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ABSTRACT. The classical equation of Jonathan Homer Lane and Robert Emden, a nonlinear
second-order ordinary differential equation, models the isothermal spherical clouded gases un-
der the influence of the mutual attractive interaction between the gases’ molecules. In this
paper, the Adomian decomposition method (ADM) is presented to obtain highly accurate and
reliable analytical solutions of a class of generalised Lane-Emden equations with strong nonlin-
earities. The nonlinear term f(y(z)) of the proposed problem is given by the integer powers of
a continuous real-valued function h(y(z)), that is, f(y(z)) = h™(y(x)), for integer m > 0,
real > 0. In the end, numerical comparisons are presented between the analytical results ob-
tained using the ADM and numerical solutions using the eighth-order nested second derivative
two-step Runge-Kutta method (NSDTSRKM) to illustrate the reliability, accuracy, effective-
ness and convenience of the proposed methods. The special cases h(y) = siny(z), cosy(z);
h(y) = sinhy(zx), coshy(x) are considered explicitly using both methods. Interestingly, in
each of these methods, a unified result is presented for an integer power of any continuous
real-valued function - compared with the case by case computations for the nonlinear functions
f(y). The results presented in this paper are a generalisation of several published results. Sev-
eral examples are given to illustrate the proposed methods. Tables of expansion coefficients of
the series solutions of some special Lane-Emden type equations are presented. Comparisons of
the two results indicate that both methods are reliably and accurately efficient in solving a class
of singular strongly nonlinear ordinary differential equations.

1. INTRODUCTION

The standard and classical Lane-Emden equation, introduced by Jonathan Homer Lane and
Robert Emden, models stellar structure and stellar dynamics which depend mainly on under-
standing the equilibrium of gases under their self-gravity. This equation is a singular nonlinear
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second-order ordinary differential equation with appropriate initial conditions ([1, 2]):
2
y'(@) + (@) +y" (@) =0, 0<z<l;
y(0)=1, ¥'(0)=0,

where m > 0. This problem models the behaviour of spherical cloud and facilitates the study-
ing of the self-gravitating gas ([1, 3]). Indeed, the gravitational potential of the self-gravitating
gas sphere was considered a perfect suggestion to explain the process of the star-formation
([4]). The Lane-Emden equation is a significant tool in the modelling of a reaction—diffusion
process and the solution of the Lane-Emden equation is useful in the optimisation of this pro-
cess ([5]). It was stated in ([3]) that, in quantum mechanics and astrophysics, the values of m
are physically meaningful and interesting and lie in the interval [0,5]. As a result, the exact
solutions of equation (1.1) when m = 0, 1, 5 are realisable (see, e.g., [1]).
A well-studied Lane-Emden equation is a pair of initial value problems (see, e. g., [2, 6])

(1.1

2

y'(x)+ =y (z) + e =0, 0<az<1;
x

y(0) =0, ¥'(0)=0.

The problem (1.2) with the nonlinear term e¥ describes the isothermal gas spheres embedded
in a pressurised medium at the maximum possible mass allowing for hydrostatic equilibrium;
whereas, the initial value problem (1.2) with the nonlinear term e~¥ describes Richardson’s
model of thermionic current, that is, the density and electric force of an electron gas in the
neighbourhood of a hot body in thermal equilibrium ([7, 8]). It was obtained in [6], using
the Boubaker polynomials expansion scheme (BPES), the approximate analytical solutions to
Lane-Emden equations (1.1) and (1.2). In [9], the analytical solution of the Lane-Emden equa-
tion (1.2) was obtained via the Lagrangian formulation and Noether symmetry classification
and reduction.

Due to the significant applications of Lane-Emden equations in mathematical physics, math-
ematical chemistry and astrophysics, several authors and researchers in recent years studied a
more general Lane-Emden type problem ([2, 10, 11, 12, 13])

(1.2)

Y+ 2y () =0
YO =4, ¥(0) =B,

(1.3)

where A and B are constants, and f(y) is a continuous real-valued function. This Lane-
Emden type problem (1.3) also models several phenomena such as the theory of stellar struc-
ture, thermal explosions, the thermal behaviour of a spherical cloud of gas, isothermal gas
spheres and thermionic currents ([7, 8, 14]). There are many analytical methods employed
for solving the Lane-Emden equation (1.3) (of which equations (1.1) and (1.2) are special,
standard and classical cases), these methods include, but are not limited to: series methods
([1, 15, 16, 17]), homotopy perturbation method ([18, 19, 20, 21]), Adomian decomposition
method ([2, 3, 22, 23, 24, 25, 26]), variational iteration method ([27, 28]), transformation
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method ([29]), Jacobian and Weierstrass elliptic function methods ([30]), reproducing ker-
nel method and group preserving scheme ([31]), series expansion method, conformable Ho-
motopy—Adomian decomposition method, conformable residual power series method ([32]),
Homotopy-Adomian decomposition method ([33]).

In a recent paper [4], the authors applied the Laplace-residual power series method to con-
struct a series solution of a class of Lane-Emden equations. The authors in [34] solved the
singular second-order functional differential model of Lane-Emden type with the development
of neuro-swarm intelligent computing solver based on mathematical modelling of artificial
neural networks optimised globally search efficacy of particle swarm optimisation aided with
local search efficiency of sequential quadratic programming. A well-known Bernoulli colloca-
tion scheme was used in [35] to solve a nonlinear Lane-Emden pantograph delay differential
model; while the authors in [36] employed the Chebyshev pseudo-spectral approach to solve a
class of Lane-Emden equations. The authors in [37] presented a spectral collocation method to
obtain numerical solutions of a second-order nonlinear coupled functional Lane-Emden equa-
tion. For Ulam stability for a nonlinear differential equation of Lane-Emden type with anti
periodic conditions, see [38] and for variable-order Lane-Emden type equations, consult [39],
[36].

The author in [2], applied a reliable algorithm based on Adomian decomposition method
to present approximate analytical solutions of a class of Lane-Emden equation whose nonlin-
ear terms are given by notable elementary functions that include trigonometric and hyperbolic
functions. Very recently, Awonusika in [40], presented, using a power series method, approxi-
mate analytical solutions of a class of fractional Lane-Emden equations whose nonlinear terms
are given by Jacobi polynomials, of which Gegenbauer polynomials, Legendre polynomials,
and Chebyshev polynomials of the first, second, third and fourth kinds are important special
cases. In [41], which is also of recent, Awonusika and Mogbojuri presented, using the Mittag-
Leffler function, approximate analytical solutions of a class of fractional Lane-Emden equation
whose nonlinear terms are described by trigonometric functions sin y, cos y; hyperbolic func-
tions sinh y, cosh y; and exponential functions e®¥.

