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COMMON n-TUPLED FIXED POINT THEOREM UNDER
GENERALIZED MIZOGUCHI-TAKAHASHI CONTRACTION
FOR HYBRID PAIR OF MAPPINGS

BHAVANA DESHPANDE ®* AND AMRISH HANDA P

ABSTRACT. We establish a common n—tupled fixed point theorem for hybrid pair of
mappings under generalized Mizoguchi-Takahashi contraction. An example is given
to validate our results. We improve, extend and generalize several known results.

1. INTRODUCTION AND PRELIMINARIES

Let (X, d) be a metric space. We denote by 2% the class of all nonempty subsets
of X, by CL(X) the class of all nonempty closed subsets of X, by C'B(X) the class
of all nonempty closed bounded subsets of X and by K (X) the class of all nonempty
compact subsets of X. A functional H : CL(X) x CL(X) — R4 U {400} is said to

be the Pompeiu-Hausdorff generalized metric induced by d is given by

max < supD(a, B), supD(b, A }, if maximum exists,
H(A’ B) = {aeA ( ) beB ( )

400, otherwise,
for all A, B € CL(X), where D(z, A) = ingd(x, a) denote the distance from x to
ae
A C X. For simplicity, if z € X, we denote g(z) by gz.

The existence of fixed points for various multivalued contractions and non-expansive
mappings has been studied by many authors under different conditions which was
initiated by Markin [17]. For details, we refer [1, 5, 6, 7, 8, 9, 13, 14, 15, 18, 19, 21,
22] and the reference therein to the readers. The theory of multivalued mappings
has application in control theory, convex optimization, differential inclusions and

economics.
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In [2], Gnana-Bhaskar and Lakshmikantham established some coupled fixed point
theorems and applied these results to study the existence and uniqueness of solution
for periodic boundary value problems. Lakshmikantham and Ciric [16] proved cou-
pled coincidence and common coupled fixed point theorems for nonlinear contractive
mappings in partially ordered complete metric spaces, extended and generalized the
results of Gnana-Bhaskar and Lakshmikantham [2].

Nadler [19] extended the famous Banach Contraction Principle [3] from single-
valued mapping to multi-valued mapping. Mizoguchi and Takahashi [18] proved the

following generalization of Nadler’s fixed point theorem for a weak contraction.

Theorem 1.1. Let (X, d) be a complete metric space and T : X — CB(X) be a

multivalued mapping. Assume that

H(Tz, Ty) <(d(z, y))d(z, y),
forallx,y € X, where) is a function from [0, o) into [0, 1) satisfying limsupy(s) <
s—t+
1 for allt > 0. Then T has a fized point.

Amini-Harandi and O’Regan [1] obtained a generalization of Mizoguchi and Taka~
hashi’s fixed point theorem. Recently Ciric et al. [4] proved coupled fixed point the-
orems for mixed monotone mappings satisfying a generalized Mizoguchi-Takahashi’s
condition in the setting of ordered metric spaces. Main results of Ciric et al. [4]
extended and generalized the results of Gnana-Bhaskar and Lakshmikantham [2],
Du [10] and Harjani et al. [11].

Imdad et al. [12] introduced the concept of n-tupled fixed point, n-tupled coin-
cidence point and proved some n-tupled coincidence point and n-tupled fixed point
results for single valued mapping.

These concepts were extended by Deshpande and Handa [8] to multivalued map-
pings and obtained n-tupled coincidence point and common n-tupled fixed point
theorems involving hybrid pair of mappings under generalized Mizoguchi-Takahashi

contraction.

Definition 2.1 ([8]). Let X be a nonempty set, F' : X" — 2% and g be a self-

mapping on X. An element (x!, 22, ..., 27) € X" is called
(1) an r—tupled fived point of F if 2! € F(a!, 22, ..., 2"), 2% € F(2?, ..., 2", 21),
e " € F(2", 2ty . 2" h).

(1) an r—tupled coincidence point of hybrid pair (F, g) if gz' € F(a!, 22, ..., z"),

gr? € F(2?, ..., 2", x1), ..., ga" € F(z", x!, ..., 2" 1).
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(2) a common r—tupled fived point of hybrid pair (F, g) if 2! = ga! € F(z!, 22,

vz, 2 =g e F(2?, ..., 2", 2Y), .., 2" = ga" € F(a", 2, ..., 2" 1).
We denote the set of r—tupled coincidence points of mappings F' and g by C(F,
g). Note that if (z!, 22, ..., 2") € C(F, g), then (22, ..., 2", '), ..., (2", 2!, ..., 2" 1)

are also in C'(F, g).

