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A SUM OF AN ALTERNATING SERIES INVOLVING CENTRAL
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ABSTRACT. In the note, by virtue of Abel’s theorem and Abel’s limit theorem in the
theory of power series, the author provides three proofs for a sum of an alternating
series involving central binomial numbers.

1. AN ALTERNATION SERIES INVOLVING CENTRAL BINOMIAL NUMBERS

On 29 June 2021, Vuk Stojiljkovic (University of Novi Sad, Serbia) asked on the

ResearchGate of the alternating series

(1) s C),

22k
k=1
In this note, we give an answer to the sum of the alternating series (1).
Theorem 1. The sum
o0
(-DF 1 2k
(2) kaQQ L) =2m2(v2 - 1)]

1
15 valid.

We will provide three proofs of Theorem 1 in next section.

2. THREE PROOFS FOR THE SUM OF AN ALTERNATION SERIES

In this section, we provide three proofs for the sum in (2).
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First Proof. It is common knowledge [1, p. 81, 4.4.40] that the arcsine function

arcsin z has the series expansion

2k — 1N 2k+1
arcsinz = z + Z Qk)") 2ZI<: T |z| < 1.

This series expansion can be reformulated [4, p. 58, (1.1)] as

[e.9]

] 1 ok z2k+1
arcsin z = Z2Q’“<k>2k+1’ |z| < 1.
k=0

Differentiating with respect to z, we obtain

1 =1 <2k> o o= 2K\ [2\*

—_— = g % 27" = E -, |z <l
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Let (%) = —w, that is, 2> = —4w. Then
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We can rewrite this series expansion in the form

1 1 > 2k 1
4 — -1 = —1)* L0 < < -
@ w<m ) 2. (k)“’ wl< 3

Integrating on both sides with respect to w € (0,z] C (O, %), we acquire

/Oxli)(\/lillw _1>dw:/m V144w (1_f\/1+4w) dw
_ / dln(1+\/1+4w)
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= 2[ln2 — ln(l +v1 +4x)]
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for0<z< %. Accordingly, by Abel’s theorem [2, p. 234, Theorem 9.20], it follows
that
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for |z| < 1. By virtue of Abel’s limit theorem in [2, p. 245, Theorem 9.31], taking
1

T = i, we arrive at

0o k X 1\k
Z(—l)’“(zkk> (1/;) :Z( kl) ;(f) =2mn[2(v2 - 1)].

k=1 k=1

In conclusion, we obtain the sum (2). The first proof is complete. O

Second Proof. 1t is easy to see that

> Gl () =S (1i6)

k=1

Let

Then

- ;g(_nk(z:)xk
S ()]
-2, z=0
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for 0 < |z| < %, where we used the series expansion (3). Integrating in z € (0,t] C
(0, %) on both sides, we find

/0 f()dz = f(t) - 1(0)
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As a result, we acquire

. e (O t=0
—Z(—l)’“(k)z— VETT ~1
s 2V £ 0

for |t| < }. By virtue of Abel’s limit theorem in [2, p. 245, Theorem 9.31], letting

t= %, we discover

f<i) :i( 1) (2k> i 5% ( ):2111[2(\/5—1)].

k=1 =1

Consequently, we conclude the sum (2). The second proof is complete. O

Third Proof. 1t is well known [3, p. 108, 4.6.7] that the binomial expansion is

ala—1) 5 ala—1)(a—2) 4

(5) (1+2) —1+F z+ 51 2“4 a1 27+
for v € C and |z| < 1. Taking a = —3 in the binomial expansion (5), we acquire
1 L 322 5l23
7> = 21 22 ®3
2l~c — 1)” P
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for |z| < 1. Setting z = 4w, we produce

m Z ()“’k ul <

This series expansion is equivalent to the series expansion (4). The rest of this proof
is same as texts after the series expansion (4) in the first proof. The third proof is

thus complete. O
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