[4]).

Theorem 2.6. Let T' = W, be a weighted shift with weight sequence
a={an}e2,. If a is eventually increasing then T is M-hyponormal.

Theorem 2.7. Let T' = W, be a weighted shift with weight sequence
a = {an}2%,. If o has exactly two subsequential limits such that the
larger one is different from the spectral radius r(T) of T, then T is not
M-hyponormal.

3. Every M-hyponormal quasinilpotent operator is zero

In this section, we are trying to prove the fact that ”if W, is a
weighted shift with weight sequence {a,} converging to 0 then W, is
not M-hyponormal” directly by using the definition of M-hyponormality.
We try to solve the problem with an example and see if we can generalize
it.

ExXAMPLE 3.1. Let T'= W, be a weighted shift with weight sequence
a={a,}2,. Let ay, :n%rl. Then T' = W, is not M-hyponormal.

Proof. Suppose that T is M-hyponormal. Then there exists M > 0
such that M || (T — Nz ||>|| (T — N)*z || for all x € H and for all
reC.

Let A # 0 and choose a sequence {x,,}5°, defined by

n—1
zo=1landz, =5 [[ o (n=1,2,..).
§=0
By ratio test, if A # 0 then Y o2 ;22 will converge. Thusz = Y oo Tne, €
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12 for A # 0. Then for all z € 2
* N 2
M| (T =Nz ||* = | (T* = Nz |
* N 2
=(M? = D[ (T = Nz |I>+ | (T = Nz [|” = || (T* = Nz ||

oo oo
:(M2 — l){’ AZo |2 —i—Z | QT — ATiq1 ‘2}4- ‘ Qoo ’2 +Z(Ozi2 — Oti_lz) ’ T; ’2
=0 =1

D ””g}{ (1) - () Yarmam

If 0 <| A 2< ¥2ME—221  then

2(M?-1) °

M2||(T = N | = || (T* = Nz ||?

:(MQ_UMF*HE{QL)Q_(DQ}W

3
M?>— 1D A?+1-
<O -DAP 41 o
< 0.
Therefore T is not M-hyponormal. O

ExXAMPLE 3.2. Let T'= W, be a weighted shift with weight sequence
a = {on}22,. Let {a,} be decreasing sequence and lim, o o, = 0.
Then T' = W, is not M-hyponormal.

Proof. Suppose that T is M-hyponormal. Then there exists M > 0
such that M || (T'— Nz ||[>|| (T — N)*z || for all z € H and for all
AreC.

Let A # 0 and choose a sequence {x,,}5°, defined by

n—1
zo=landz, =3 [[ o; (n=1,2,..).
=0

By ratio test, if A # 0 then Y o2  z2 will converge. Thusz = Y oo Tne, €
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12 for A # 0. Then for all z € 2
* N 2
MP||(T = N || = || (T* = N |
* N 2
=(M? = D) (T =Nz [P+ | (T =Nz ||> = || (T* = Nz |
=(M? = D){| Azo > + > | agwi — Awigr [PH [ aowo 2+ (a0 — aia?) @ |2
=0 =1

o
=M = DI AP+ a0 + D (a” —ai?) o [*
=1

(M2—1)(0402—&12)0402—{-&04—0102
2(M2—1)

If 0 <| A |2< V4 , then
sk N 2
M| (T = Nz [P = || (T* = Nz ||

=(M2 = DA P +a0® =D (i1 —ai?) |z 2

i=1
<(M? =D A+ ag® = (ao® = ar®) |21 [
2 2 2 2 2y o’
<(M _1)‘ >\| + ag _(ao — o )’)\‘2
<0.
Therefore T is not M-hyponormal. O

4. Which weighted shifts are M-hyponormal?

In paper [4], it was shown that if « is eventually increasing then T' =
W, is M-hyponormal. Here, we define sequences of bounded variation,
essentially increasing, or, essentially decreasing sequences and try to use
them to examine which weighted shift is M-hyponormal.

DEFINITION 4.1. The sequence ai, asz, as,...
of real or complex numbers is said to be of 2-bounded variation
iff it satisfies

o0
Z ] an’ — apni1’ |< o0.
n=1

Theorem 4.2. If > °° | | ay® — an11? |< 00, then (ay) is convergent.
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Proof. Let a sequence (ay) be of 2-bounded variation. Then for
m<mn,

n—1
2 2 2 2
am” — ap” = E (@i — ait1”).
=m
Then

n—1
| am® = an® 1<) @i — aipa® | .
i=m

By the Cauchy Criterion for convergence of series, the sequence (a,) is
a Cauchy sequence and thus converges. ]

DEFINITION 4.3. A sequence (ay)n>1 is called an essentially increas-
ing sequence if
(1)Ilimp 00 an = a
(ii)there exists N such that a, < a for all n > N
and (an)n>1 is called an essentially decreasing sequence if
(1)3limp 00 an = a
(ii)there exists N such that a,, > a for all n > N.

EXAMPLE 4.4. Let T = W, be a weighted shift with weight sequence
a={an}2,. Let

— L ifn=2k—5k=3,4,5,..

Ay —

il

1-2  ifn=2k—6,k=34,5,..

Then « is an essentially increasing sequence,

but Y021 [ an® = anp1® [= 102, % = 0.

By the above facts, « is an essentially increasing sequence but is not
to be of 2-bounded variation. So the sequence of 2-bouned variation
condition is required.

The conjecture using the two definition is as follows:

CONJECTURE 4.5. Let T = W, be a weighted shift with weight se-
quence a = {a,}52,. If o is an essentially increasing sequence and
S i — ;1% |< oo, then T = W, is M-hyponormal.

We have tried hard to prove it, but we haven’t been able to complete
the proof yet. If this is proven, the converse of Theorem 1 in paper|[4]
does not hold.
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