In recent times, the development of numerical methods for finding the solution of nonlin-
ear differential equations have gained popular interests, this can be attributed to the fact that
several nonlinear differential equations cannot be solved exactly; an important special case
is the Lane-Emden equation. Some of these numerical methods include, but are not limited
to, collocation method ([42]), orthonormal Bernoulli’s polynomials method ([43]), Chebyshev
wavelets and a finite difference approach ([44, 45, 46, 47]), Jacobi-Gauss spectral collocation
method ([48]), the multistep methods ([49, 50]), the two-step Runge-Kutta methods ([51, 52]),
the block methods ([53, 54]) and the general linear methods ([55, 56, 57, 58]).

In this paper, the Adomian decomposition method (ADM) and the eighth-order nested sec-
ond derivative two-step Runge-Kutta (NSDTSRK) method ([59]) are applied to solve a class
of generalised Lane-Emden initial value problems with nonlinear terms f(y(x)) = sin™ y(z),
cos™ y(z), sinh™ y(x), cosh™ y(x), for integer m > 0. Numerical comparisons are presented
between the analytical results obtained using the ADM and the numerical solutions using the
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NSDTSRKM to illustrate the reliability, accuracy, effectiveness and convenience of the pro-
posed methods. It must be mentioned that the Adomian decomposition method employed in
this paper is distinguished in that it avoids the case-by-case computations of the Adomian
polynomials for the nonlinear term f(y), as presented, in e.g., [2]; instead, a unified result
is presented. Several examples are given to illustrate the proposed methods. Tables of ex-
pansion coefficients of the series solutions of some special Lane-Emden type equations are
presented. The results of the two methods are tabulated and plotted. Comparisons of the two
results indicate that both methods are reliably and accurately efficient in solving a class of
singular strongly nonlinear ordinary differential equations. The motivation for the class of the
nonlinear functions f(y) considered in this paper is to generalise the results of the authors in
[2, 3, 22,41, 47, 60] as regard these elementary functions.

2. ADOMIAN POLYNOMIALS FOR NONLINEAR FUNCTIONS

In this section, we present the Adomian polynomials for the nonlinear function f(y) appear-
ing in the Lane-Emden equation

v+ 2y + f(y(@) = 0
y(0) =90, ¥'(0)=0,

where yq is a constant, f(y) is a real-valued continuous function and n > 0, n real. It is
known (see [2, 23, 24]) that the Adomian algorithm decomposes the nonlinear term f(y) into
an infinite series of polynomials.

Towards this end, one sees that the Adomian decomposition method expresses the solution
y(x) as an infinite series of components:

2.1

y(@) =Y k(). 2.2)
k=0

We then recover the nonlinear term f(y(x)) from the linear term y(x) by the decomposition
series of polynomials:

fly(@) =D Fu(Y), (2.3)
k=0

where
Fk(y) = Fk (y07y17y27 .. 7yk) .

The functions F}, are the Adomian polynomials which can be computed for several classes of
nonlinear functions using the algorithms of Adomian [24, 25], and Wazwaz [2, 61].

Now, let f(y) be a nonlinear function. Using algebraic operators, trigononetric identities
and Taylor series as appropriate, the first few Adomian polynomials for the function f(y) are
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given by ([2, 23, 24, 61])
Fo (yo) = f (vo)
F1 (yo, y1) = y1.f’ (o)

Fs (o, y1,92) = yaf (yo) + 1 1) " (o)

21
- ! " 1 3 pm
F3 (yo,y1,92:y3) = y3f (yo) + y1y2f" (vo) + 30 (v1)” f" (yo)
2 2 4
Fy (y0,91,92,y3,y4) = yaf' (yo) + ((y;) + ?/1?/3) f" (yo) + (y21') y2f" (yo) + (yi,)

See [2, 23, 24, 61, 62, 63, 64, 65, 66] for further discussions on Adomian polynomials and their
explicit computations for various classes of nonlinear functions.
Now, one writes equation (2.1) in an operator form ([2, 23, 25, 61]):

Ly = —f(y)
y(0) =yo, ¥'(0) =0,

where the differential operator L is given by

I d? . n d 1 d n d
- 7 5 — = |\ T ).
dz? wdr a"dx dx
The inverse operator L~ is then defined (for a well-behaved function g(y)) by

T 1 T
L) = [ o [ #"otw)dsda. @5)
o T7Jo

Applying the inverse operator L' defined in equation (2.5) on equation (2.4) gives the solution

(2.4)

y(x) =yo — L™ f(y), (2.6)
satisfying the conditions

y(0) =yo, ¥'(0)=0.
It follows from equations (2.2), (2.3) and (2.6) the identity

oo oo
Zyk‘(l‘) =Y — L_IZFk‘ (y07y17y27" . 7yk‘)a
k=0

k=0

and as a result one obtains the recurrence relation
yo(z) = yo 0
yk—l—l(l‘):_Lile(y()?ylvy?u"'ayk)u k:07172)3)"' . '

The algorithm set in equation (2.7) computes the solution y(z) as an infinite series of the
components yx(x) as given in equation (2.2).
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3. ANALYTICAL SOLUTION OF LANE-EMDEN TYPE PROBLEM USING ADOMIAN
DECOMPOSITION METHOD

This section presents approximate analytical solutions of a class of generalised Lane-Emden
equations whose nonlinear terms are given by powers of continuous real-valued functions.
Indeed, the generalised Lane-Emden equation under consideration is given by the initial value
problem

y'(2) + 2y (@) + B (y(e) = 0, realn >0
y(0)=A, ' (0)=0 Ael0,1],

(3.1)

with 0 < = < 1, m € Ny. Here A™ is the mth power of a continuous real-valued function
h. In particular, if h(y(x)) = y(x) and A = 1, then equation (3.1) reduces to the standard
Lane-Emden equation (1.1). In this paper, we will be considering the nonlinear functions
h(y(x)) = siny(x), cosy(x); h(y(x)) = sinh y(z), cosh y(z). Our approaches in solving the
initial value problem (3.1) involve the Adomian decomposition method and the eighth-order
nested second derivative two-step Runge-Kutta method. Recall that for the special case n = 0,
the boundary x = 0 is an ordinary point; while for n ## 0, the boundary z = 0 is a singular
point ([2]). The generalised model (3.1) can handle several numbers of differential equations of
the same type with and without a singular point. For extensive discussions of models involving
these nonlinear elementary functions as well as the physical interpretations of their solutions,
see [7, 8, 14].