Definition 2.2 ([8]). Let F' : X" — 2% be a multivalued mapping and g be a
self-mapping on X. The hybrid pair (F, g) is called w—compatible if gF (z', x2, ...,
x") C F(gat, ga?, ..., go") whenever (z!, 22, ..., ") € C(F, g).

Definition 2.3 ([8]). Let F : X" — 2% be a multivalued mapping and g be a
self-mapping on X. The mapping ¢ is called F'—weakly commuting at some point
(1, 22, .., 2") € X" if g%2! € F(gax!, g22, ..., g2"), g?x € F(ga?, ..., ga", gat), ...,

g’z" € F(gx", gat, ..., gz" ).

Lemma 2.1 ([20]).Let (X, d) be a metric space. Then, for each a € X and B €
K(X), there is by € B such that D(a, B) = d(a, by), where D(a, B) = gngd(a, b).
€

In this paper, we establish a common n—tupled fixed point theorem for hybrid
pair of mappings under generalized Mizoguchi-Takahashi contraction. We improve,
extend and generalize the results of Amini-Harandi and O’Regan [1], Bhaskar and
Lakshmikantham [2], Ciric et al. [4], Du [10], Harjani et al. [11] and Mizoguchi and
Takahashi [18]. An example which demonstrates the effectiveness of our result has

also been cited.

2. MAIN RESULTS

Let ® denote the set of all functions ¢ : [0, co) — [0, co) satistying
(ip) ¢ is non-decreasing,
(iiy) p(t) =0t =0,
(i7iy) tl_1>1(1)1+m < 0.
Let ¥ denote the set of all functions ¢ : [0, co) — [0, 1) which satisy lirgrz/}(r) <1
r—

for all t > 0.

Theorem 2.1. Let (X, d) be a metric space. Suppose F : X" — K(X) and
g: X — X are two mappings for which there exist p € ® and p € ¥ such that

(2.1) gp(H(F(ml, 2, .., x"), F(yl, e y")))
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< P(p(max {d(gz', gy'), d(ga®, gy?), ..., d(g", gy")}))

x p(max{d(gz', gy'), d(g2? gy®), ..., d(gz", gy")}),

forallzt, 22, ..., 2", y*, y?, ..., y" € X. Furthermore assume that F(X") C g(X) and
9(X) is a complete subset of X. Then F and g have an r—tupled coincidence point.
Moreover, F and g have a common r—tupled fixed point, if one of the following
conditions holds.

(a) F and g are w—compatible. lim; o g°z' = 3!, lim; o0 g2 = 2, ..., lim; 500 gz”
=", for some (x', 2%, ..., 2") € C(F, g) and for some y', y?, ..., y" € X and g is
continuous at y*, y%, .., y".

(b) g is F—weakly commuting for some (x', 22, ..., 27) € C(F, g) and gz', gz?,

)
..., gx" are fized points of g, that is, g’x' = gx', g?x® = ga?, ..., g*x" = ga'.

(c) g is continuous at x, 22, ..., 2". lim; o0 g'y' = 2!, lim; o0 g'y® = 22, ...,

lim; 500 g'y" = 2" for some (x', 22, ..., 2") € C(F, g) and for some y*, y?, ...,
y e X.

(d) g(C(F, g)) is a singleton subset of C(F, g).
Proof. Let x}, 23, ..., o, € X be arbitrary. Then F(z}, 23, ..., z5), F(23, ...,
ah, 1), o, F(ah, 2, ..., 3:6*1) are well defined. Choose gz} € F(z}, 23, ..., z3),
gr? € F(ad, ..., o}, 2}), ..., gzl € F(xf, 2}, ..., 257!) because F(X") C g(X).
Since F': X" — K(X), therefore by Lemma 2.1, there exist 2! € F(z}, 22, ..., 27),
2 e F(z? .. 2%, xl)..., 2" € F(af, 21, ..., x?il) such that

d(gay, 2') < H(F(xg, 23, . 25), Flzy, 27, ., 27)),
d(gat, 2%) < H(F(x5, .. zf, 25), F(af, ., af, 1)),

d(gxt, 2") < H(F(xg, :U(l], - 1‘6_1), F(x7, x%, e :Cq_l)).