Now, let us implement the Adomian decomposition method to obtain approximate analytical
solutions of the problem (3.1). Towards this end, one sees from Section 2 that

Yori(x) = =L Fp (A gy, pe), £=0,1,2,3,..,
where
Fo (4) = h™ (A)
P (A1) = aan

(e}
Fy (A, y1,92) = oaay + ?2 (11)?
3.2)

as
F3 (A, y1,92,y3) = oy + aoy1yz + 5 (y1)?

2
(87 (6%
Fy (A y1,92,93,9a) = caya + a2 (Q/;) + y1y3> + 73 (y1)?y2 + 2711 ()"
Using the notations h(A) = ag, h'(A) = a1, h"(A) = az, h""(A) = a3, h® = ay; and
p1=m,p2 =m(m—1),p3 =m(m—1)(m —2),ps = m(m — 1)(m — 2)(m — 3); we have
a1 =p1ah! a1, o = pral " ay + paal %af, ag = piallas + 3paal’ " “aras + psa

4

1—3 2 p1—4
ajag +p4a0 aj.

au :p1a€171a4 + 3p2a18172a% + 4p2a8172a1a3 + 6p3ab
3.3)

-3
Pt

3
1
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We now compute the functions yy41(z),¢ = 0,1,2,3, ... using the integral formula

Yorr(x) = =L F (A y1, 90, .., 00) = / / 2" Fydadz, £=0,1,2,3,....

Indeed, one sees that

pl 72
y1(x) = — LilFO = —ao / / 2" drdr = —m

2p1—1 4
ab Yoy P1ay a1x
—— L 'R (A 0 / / "2 dxd 0
y2(2) 1 (4w) T 4 Dn + 3)

ys(x) = — L™'Fy (A, y1, 1) / / oy + s (1) ) dxdx
p1a1a1a2 ! Oéza
— 0 0 n+4d d
(2-4(n+1)(n+3) )/ / e

_ plalalap i OéQCL 6
N 2:4-6(n+1)(n+3)(n+5) 4-6(n+1)%2(n+5)
= — P3(n)a®,

where ap := «ag/2. Further simplifications give

a3ag” " [n (p? +p2) + p} + 3p2] + (n+ 3)praghas
P3(’I7,) .

48(n+1)%(n + 3)(n + 5)

34

Next we see that

ya(z) =— L~ YE3 (Yo, 91,92, 93) = / x”/ 2" F3 dxdx

/ / a1y3 + aoy1y2 + as (Y1) ) dzdx
= (oqu(n) + ao Py (n)PQ( ) + Oé3 P1 3 / / 46 drdx

= <a1P3(n) + a2 P1(n) Py (n) + as (P1(n ))3> 8

m_P4( ) )

where a3 := as/3!. Simplifying further we have
Py(n) = [n2 (p} + 4pop1 + p3) + 20 (p} + 11papy + 4p3) + p? + 18papy + 15p3] ag” >a?
! 384(n+1)3(n+3)(n+5)(n +7)
 [7? (4pF + 3p2) + 20 (110 +12ps) + 18p] + 5y a” aras
384(n + 1)3(n+ 3)(n +5)(n + 7)
(n+3)(n+ 5)p1agp1_la3 55)
384(n+1)3(n+3)(n+5)(n+7) '
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For the lengthier case £ = 5, one sees that

ys(z) = — L7 Fy (1, 91,92, Y3, Y4)

(y2)° (y1)° (1)
/ / QY4 + o2 B +nys | +as 5 Y2 + oy 94 dxdzx

__/Of‘fxln/o (B1 + B2+ B3 + B1) 2" dwdx

 (Bi+Bo+ B+ Ba)att 10
= _ 1000 1 9) = —Ps(n)x", (3.6)
where
._ _ (P 73 2
bri=arPi(n), B2 = a2 | ==+ P(n)Bs(n) |, B3 = - Pi(n)Pa(n), B1:= 24P1( n),
(3.7)

and «;, 1 < ¢ < 4 are as given in equation (3.3). Substituting the coefficients in equation (3.7)
into the last equation in (3.6) gives

n* (p} + 11pop? + Tpspr + 4p3 + pa) a*ai
3840(n +1)4(n+3)2(n +5)(n + 7)(n )
(3]71 + 64p2p1 + 54psp1 + 28p2 4 9p4) 5p1—4 111
1920(n + D)4(n 4+ 3)2(n +5)(n + 7)(n + 9)
n? (6p] + 233p2p? + 283p3p1 + 128p3 + 58py) a8p1—4a11;
1920(n + 1)(n + 3)2(n +5)(n + 7)(n +9)
(5]71 + 296p2p1 + 570p3p1 + 228p2 + 159]?4) op1— 40,[11
1920(n + 1)*(n 4 3)2(n +5)(n + 7)(n + 9)
(pl + 81p2p1 + 225p3p1 + 84p2 + 105p4) 5p1—4 111
1280(n + 1)4(n + 3)2(n + 5)(n + 7)(n + 9)
n [n4 (11;0:{’ + 29pap1 + 6p3) + 43 (32]71 + 109popr + 27]?3)} 5p1— 30,%(12
3840(n +1)4(n + 3)2(n +5)(n + 7)(n +9)

P5 (n) =

. [n? (233p} + 1105p1p2 + 348p3) + 2n (148p3 + 1083pap1 + 477p3)] a >adas
1920(n + 1)*(n +3)2(n+5)(n+ 7)(n +9)
3 (27p% + 281pap1 + 210p3) ag" a3ay
1280(n + 1)*(n+3)2(n+5)(n+ 7)(n +9)
(4np? + 3npy + 4p? + 15p2) ag* a3 prag” lay
3840(n + D)% (n + 5)(n +9) 3840(n + 1)4(n + 9)
[n2 (7p3 + 4po) + 4n(13p3 + 10p2) + 45p3 + 84ps] a’ 2ayas
* 3840(n + 1)*(n +3)(n+ 7)(n+9) '

(3.8)
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The computation of the component yy, £ = 6,7, 8, ... can be done similarly. Thus we have the
series solution

y(x) =1 — Pi(n)2® + Py(n)z* — P3(n)zb + Py(n)a® — Py(n)z® + - .

We now summarise our computations to give the first main result of this paper. The second
main result will be given in Section 4.