Since F(X") C g(X), there exist 2, 22, ..., 25 € X such that 2! = gad, 2% = ga3,
ooy 2" = gahy. Thus
d(ga1, gz3) H(F(zg, af, .., @), Flai, 21, .., 21)),

d(ga3, gr3) < H(F(23, .., xf, xp), F(a%, ..., 2}, 21)),

IN

d(gxt, gz5) < H(F(xp, x[l), s xg_l), F(af, :):%, s acq_l)).
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Continuing this process, we obtain sequences {a:l} cX, {2?}CcX, ., {al}CcX
such that for all i € N, we have z},, € F(z}, o @), a2y € F(a?, .., al, o),

o @ € F(al, o}, ., 2]~ 1) such that
d(g$zl> gxil—i-l) S H(F('le—lv Ti_1, ) x:—l)v F(xza l‘?, ) iB:)),
d(g$127 gm%—i—l) é H(F($z2—17 RS x;—la :L‘zl—l)v F(l‘?, ceey ZL’Z, $Zl))’

IN

d(gzt, grl ) H(F(xh_y, xly, ., 270, F(al, i, .., 277 1),

which implies, by (i,) and (2.1), we have

¥ (d gxz? ngJrl))
S 90( z 1 1'12 1 == xg—l)? F(le7 ngv ey w:)))
< w(SD max{d gle 1 gxl) d(gng—la gxz?)a sy d(gxg—lv gx:)}))
xp(max {d(gz;_y, gx;), d(gai_y, ga7), .., dgxi_y, g])}).
Thus
(2.2) ¢ (d(gxi, griy))

< ¢ (p(max {d(gzi_y, gzi), dgaiy, gai), ..., d(gzi_1, g27)}))
X (p(max{d(ga;},l, gw})? d(gxifh gxl)? seey d(gnglv g.%':)}),

which, by the fact that ¢ < 1, implies

d(gz}_y, gzi), d(gziy, ga)
d(gzt, gz} < (max{ b o ’
QO( (g ir 9 2+1)) =¥ e d(.qxi—h gwl)

Similarly

d(gzi_y, gx}), d(gz? |, ga7)
d ‘,L,27 1,2 < <max{ 1—1> 1 77’ 7 7"17 1/ ,
o (dlgzi, g7i11)) < ¢ g g2)

¢ (d(gz, g9z7,1))

AN
AN
N
=
O
"
—

d(gle—h gx})? d(g‘r?—p 91;22)7 })
» d(gzi_y, g7) ’

Combining them, we get

max{¢p (d(gz;, gzi11)), ¢ (d(gz?, gz7yy)), - ¢ (g2}, g2l1))}
< p(max{d(gzi_, gz;), d(gz}_i, gz3), ..., d(gz}_1, gz})}).
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Since ¢ is non-decreasing, it follows that

(23)  plmax{d(gz;, gri), dlgz}, gai), - d(gaf, gai)})
S So(max{d(glefh gxll)7 d(gﬂ??,l, gl‘%)? ) d(gx;jfla gﬂj:)}),
for all i > 0. Now (2.3) shows that {¢(max{d(gz}, gz}, ), d(ga?, gz?.,), ..., d(ga?,

gri,q)})} is a non-increasing sequence. Thus there exists 6 > 0 such that
(4)  lim p(max{d(ge}, grly). dlgr?, gr). .. d(ge, gali)}) =0

Since ¥ € ¥, we have lim,_,54 9(r) < 1 and 9(J) < 1. Then there exist a € [0, 1)
and € > 0 such that ¢(r) < « for all r € [0, § + ¢). From (2.4), we can take ig > 0
such that 6 < g(max{d(gz}, gz}, ), d(gz?, ga?,,), ..., d(gal, gal,q)}) < 0+ € for
all i > ig. Then from (2.1), for all i > iy, we have

¢ (d(gz{, gzi41))

< W (p(max {d(gzi_y, gz;), d(9zi 1, g23), -, d(gzi_y, ga7)}))
xap(max{d(gm}_l, gmll)v d(gxl?—b gl‘?), AR) d(gx;;—la g.’E:)})
< a(p(max{d(gle—lv gle)v d(gxzz—la g-%?), sy d(gx;—la g.%':)})

Thus

d(gal_y, gal), d(gz?_y, ga?)
1 1 i—1 7/ i—1 i/
v (dlgz;, grin)) < op (max{ oy d(gal_y, gat) '

Similarly, for all ¢ > i, we have

ap (max{ d(gzi1, g7;), dgzi_y, 927), }>’

IN

d 1-27 x; r r
v (g7, g7711)) L d(gar . gan)

ceey

d(gxiy, gxp), d(giy, gx7) })
d(gxl, gzl < g | max im0 il D )
¢ (d(gay, gaiyy)) < w( { (g gah)

Combining them, we get
max {¢ (d(gz;, 92;1)), ¢ (dga?, gaiy)), - @ (dlgaf, g27i1))}
< ap(max {d(gz;_i, gz}), d(gzi_y, 927), ..., d(gz]_y, gz})}).
Since ¢ is non-decreasing, it follows that

(25) (p(max{d(gxila gxil—l—l)? d(g.%',?, 91'7,2—&—1)7 teey d(gxf, gx;—i-l)})
S a(p(max{d(ngl—la gle)a d(gl‘zz—l? g:L'ZZ), ceey d(gx;—la gl‘:)})»
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for all i > 4. Letting ¢ — oo in (2.5) and using (2.4), we obtain that § < «d. Since
a € [0, 1), therefore 6 = 0. Thus

(26) nhﬁr{.lo(p(max{d(ngl, gxllJrl)? d(gxzzv gm?Jrl)? teey d(gl’:, gx:Jrl)}) :O

Since {p(max{d(gz;, gz}, ), d(ga?, gx3 ), ..., d(ga}, gal,1)})} is a non-increasing
sequence and ¢ is non-decreasing, {max{d(gz}, gfc}H), d(gz2, gﬁﬂ), .y d(gal,
grj,q)}} is also a non-increasing sequence of positive numbers. Thus there exists
6 > 0 such that

lim max {d(glea ngl—s—l)? d(gxzzv g'rz?—s—l): ceey d(gl‘:, g$g+1)} :9

n—oo

Since ¢ is non-decreasing, we have

(2.7) p(max {d(gz;, gziy,), d(ga?, gzily), ..., d(gz}, gzjq)}) > @(0).

Letting n — oo in (2.7), by using (2.6), we get 0 > ¢(6) which implies, by (ii,),
that = 0. Thus

(28) lim max{d(g:ﬁ}, gxz'l—i—l)a d(g:l)?, gxz?—l—l)? ceey d(gx;'n’ gx£+1)} = 0.

n—oo

Suppose that max{d(gz], gz}, ), d(g92?, ga?.), ..., d(g9a}, gal, 1)} = O for some
i > 0. Then, we have d(gz}, gx%_ﬂ) = 0, d(gz?, gx?_H) =0, ..., d(gzj, gz ;) =0

r
79

which implies that gz} = g:c}H € F(z}, 22, ..., 2¥), go? = g:l:?Jrl € F(z2, ., x

RERER

r
y Lj

) is an r—tupled

1 ro__ r r 1 r—1 : 1 2
r;), .., gr] = gxj € F(xf, x;, ..., x; "), that is, (z;, =

EEEEE

coincidence point of F' and g. Now, suppose that
maX{d(ngla gxil—l—l)a d(g:l)?, gxz?—l—l)? ey d(ga:;, gx;—i—l)} 7& 07 for all ¢ > 0.

Suppose a; = cp(max{d(ga:zl, gxilﬂ), d(gz3, gmfﬂ), ey d(gal, gxf+1)}),f0r alli >
0. From (2.5), we have a; < aa;—1 for all i > ig. Then, we have

[e'e) 70 [e'e)
(2.9) Zai < Zai + Z ai*ioaio < 00.
i=0 i=0 i=ig+1

On the other hand, by (7ii,), we have

(210)  lim max {d(gz}, gzl,,), d(gz?, gz?,,), ..., d(gzl, gzi,;)} e
i—oo p(max {d(gx}!, gzl ), d(ga?, gz2.,), ..., d(gal, gz7, |)})
Thus, by (2.9) and (2.10), we have Y max{d(gz}, gz}, ,), d(g9?, ga?,,), ..., d(ga?,

gal,,)} < co. It means that {gz}}52, {927}52, ..., {ga}}32, are Cauchy sequences
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in g(X). Since g(X) is complete, this implies that there exist 2!, 22, ..., 2" € X such
that

(2.11) lim gz} = gz', lim gz? = g%, ..., lim gz} = ga".