Theorem 3.1. For 0 < z < 1, m € Ny, real n > 0, the Lane-Emden type problem

y'(@) + =y (@) + W (y(a)) = 0
y(0) =4, y(0)=0, Acfo.1]

admits the analytical solution given by the series

A i (AR(A)

@) =4 SES T T e am gyt A et = e

where the coefficients P3(n), Py(n) and Ps(n) are given respectively by equations (3.4), (3.5)
and (3.8), with p1 = m, po = m(m — 1), p3 = m(m — 1)(m — 2), py = m(m — 1)(m —
2)(m — 3); and h(A) = ag, ' (A) = a1, h'(A) = ag, K" (A) = a3, hY = ay.

In particular, for m = 0, one has the solution

2

y(@) =A=- 5oy

Remark 3.1. Using the Adomian decomposition method, Theorem 3.1 gives a unified general
result on the approximate analytical solution of a generalised Lane-Emden type equation in
which the nonlinear term is given by the power of a continous real-valued function. This
unified result, to the best of our knowledge, is novel in the discussion of approximate analytical
solutions of Lane-Emden type equations.

3.1. The Special Case f(y(z)) = sin™y(z),m = 1,2,3,.... We consider the case of the
sine function. This case is given as a corollary and is presented as follows with a set of exam-

ples.

Corollary 3.2. For 0 < z <1, m € Ny, real n > 0, the Lane-Emden type problem

y'(@) + 2y (@) +sin™ (y(2)) =0, y(0) =1, ¥(0)=0, 0<z<L,
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admits the analytical solution given by the series
B ket [ (o ) R+ 3] YR — (e Bk
2(n+1)  8(n+1)(n+3) 48(n+1)2(n+3)(n+5)
i [ (p1 + 4pap1 +p3) +2n (p1 + 11pop1 + 4p3) + p? + 18papy1 + 15p3] kéllpl 3k2 8
2:4-6-8n+1)2n+3)(n+5)(n+T7)
[n2(4p2 + p1 + 3pa) + 2n(11p3 + 4py + 12p5) + 18p3 + 15p;y + 45pa] k™' ey s
2:4-6-8(n+1)3(n+3)(n+5)(n+7)

y(z) =1—

— P5(’n):1j10 —|— SN
where P5(n) is given by
n* (p} + 11pap? + Tpspr + 4p3 + pa) K" 'kS
3840(n + 1)*(n + 3)2(n + 5)(n + 7)(n + 9)
n® (3pt + 64pop? + 54pspr + 28p3 + 9ps) kP kS
1920(n + 1)*(n + 3)?(n +5)(n + 7)(n +9)
n? (6pF + 233pap? + 283p3p1 + 128p3 + 58pa) k7P kS
1920(n + 1)*(n +3)*(n +5)(n + 7)(n +9)
n (5p1 + 296pap} + 570psp1 + 228p3 + 159p4) k™ ki
1920(n + 1)*(n + 3)2(n +5)(n + 7)(n + 9)
(p + 84p3 + 81p2py + 225p1ps + 105p,) KP4k
1280(n + 1)*(n + 3)%(n + 5)(n + 7)(n + 9)
nt (11p3 + 7p3 + 29pap1 + 4p2 + 6ps) k"' k3
3840(n 4+ 1)*(n +3)%(n +5)(n + 7)(n +9)
n3 (?)211)ia + 27p% + 109papy + 18ps + 27p3) ki’)pr%g
960(n + 1) (n + 3)2(n +5)(n + 7)(n + 9)
n? (233p? + 283p + 1105paps + 232ps + 348ps) ky™ k3
1920(n + 1)4(n + 3)2(n + 5)(n + 7)(n + 9)
n (148p} + 285p? + 1083pap1 + 318ps + 477p3) k"' ~*k3
960(n + 1)4(n + 3)2(n 4 5)(n + 7)(n + 9)
~ 3(27p} + T5pi + 281pop1 + 140ps + 210p3) k' 743
1280(n + 1)*(n + 3)2(n + 5)(n.+ 7)(n + 9)
(n (4p2 + p1 + 3p2) + 4p% + 5p1 + 15p) kP!
3840(n + 1)*(n +5)(n +9) ’

with pr = m, po = m(m — 1), pg = m(m — 1)(m — 2), pg = m(m — 1)(m — 2)(m — 3),
ki =sinl, ko = cos 1.

P5(TL) =
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Proof. One sees in this case that the nonlinear function is given by f(y) = sin™(y(x)) with
A = 1. Now, setting ap = h(1) =sinl = k1, a1 = /(1) = ko = cos 1, as = h''(1) = —ky,
az = h"(1) = —kg, ay = h®(1) = ky; withp; = m, pa = m(m—1), p3 = m(m—1)(m—2),
pa = m(m — 1)(m — 2)(m — 3), we obtain the set of expansion coefficients Py(n),{ =
1,2,3,4,5,... as required. ]

Next we give some special cases of Corollary 3.2 for clearer and more explicit expression of
these expansion coefficients. These special cases are given as examples.

Example 3.1 (m = 1). The approximate solution of the Lane-Emden type problem
y' (@) + gy’(w) +sin(y(z)) =0, y(0)=1, ¥ (0)=0, 0<z<1, (39
is given by

y(x) 1 ]{311'2 n k1k2$4 B (’I’L + 1)]4:1/6% — (n + 3)]43% 6
2(n+1) 8(n+1)(n+3) 48(n+1)>n+3)(n+5)
(n2 + 20 + 1) kyk — (502 + 300 + 33) K3ky
384(n+ 1)3(n+3)(n+5)n+7)
(n+3)%(n+7)(5n + 9)kT + (n* + 6n® + 12n* 4 10n + 3) klkz;‘xlo
3840(n + 1)*(n+3)2(n+5)(n+ 7)(n +9)
(18n* + 236n° + 1032n% + 17320 + 918) k3k3
3840(n + 1)*(n +3)2(n+5)(n+7)(n+9)

In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem
(2, 22, 60])

Y@)+ 2y (@) +sin(y@) =0, y(0) =1, y(0)=0, 0<z<l,  (G10)

admits the series

k1

ke kkd kD kik3 113K3k
1 _ M 2 1Rh2 4 1hg M 6 1hg 172 8
ylo) =1 = ga"+ J55@ <5040 3024> v <362880 3265920> v
19k3 1781k3k3 k1k5 0,
23950080 898128000 ' 39916800 ’

which agrees with Wazwaz [2] (see also [22]).

Example 3.2 (m = 2). Consider the Lane-Emden type problem

Y/(@) + 2y @) +sin?(y() =0, y(0) =1, Y(0)=0, 0<z<l. BN
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The solution of this problem is given by

k3a? k3 kox? (3n + 5)kik: — (n + 3)k} 4

20n+1)  4n+1)(n+3) 24(n+1)2(n+3)(n+5)
(n+1)(3n + 10)kPk3 — (3n% 4+ 19n + 24) k{ks
18(n+13(n+3)(n+5)(n+7) v

(n+3)%(n+7)(3n+ 71ki®+ 3(n + 1)(n + 5) (5n® + 26n + 25) kSk3
- 480(n + 1)*(n+ 3)2(n + 5)(n + 7)(n + 9) v

(15n* 4 209n° + 98502 4 1823n 4 1080) k¥k3 |,

240(n+ 1)*(n+3)2(n+5)(n+7)(n+9)

In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem

y(@) =1~

10

Y'(@)+ 2y (@) +sin’(y(@) =0, y(0) =1, () =0, 0<z<1,

is given by

. T M2 _ _
y(@) 6% 1T 60 " 7560 1512 8505 204120

B 13k10 _1763k;§k§+ 97kS k3 S04
2993760 56133000 10692000

o, Kk 4 (11%1{3 kS >m6—|— (k?kg 37k{k2>x8

Example 3.3 (m = 3). The approximate solution of the Lane-Emden type problem
y'(@)+ ~y (1) +sin’(y(2) =0, y(0) =1, Y(0) =0, 0<z<1, (312
X

admits the series formulation
k3 2 3k kot (5n + 9kTk3 — (n+ 3)k) 4
o(n+1) S+ )(n+3) 16(n+12n+3)(nts) .
(35n2 + 166n + 147) kYk3 — (19n? + 122n + 159) kilks ¢
128(n + 1)3(n + 3)(n + 5)(n + 7) v
3 (1057 + 1157n? + 3903n + 3843) ki'k; |,
T 1280(n + 13+ 3)2(n+ ) (n+ N)(n+9) "
(157n* + 22260 + 10736n> 4 205500 + 12843) k°k3 |
640(n + DA(n + 32+ 5)(n+ N(n+9)
(19n + 47)k{?
~1280(n + 1)4(n+5)(n+9)

In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem

y(a) =1 -

J(@)+ 2 (@) +sind(y(@) =0, y(0) =1, Y(O)=0, 0<z<1,
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is given by

y() :1_’f‘f’xz+1k§k2x4_(19kik§_ k?) ] (619k§’k§ 47914%11@2) )
6" 10

5040 1008 1088640 1088640
L ATR 144TEPES 1T RS 10
1596672 11088000 199584000

Example 3.4 (m = 4). The approximate solution of the Lane-Emden type problem

y" () + %y’(l‘) +sin’(y(z)) =0, y(0)=1, y'(0)=0, 0<=z<1, (3.13)
admits the series
y(w) =1 — kiz? n k] kox* (T + 13)k%k3 — (n 4+ 3)k{2 4

2(n+1) 2(n+1)(n+3) 12(n+1)%2(n+ 3)(n +5)
(35n2 + 172n + 161) k{3k3 — (13n? + 84n + 111) k{"ky
48(n+ 1)3(n+3)(n+5)(n+7) .
(455n* + 56220 + 23316n> 4 37370n + 19509) ki%k; |,
180(n+ )i(n+32(n+5)(n+)n+9)
(75n* + 107203 + 522602 + 10160n + 6507) k13k3 |,
120(n + DA(n + 32+ 5)(n+)(n+9)
(13n + 33)ki°
~ 480(n+ 1) (n +5)(n+9)

In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem

2
y'(@) + =~y (2) +sin’(y(2)) =0, y(0)=1, y'(0)=0, 0<z<1,
is given by

k4 1 1 k12 43k18E3  331k15k,
oM g a4 (L ga0p2  FiT) 6 17k 1 8
y(@) 6~ T gptiha? 140702~ 756 )T T\ 97216 208240 )

<59k%0 19169k18k32 26641/@%%3) 10
— X

2993760 56133000 74844000

The series solutions of the Lane-Emden problems (3.9), (3.11), (3.12), (3.13) for n =
0,1/2,1,3/2,2 are presented in Table 1.

3.2. The Special Case f(y(x)) = cos™ y(z),m = 1,2,3,.... We consider the case of the
cosine function. This case is given as a corollary and is presented as follows.

Corollary 3.3. For 0 < z <1, m € Ny, real n > 0, the Lane-Emden type problem

y'(@) + 2y (@) + cos™ (y(@) = 0, y(0) =1, ¥(0)=0, 0<z<L,
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TABLE 1. Illustration of the expansion coefficients of the series solutions of
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the problems (3.9), (3.11), (3.12), (3.13) forn = 0,1/2,1,3/2,2

Py(n)/f(y) | P1(0) | P(0) P3(0) Py(0)
sin k1 Ky ko k1 (k%—?)k:%) k1k2(k§—33k%)
Yy 2 24 720 — 0320
sin? K} K ko kel (5k3—3k2) K3k (5k2—12k3)
y 2 12 7 3%0 2 9 25220 2
sind y k3 kS ks k] (3k3—k?) k{ko (49k3—53k7)
24 78 10 8(%_ 2 13 44820_ 2
sin y ki kT ko ki0(13k3—3k2) | k1Sko(161k3—111k3)
2 6 180 5040
P /fy) [P G) | 2G| BG) Py (3)

. ey ey oo k1 (3k3—T7k3) keyk (9k3—197k?)
Sy 3 42 58 —7asqd0
sin? y k? k3 ko k1 (13k3—7k?) k7 ko (69k3—137k3)

133 kgli k7(232182727k2) k9k2(95?531§25§899k2)
sin’ y 3 T ST S 7 —

-_ k4 2Thy | 2ki0(33k3—7k2) | kI%ko(1023k2—625k3)
S Y 3 21 2079 93555

Pl(n)/f(y) | (1) | P(1) P3(1) Py(1)
iy | | g | SED |

. 9 k2 k3 ko ki(2k2—k2) K3k (1363 —23k3)
Sy 4 32 576 36864
sin? y K3 3kS ko k] (7k3—2k3) k{ ko (29k3—25k7)
sin y k4;1 k?iQ k}o(gl%s —k3) [2EPS (égi?— 13k7)

4 16 288 4608
Pm/fw) [ PG [ 2G| BG) Py (5)

. ks oy koo k1 (5k3—9k3) ki1 ko (25k3—357k? )

Sy 5 90 A 1 V1
19k2— 145k2—2
sin” y %1 i5hik i( 9872759 ) tha( 74558275 i)

.3 K3 1.5 k] (11k3—3k3) k{ko (21153 —171k3)
sin =+ ==k2ko
VPR R b e L1 B 1 )
S Y I W ) 8775 45875

P(n)/f(y) | P(2) | P(2) P3(2) Py(2)