1—00 1—00 1—00
Now, since g:cZJrl € F(xl, 22, ..., a7), gx?H € F(a?, ..., of, z}), .., gri,, € F(xf,
zl, ..., 271, by using condition (2.1), we get

@(D(gm}Jrl, F(xl, x2, - IT)))

w(H(F(wll, x?, ey XL, F(ml, 2, .., a:r)))

¥ (p(max {d(gxj, gz'), d(ga7, g2®), ..., d(gz}, ga")}))
xp(max {d(gz;, gz'), d(ga7, g=°), ..., d(ga}, g=")}),

which, by the fact that ¢ < 1, implies

cp(D(gx}_H, F(:rl, :r2, ey xr)))
< p(max{d(gz{, gz'), d(ga?, g2°), ..., d(ga], gz")}).

IN

IN

Since ¢ is non-decreasing, we have
(2.12) D(gx},,, F(zt, 22, ..., 2"))
Smax{d(g%l, gzl), d(gz?, gz?), ..., d(gxl, ga:T)}.
Letting n — oo in (2.12), by using (2.11), we obtain
D(gzt, F(z', 22, ..., 2") =0.
Similarly, we can get
D(gz?, F(22, .., 2", 21)) =0, ..., D(ga", F(z", z*, ..., 2" 1)) =0,

which implies that

gt € F(z', 22, .., "),
g’ € F(2?, .., 2", x'),
oy gz € F(a", xt, .., 2",
that is, (o! ..., ") is an r—tupled coincidence point of F' and g.
Suppose now tha t (a) holds. Assume that for some (x!, 22, ..., 27) € C(F, g),
(2.13) lim g'z' =y, lim g'2® =42, ..., lim ¢'a" =",
1—r 00 1—00 1— 00
where y!, 42, ..., y" € X. Since g is continuous at y!, 32, ..., y". We have

(2.14) gyt =yl gt =y gy =y
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As F and g are w—compatible, so, for all i > 1,

gzt € F(g'at, ¢='22, ..., ¢ \a"),
(2.15) giz? e F(¢ 2?2, .., g 12", g tah,
oy gzt € F(g e, g2t L gl Y.
Now, by using (2.1) and (2.15) we obtain
sO(D F(y's v, s 7))
< @ (H(F(g "ot gi‘le, ey g "), F(y v’y s )
< w(w(max {d Logyh), dg'a?, gy?), T)} )
xp(max {d(g’ gyl), d(g'z?, gy%), . ¥}
which implies, by (i,) and (2.1), we have

¢ (D(g'z!, F(y', o, i y")

< p(max{d(g'z", gy'), d(g'z®, gy°), ..., d(g'z", gy")}).
Since ¢ is non-decreasing, we have
(2.16) D(g'zt, F(y', v%, ..., "))

< max {d(¢'z", gy'), d(g'z’, gy°), ... d(g'a", gy")} .
On taking limit as n — oo in (2.16), by using (2.13) and (2.14), we get
D(gy', F(y', v* - y")) =0.
Similarly, we can get
D(gy*. F(y*, . y"s y)) =0, .., D(gy", F(y", y', s ¥ 1) =0,

which implies that

gy € FWL oy oy
Now, by (2.14), we have

y' = gyt € Fy', ¥ . Y,
v = g e F(® ., ¥, yh),
Yy = gy" €FW, Yt oy,

that is, (y!, ¥?, ..., ") is a common r—tupled fixed point of F and g.
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Suppose now that (b) holds. Assume that for some (z!, 22, ..., 2") € C(F, g),
g is F—weakly commuting, that is, g?z! € F(gz', g22, ..., ga"), g?z? € F(ga?,
ey gz”, gxh), o g2a" € F(ga”, gat, ..., ga" 1) and g%zl = gal, ¢%2? = ga?, ..,

g*x" = ga". Thus go' = ¢%2x! € F(gat, g2?, ..., ga"), g2 = ¢g*2® € F(g2?, ...,
gz”, gxl), .., gx" = g*x" € F(ga", gz, ..., gz" 1), that is, (gz!, g22, ..., g2") is a

common r—tupled fixed point of F' and g.