- k kik k1 (3k3—5k3) kik (9k3—113k3)
sin y i o | oo | ——pen -

9 k2 1.3 ki(11k3—5k3) kS ko (24k3—37k2)
] 1
Sy < sokike o 7560 T (20421220 @
. 3 k 1 19k% -5 2(619k2—479
sty |4 L | S0 | B
4 k 17 27k3—5 5 (645k2—331
sy T | mkike | " — S 17—
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admits an analytical solution given by the series

(z) =1 — ky'a? prkiky™ et _ [n(pl +p2) + i +3p2) K232 (4 3)p kP! r
y\x) = 2(n+1) 8(n+1)(n+3) B+ 1)2(n+3)(n+5)
L 177 (4p% + 1+ 3pa) + 20 (Up} + 4pa + 12pp) + 3 (6pi + 5ps + 15p2) k"
384(n+1)3(n+3)(n+5)(n+7)
[nQ (p:f + 4dpap1 + p3) +2n (p:f + 11popy + 4p3) + p? 4+ 18pap; + 15p3] kiskgpl—za P
2:4-6-8n+1)3(n+3)(n+5)(n+7)

— Ps(n)zt® 4 -+,
where Ps(n) is given by

P _n* (pi + Upapi + Tpspr + 4p3 + pa) ki
7 3840(n+ 1) (n+3)2(n+5)(n+ 1) (n+9)
n® (3p? + 64pap? + 54pspr + 28p3 + 9pa) kikSP
1920(n + 1)*(n + 3)2(n + 5)(n + 7)(n + 9)
n? (6pF + 233pap? + 283pap1 + 128p3 + 58p4) kiko?
1920(n 4+ 1)*(n + 3)2(n +5)(n+ 7)(n + 9)
n (5p} + 296pap? + 570psp1 + 228p3 + 159pa) kiks"
1920(n + 1)*(n +3)2(n+5)(n + 7)(n + 9)
(p] + 81pap} + 225p3p1 + 84p3 + 105py) k%kgm%
1280(n + 1)4(n + 3)2(n + 5)(n + 7)(n + 9)
nt (11p3 + 7p? + 29pop1 + 4pa + 6p3) KTk 2
3840(n + 1) (n+ 3)2(n+ 5)(n + 7)(n + 9)
n® (32pF + 27p? + 109popy + 18ps + 27p3) kTP
960(n + 1)*(n + 3)2(n +5)(n + 7)(n + 9)
~ n?(233p} + 283pF + 1105pap1 + 232p + 348p3) kks
1920(n + 1)4(n + 3)2(n +5)(n + 7)(n + 9)
0 (148p} + 285p3 + 1083papy + 318ps + 477ps) K3k >
960(n + 1)4(n + 3)2(n +5)(n + 7)(n + 9)
~ 3(27p} + 75p? + 281pap1 + 140py + 210p3) kFk3"
1280(n+ 1)*(n+3)2(n+5)(n+ 7)(n+9)
[ (4p% + p1 + 3p2) + 4p% + 5p1 + 15ps] K3
3840(n + 1)*(n+5)(n +9) ’
with pr = m, po = m(m — 1), pg = m(m — 1)(m — 2), pg = m(m — 1)(m — 2)(m — 3),
k1 =sinl, ky = cos 1.

(3.14)
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Proof. One sees in this case that the nonlinear function is given by f(y) = cos™ (y(z)) with
A = 1. Upon setting ag = h(l) = cosl = ko, a3 = K(1) = —k; = —sinl, ay =
R'(1) = —ko, a3z = h"(1) = ki, ay = WM (1) = ky; with p; = m, pp = m(m — 1),
ps = m(m — 1)(m — 2), ps = m(m — 1)(m — 2)(m — 3) gives the expansion coefficients
Py(n), £ =1,2,3,4,5,... as required. O

We also in this case give some special cases of Corollary 3.3 for more explicit expression of
these expansion coefficients. These special cases are also given here as examples.

Example 3.5 (m = 1). The approximate solution of the Lane-Emden type problem

y'(@) + 2y (@) +cos(y(2)) =0, y(O) =1, Y(O) =0, 0<z<l (I3
is given by
2 4 2 _ 3
y(x> 1 kox kikox (n + 1)k1k2 (n + 3)/€2 6

2n+t1) SntL)(n+3) 48(n+1)2n+3)n+5)
(5n® +30n + 33) kiks — (n® +2n+1) kTky o
384+ 1P +3)(n+5)(nt7)
~ (n+3(n+T7)(5n +9)k3 + (n* +6n° + 12n% + 10n + 3) k‘fkgxlo
3840(n + 1)4(n+ 3)2(n+5)(n+ 7)(n +9)
(18n* + 23603 + 1032n? + 1732n + 918) kik3 |,
3840(n + 1)*(n +3)2(n +5)(n + 7)(n + 9)

In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem

(121)

V(@) + 2y/(@) +eos(y(@) =0, y(0)=1, ¥(0)=0, 0<z<1,

is given by
ylo) =1 = o =955 @ <5040 3024 )7 T \3265920 362880 ) "
B 19k3  1781k7k3 N kiko S04
23950080 898128000 ' 39916800

Example 3.6 (m = 2). Consider the Lane-Emden type problem

Y () + gy’(x) teos(y(z)) =0, y(0)=1, ¢/(0)=0, 0<z<1.  (3.16)
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The solution of this problem is given by

M kikz' (Bt 5)kk - (n+ 3K
2(n+1) 4(n+1)(n+3) 24(n+1)%(n+3)(n+5)

y(@) =1~

(3n2 +19n + 24) k1 kl — (n + 1)(3n + 10)k3 K5 ¢
48(n+ 1)3(n + )(n+5)(n+7) v
(32 (n+7)(Bn+ Nk +3(n +1)(n +5) (5n® + 26n + 25) k4k2m10

480(n+ 1)*(n+3)2(n+5)(n+7)(n+9)
(15n* +209n® + 985n? + 1823n + 1080) kTk5 |,
240(n+ 1)*(n+3)2(n+5)(n+7)(n+9)

In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem

Y'(@) + 2o/ (@) + coR(y(@) =0, y(0) =1, ¥(0)=0, 0<z<1,

admits the series

B kB (URK K o (3ThEL KRR o
6 60 7560 1512 204120 8505 '