Suppose now that (c) holds. Assume that for some (z!, 22, ..., ") € C(F, g) and

2 : i
PRRES] hm’i—)oo gZyT =

2

for some 3!, %, ..., y" € X, lim; oo ¢y’ = 2!, lim; 00 g'9% = @

2 1_ 1 .2
, .., ". We have gz* = 2", gz° =

x". Since g is continuous at x!, s ey gt =2
Since (z!, 22, ..., 2") € C(F, g), we obtain z! = ga' € F(a!, 22, ..., 2"), 22 = g2 €
F(2?, .., 2", b, ..., 2" = ga" € F(z", 2%, ..., 2"71), that is, (2!, 22, ..., 2") is a
common r—tupled fixed point of F' and g.

Finally, suppose that (d) holds. Let g(C(F, g)) = {(z!, !, ..., 21)}. Then {z'} =
{gz'} = F(z!, 2, ..., ). Hence (2!, 2!, ..., 2!) is an r—tupled fixed point of F

and g. O

Example 2.1. Suppose that X = [0, 1], equipped with the metric d : X x X — [0,
+00) defined as d(z, y) = max{z, y} and d(z, x) =0 for all z, y € X. Let F : X" —
K(X) be defined as

{0}, for 2!, 22, .., 2" =1
1
[0, 4($1)4:| , for ', 22, ..., 2" €0, 1)
and g : X — X be defined as
gr =22, forall z € X.

Define ¢ : [0, o) — [0, co0) by

® {1n(t+1), for t #1
p(t) = 3 _
7 fort =1,
and v : [0, 00) — [0, 1) by
P(t) = <p§t), for all t > 0.

2

Now, for all 2!, 22, .., 2", y*, v%, ..., y" € X with 2!, 22, ..., 2", ¥*, 92, ..., " € [0,

1).



If 21 = y!, then

which implies that

IN

IN

IN

But if 2! # y! and

which implies that

IA

IN
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ININ TN

IN

e

(y")*

In((y")* +

In(max{(x

(
n(d(g:c
In(

max {d(ga", gy'), ..., d(ga",

+1)

D2 W+
gy') +1)

o (H(F(x S al), Fy', o s y))

In(H (F(z" L), Fy', o7, o v)+ 1)

ln(ln(max{d ga: 1), d(gl’T; er)} +1)+1)

In(In(max {d gz, gyl), ..., d(gz", gy") }+1 +1)
In(max {d(ga:1 gyl ; (ga;" 9y")}+1)

x In( max{d gx , gy ), cry d(gx ,9y" }+1

¥ (p(max {d(gz", gy'), ... d(gz", gy")}))

xp(max {d(gz", gy"),

! <yl then

IN AN IA

IN

, d(gz”, gy")}).

o (H(F(x Sal), Pyl P e y)
In(H(F (2! L z"), F(yt, v, ., y") +1)
In(In(max {d gzt gyt), .. d(gffr, gyr)} +1)+1)
In(In( max{d gz, gyl), ..., d(gx", gy") }+ 1)+1)
In(max {d(gx?, gy1 ; (g:v’" 9y")}+1)
xlnmax{dgx,gy) ,d(g 9y }+1

11

gy")} + 1),

) b+ 1),
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< ¥ (p(max {d(gz', gy'), ..., d(ga”, gy")}))
xp(max {d(gz", gy'), ..., d(ga", gy")}).

Similarly, we obtain the same result for y' < z!'. Thus the contractive condition

(2.1) is satisfied for all ', 2%, ..., 2", y!, v?, ..., y" € X with o1, 22, ..., 2", ¥}, 92,

e y" €10, 1). Again, for all 21, 22, ..., 2", y', 92, ..., y" € X with 2!, 22, ..., 2" € [0,

1) and y', ¥2, ..., y" = 1, we have

(')

In((«")? + 1)

(max{(z")%, (y")*} +1)
(

In(

IN
=~ =

IN

In

IN

d(gx 1) +1)
max {d(gz*, gy'), ..., d(gz", gy")} +1),

In

IN

which implies that

o (H(F(x 52, Fly's v s y0))
= In(H(F(z' L2, Fiy', o, o v) +1)
In(In(max {d (g2, gy'), ..., d(gz", gyr)} +1)+1)
s d(gx”, gy")} 1)+ 1)
)s - (gwr gy")} +1)

x In(max {d( gzt gyt), ..., d(gx , 9y} +1)

¥ (p(max {d(gz', gy'), .., d(gz", gy")}))