Example 3.7 (m = 3). The approximate solution of the Lane-Emden type problem

Y () + gy’(:c) teosd(y(z)) =0, y0)=1, ¢ (0)=0, O<z<1,  @G.I7)

y(z) =

is given by
y(z) =1 — kx> kika? _ (5n+ 9kTES —3(n+3)k3 4
2(n+1) 8(n+1)(n+3) 16(n+1)2(n+3)(n+5)
(19n? 4 122n + 159) ki1k3* — (35n? + 1661 + 147) kik] 4
128(n + 1)3(n+ 3)(n + 5)(n + 7) v
3 (10503 4 1157n? + 3903n + 3843) kiki' |,
T 1280(n + 1)3(n 1 3)2(n+5)(n+ T)(n+9) "
(157n* 4 22260 + 107361 + 20550n + 12843) kiky® |
640(n + 1)*(n + 3)2(n + 5)(n + 7)(n + 9) v
(19n + 47)k3®
©1280(n + 1)4(n +5)(n+9)

In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem

J'(@)+ 2 (@) +eosty(x) =0, y(0) =1, #(0)=0, 0<w<1,
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is given by

y(z) =1—

k3 2 71{7 K 19kik; k) 46 AT9k1ky"  G19KPE) 48
6" 40 5040 1008 1088640 1088640

Example 3.8 (m = 4). The approximate solution of the Lane-Emden type problem
y"(2) + 2y (2) + cost(y(x)) = 0, y(0)=1, (0)=0, 0<z<1, (3.18)
x

admits the series

ke ke k32t (Tn +13)k3k30 — (n + 3)k32
2n+1) 2mn+1)(n+3)  12(n+1)2(n+3)(n+5)
(13n? 4 84n + 111) k1k3® — (35n® + 172n + 161) kT k3®
48(n+1)3(n+3)(n+5)(n+7)

(455n* + 5622n3 + 23316n% + 37370n + 19509) k1kiS |,
B 480(n 4+ 1)4(n +3)2(n + 5)(n + 7)(n + 9)

(75n* 4+ 1072n? + 5226n% + 10160n + 6507) kik3® |,

120(n 4+ 1)4(n +3)2(n +5)(n+ 7)(n +9)
(13n + 33)k3"

~ 480(n+ 1) (n +5)(n +9)

y(z) =1—

8

x10+...

In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem

Y'(@) + 2o/ (@) + ol (y(@) =0, y(0) =1, ¥(0)=0, 0<z<1,

is given by

k2 k12 1k kL% 43K3K13
y(x) =1 — 2m2——kk2x —(k2k10 2 >x6+<33 "2 312>x8+

6 30 140 756 408240 27216

The series solutions of the Lane-Emden problems (3.15), (3.16), (3.17), (3.18) for n =
0,1/2,1,3/2,2 are illustrated in Table 2.

3.3. The Special Case f(y(z)) = sinh™ y(z),m = 1,2,3,.... We consider the case of the
hyperbolic sine function. This case is given as a corollary followed by a series of examples.

Corollary 3.4. For 0 < z <1, m € Ny, real n > 0, the Lane-Emden type problem

y'(@) + 2y (@) +sinh™ (y(@) =0, y(0) =1, ¥'(0) =0, 0<a <L,
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TABLE 2. Description of the expansion coefficients of the series solutions of
the problems (3.15), (3.16), (3.17), (3.18) forn = 0,1/2,1,3/2,2

Py(n)/f(y) | P1(0) | P»(0) P5(0) P4(0)
k1ko (k2 —33k2
cosy %2 *ikllﬁ 77]€ (k’% *31‘3%) — 2&01‘;20 2)
cos? Mool Lkl | ok (5K? — 3K _ bk (oK —123)
Y p) 1271R9 | 3072 (951 2 2320
3 k1k9(49k2—53k
0053?/ %2 _%klkg ék; (3k2 — k2) — 1132(( 44§20 2)2)
4 k4 1 7 10 2 2 kik 161k5—111k
cos*y 721 —gkrllk‘Q 180]4: (13k: — 3k ) ——= 50{0 2
P(n) /fy) | Pi(3)| P2(3) Py (3) Py (3)
ko 1 ko (3k3—T7k2) kyky(9k3—197k2)
cosy 3 —pkike 1158 — 748440
cos? y k2 1 7.3 k3 (13k3—7k2) k1 k3 (69k2 —137k2)
3| —opRiRy o079 B 7:Y:1; M
k3 k?(23k2 —Tk2 k1k2 (9552 —899k2
COS3 y ko _ LklkS 2 1 2 _ 2 1 2
,fi; L 2 2k1°(31§’l§2677k2) k1k13(1%gglllc§07625k2)
cos' y 5 _%klkg Sy — E— :
Pi(n)/f(y) | Pi(1) P(1) Ps3(1) Py(1)
ko 1 ko (k3—2k2) kiks (k3—17k2)
cosy 4 —gak1ks 2304 14746
2 k2 1. .3 1 14 (012 1.2 k1 k3 (13k3 —23k3)
cos” y + —3—2k1k2 %kQ (2k —kQ) ——9(368264 -
3 k;3 3 5 1 7 2 2 klk 29k —25k
cos®y Tz —gak1ks | =aghks (7k 2k2) _kk123(16:;£%4 ;)
4 k 1 7 1 7,10 (=1.2 2 1k3°(23k1—13
Cos Yy % —16k1k) | osgho (5]‘7 k2) S — T —
3 3 3
P(n)/f(y) | P (3)] P2(3) Py (3) Py (3)
ko 1 k2 (5k3—9k2) k1ko (25K —357k3 )
cosy 5 —ggh1ke 17550 5967000
cos2y k2 1 13 k3 (19k% —9k2) k1k3 (1457 —237k3)
5 — 4512 ]775 — 745875
Cos3y 3 1 kT (11k3—3k32) kik9(211k3—171k32)
k3 — Ll o\ 1R —oR3 ) _
4 ;fg 320 i 2@0(5791?%079163) k1k§<‘(1929211£§091065k§)
cos" y 5 —izk1ky 8775 — 745875
P(n)/fly) | A(2) | P(2) P3(2) Py(2)
ko 1 ko (3k3—5k2) kika(9k3—113k2)
cos “ ——5rk1ko ———ETen— ————sseEgon
B B s 17 ot 77
6 — 6012 7560 — 204120
3 k3 1 5 k% (19k% —5k2) k1k3 (619K —479k3)
R T R | I i L
k 1 27k2—5 1533 (645k2 —331
cos'y © _%k’lkg ST E—V 71—
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admits an analytical solution given by the series

(62 o 1)1’1 x2 m (1 + 62) (62 - 1)2p1—1 A
20 H1(n £ L)err | 22093 (n 4 1)(n + 3)e21