X p(max {d(gxl, gyl), o, d(gx", gyr)})-

IN

IN

In(In(max {d(gz", gy')
In(max {d(ga;l gy1

IN

Thus the contractive condition (2.1) is satisfied for all z!, 22, ..., 2", y', 42, ...,
y" € X with 2%, 22, ..., 2" € [0, 1) and y!, %, ..., y" = 1. Similarly, we can see that
the contractive condition (2.1) is satisfied for all zt, 22, ..., 2", y!, v%, ..., y" € X
with 2!, 22, .., 2", y', y%, ..., y" = 1. Hence, the hybrid pair (F, g) satisfies the
contractive condition (2.1), for all 2!, 22, ..., 2", y*, ¥?, ..., y" € X. In addition, all
the other conditions of Theorem 2.1 are satisfied and z = (0, 0, ..., 0) is a common
r—tupled fixed point of hybrid pair (F, g). The function F' : X" — K(X) involved

in this example is not continuous at the point (1, 1, ..., 1) € X".

Remark 2. 1. We improve, extend and generalize the results of Ciric et al. [4] in
the sense that
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(1) We prove our result for hybrid pair of mappings.

(71) We prove n—tupled coincidence and common n—tupled fixed point theorem
while Ciric et al. [4] proved coupled coincidence and common coupled fixed point
theorems.

(731) We prove our result in the framework of noncomplete metric space (X, d)
and the product set X" is not empowered with any order.

(tv) We prove our result without the assumption of continuity and mixed g-
monotone property for mapping F : X" — K(X).

(v) The functions ¢ : [0, o0) — [0, c0) and 1 : [0, co) — [0, 1) involved in our

theorem and example are discontinuous.

If we put g = I (the identity mapping) in Theorem 2.1, we get the following

result:

Corollary 2.2. Let (X, d) be a complete metric space. Suppose F': X" — K(X) is
a mapping for which there exist ¢ € ® and ¢ € ¥ such that

cp(H(F(xl, 22 .., 2", F(y', 2, .., y’")))
< Y (p(max {d(z', y'), d(@?, y?), ..., (=", y)}))
xw(max{d(:vl, yh), d(z?, y?), ..., d(a", yr)}),

2 .2yt y?, .., y" € X. Then F has an r—tupled fized point.

()

for all x', x

If we put ¥(t) =1—

result:

for all £ > 0 in Theorem 2.1, then we get the following

Corollary 2.3. Let (X, d) be a metric space. Assume F : X" — K(X) and
g: X — X are two mappings for which there exist p € ® and 1,; € U such that

cp(H(F(:cl, 22 .., 2", F(y', 2, .. yr)))
< p(max {d(gz', gy"), d(ga®, gy®), ..., d(gz", gy")})
— (p(max {d(gz", gy'), d(gz® gy?), ..., d(gz", gy")})),

forallzt, 22, ..., 2", y', y?, ..., y" € X. Furthermore assume that F(X") C g(X) and
g(X) is a complete subset of X. Then F and g have an r—tupled coincidence point.
Moreover, F' and g have a common r—tupled fized point, if one of the following

conditions holds.
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(a) F and g are w—compatible. lim; oo g'x' = y!, lim; o0 g% = 92,...,lim; 009"

=", for some (z', 22, ..., 2") € C(F, g) and for some y*, y?, ..., y" € X and g is

continuous at y*, y?, ..., y".

1 2

(b) g is F—weakly commuting for some (x', 22, ..., 2") € O(F, g) and gz', ga?,

9
2,.2

..., gz" are fized points of g, that is, g>x! = gz', ¢*x® = gz?, ..., g*x" = ga'.
(c) g is continuous at x*, x2, ..., 2". lim; o0 g'y' = 2!, lim;_,o0 g'y? = 22, ...,
lim; 500 g'y" = 2" for some (x', 22, ..., 2") € C(F, g) and for some y*, y?, ...,

yr e X.
(d) g(C(F, g)) is a singleton subset of C(F, g).

If we put g = I (the identity mapping) in Corollary 2.3, we get the following
result:

Corollary 2.4. Let (X, d) be a complete metric space. Suppose F: X" — K(X) is
a mapping for which there exist ¢ € ® and {Z € ¥ such that

cp(H(F(:L‘l, 2, .., z"), F(yl, T y’")))

< plmax{d(z', y'), d(=*, y*), ..., d(=", y")})
— (p(max {d(z', y'), d(z*, y?), .., d(a", y")})),
for all 2*, 22, ..., z", y', y%, ..., y" € X. Then F has an r—tupled fized point.

If we put ¢(t) = 2t for all ¢ > 0 in Theorem 2.1, then we get the following result:

Corollary 2.5. Let (X, d) be a metric space. Suppose F : X" — K(X) and
g: X — X are two mappings for which there exists 1 € ¥ such that

H(F(.’L‘17 .732, ceey xr)a F(y17 y27 s yr))

d(gx;, gy;), d(gx; gy;),
< | 2max{ o5 o) UL ) dlee gy),
d(gz", gy") d(gz", gy")

forallzt, 22, ..., 2", y', y?, ..., y" € X. Furthermore assume that F(X") C g(X) and
g(X) is a complete subset of X. Then F and g have an r—tupled coincidence point.
Moreover, F' and g have a common r—tupled fized point, if one of the following
conditions holds.

(a) F and g are w—compatible. lim; oo g'x! = y!, lim; o0 g'2? = 92,....lim; 00 g'a"

=", for some (z', 22, ..., 2") € C(F, g) and for some y', y?, ..., y" € X and g is

continuous at y*, y?, ..., y".
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g 15 F—weakly commuting for some (z*, z*, ..., 2") € , g) and gz, gz“,
b s F' kl ti L2 T C(F. d gzt 2

..y g2 are fized points of g, that is, g°x' = gx!, g?x? = ga?, ..., g%x" = ga'.
(c) g is continuous at x', x2, ..., 2". lim; oo g'y' = 2!, lim;_,o0 g'y? = 22, ...,
lim; s00 g'y" = 2" for some (x', 22, ..., 2") € C(F, g) and for some y*, y?, ...,

yr e X.
(d) g(C(F, g)) is a singleton subset of C(F, g).

If we put g = I (the identity mapping) in Corollary 2.5, we get the following

result:

Corollary 2.6. Let (X, d) be a complete metric space. Suppose F : X" — K(X) is
a mapping for which there exists ¥ € ¥ such that

H(F(z', 2%, ..., 2"), F(y', 2, ..., y"))
< ¢(2max{d(x1, yl)v d($27 yQ)a L) d(xr7 yr)})
xmax{d(a:l, yl)v d($27 y2)a ceey d(xr7 yr)}7

2

for all zt, 22, .., 2", y', y%, ..., y" € X. Then F has an r—tupled fized point.

If we put ¢ (t) = k for all ¢ > 0 in Corollary 2.5, then we get the following result:

Corollary 2.7. Let (X, d) be a metric space. Assume F : X" — K(X) and
g: X — X are two mappings satisfying

H(F(:B17 '1:27 b $T>7 F(y17 y27 A yr))

< kmax{d(gz', gy'), d(g2% gy®), ..., d(gz", gy")},

for all 2%, 22, ..., 2", y', y%, ..., y" € X, where 0 < k < 1. Furthermore assume that

F(X") C g(X) and g(X) is a complete subset of X. Then F and g have an r—tupled
coincidence point. Moreover, F and g have a common r—tupled fixed point, if one
of the following conditions holds.

(a) F and g are w—compatible. lim; oo g'z' = y', lim; 00 g'2% = y2,...,1im; o0 g'z"
=", for some (x, 2%, ..., 2") € C(F, g) and for some y', y?, ..., y" € X and g is
continuous at y*, y%, ..., y".

(b) g is F—weakly commuting for some (x', 22, ..., 27) € C(F, g) and gz', gx?,
2,2

..., gx" are fized points of g, that is, g’x' = gx', g?x® = ga?, ..., g*x" = ga”.
(¢) g is continuous at ', 22, ..., 2". lim; oo g'y' = 2!, lim; o0 g%y® = 22, ...,
lim; 500 g'y" = 2" for some (x', 22, ..., 2") € C(F, g) and for some y*, y?, ...,

y e X.
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(d) g(C(F, g)) is a singleton subset of C(F, g).

If we put g = I (the identity mapping) in Corollary 2.7, we get the following
result:

Corollary 2.8. Let (X, d) be a complete metric space. Assume F : X" — K(X) is
a mapping satisfying

H(F(xl’ x27 b :'ET)7 F(yl’ yQ’ e yr))
< kmax{d(ml, yl), d(:cz, y2), ey d(2", Y") },

for all 2, 2%, ..., 2", y*, y?, ..., y" € X, where 0 < k < 1. Then F has an r—tupled
fized point.
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