B 64 [n(p% + D1 —i—pg) —|—p% —+ 3p1 + 3p2] (62 _ 1)3p172$

3-23m+4(n +1)2(n+ 3)(n + 5)e3r1

3p1—2
B e? [n(p} — p1+p2) + P — 3p1 + 3p2) (2 — 1) i 20
3-23m+3(n + 1)%2(n + 3)(n+ 5)e3r

_ [n(p% +m +p2) +p% + 3p1 + 3]92] (62 N 1)3p1—2$6
324 (n + 1)%(n +3)(n + 5)ein
4p1—3

ne’ (p} + 4pt + p1 + 4papr + 3p2 + p3) (1 +¢€?) (e — 1) 8
3-241+7(n +1)3(n + 3)(n + 5)(n + 7)etr
Ap1—3
N net (p:{’ + 11p? + 4py + 11papy + 12po + 4]93) (1 + 62) (62 - 1) " 28
3-21146(n + 1)3(n + 3)(n + 5)(n + 7)elr
4])1—3

N e* (p} + 18p? + 18pap1 + 15p1 + 45ps + 15p3) (1 + €?) (e2 — 1) 8
3-21+7(n +1)3(n+ 3)(n+ 5)(n + 7)etr

ne? (p} — 4p3 — p1+ 4popr — 3pa +ps) (1+€2) (22— 1) 7 |

3.24p1+6(n_|_ 1)3(n+3)(n+5)(n+7)e4p1 iy
ne? (p} — 11p3 — 4py + 1lpopy — 12py +4ps) (1+¢?) (2 = 1) 7% |
€T
3-2115(n + 1)3(n+ 3)(n+5)(n + 7)etrr
4p1—3
e? (p} — 18p} + 18pop1 — 15p1 — 45ps + 15p3) (L +€2) (2 — 1)

3-2156(n + 1)3(n + 3)(n + 5)(n + 7)etr ¢
n? (p} + 4p% + p1 + 4pap1 + 3p2 + p3) (1 +€?) (€2 — 1)4p1_3 <
x
324147 (n + 1)3(n 4 3)(n +5)(n + 7)e*P
L (P} +11p7 + 4p1 + Ulpop1 + 12pa +4p3) (14 ¢€) (€* — 1)4p173$8
3-241+6(n +1)3(n+ 3)(n+5)(n + 7)etrr
. (pd + 1897 + 18pop1 + 15p1 + 45ps + 15ps) (1 +¢%) (2 — 1)
32147 (n 4 1)3(n + 3)(n + 5)(n + 7)e'n

with pr =m, p2 = m(m — 1), p3 = m(m — 1)(m — 2), ps = m(m — 1)(m — 2)(m — 3).

y(z) =1

6

+

+

_l’_

4p1—3

Proof. One sees in this case that the nonlinear function is given by f(y) = sinh™(y(x)) with
A = 1. Now, setting ag = h(1) = sinh1 = (e! — e 1)/2, a1 = K(1) = coshl =
(e'4+e1)/2,a0 = h"(1) = (e' —e 1) /2,a5 = K"(1) = (e'+e71)/2, a5 = K (1) = (e —
e 1)/2; withpy = m, po = m(m—1), p3 = m(m—1)(m—2), ps = m(m—1)(m—2)(m—3),
we obtain the required expansion coefficients Py(n),¢ = 1,2,3,4,5,....
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0

As earlier stated we give some special cases of Corollary 3.4 for clearer and more explicit
expression of these expansion coefficients. These special cases are given as examples.

Example 3.9 (m = 1). The approximate solution of the Lane-Emden type problem
y'(@)+ ~y (2) +sinh(y(2) = 0, y(0)=1, Y(0)=0, 0<wz<1, (319
x

admits the series formulation

(62—1)x2+ (e*—1)a* _eﬁ(n+2)—64(n+4)+62(n+4)—n—2x6
4(n+1)e  32(n+1)(n+ 3)e? 192(n + 1)2(n + 3)(n + 5)e3

e® (3n? + 16n + 17) — 4€® (n? + Tn + 8) + 4e? (n? + Tne? 4+ 8) — 3n? — 16n — 17
+ 3072(n + 13(n + 3)(n + 5)(n + 7)e r

y(@) =1-

In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem
(2, 22, 60])

is given by

e2—1 4 et—1 , 2e—3et+3e2—-2 5  61e® —104e5 + 104e? — 61 4
y(x) =1— x4+ " — x” +
12e¢ 480e2 30240e3 26127360¢%

_|_...’

which agrees with Wazwaz [2] (see also [22]).

Example 3.10 (m = 2). Consider the Lane-Emden type problem

y'(z) + gy’(:r) +sinh?®(y(z)) =0, y(0)=1, y'(0)=0, 0<z<l (320
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The solution of this problem is given by

et —2e2+1 5, B —20+22-1
82(n+1) = | 6de*(n+ )(n+3)

e2(n+2) —e(3n +7) + e¥(3n + 10) — 2e4(n +5)
- 384¢6(n + 1)2(n + 3)(n + 5) v

et(Bn+10) —e2(Bn+T7)+n+2 g
© 384eS(n+1)2(n+3)(n+5)

e'® (3n2 4+ 16n + 17) — 2¢'* (6n? 4 35n + 41) + 2¢'? (In? 4 60n + 79)
+ 6144e5(n + 13(n + 3)(n £ 5)(n + 7) v
ell (Gn2 +47n + 69) — b (6n2 +47n + 69) +et (9n2 + 60n + 79) 3

307268 (n + 1)3(n+ 3)(n + 5)(n + 7) “

2¢% (6n” + 35n 4+ 41) — 3n? — 16n — 17 4
61443 (n+ P+ )+ 5)m+7) ©

y(z) =1 -

In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem

V(@) + 29/ () + s (y(@) =0, y(0) =1, Y(0)=0, 0<a<1,

is given by
y(m):1764—262—|—1$2 €8 —2e0 +2e%* -1 4
24e? 960e4
4e'? — 13e'0 + 16€® — 14e8 + 16e* — 13e%2 +4 4
B 120960¢5 v
61e'6 — 270e! + 470e'? — 3740 + 3745 — 470e* 4 2702 — 61
* 52254720¢5 v

Example 3.11 (m = 3). The approximate solution of the Lane-Emden type problem

Y/(@) + 2y @)+ s (@) =0, y(O)=1, Y(0)=0, 0<z<l G2
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admits the series

b —3et +3e2 -1 , 3el? — 12104 15¢8 — 15et + 122 -3
y(x) =1— xr° +
16e3(n +1) 512¢5(n 4 1)(n + 3)
3e'8(n +2) — el%(17n + 36) + 2 (19n + 45) — 42e2(n + 3) + 14e1°(2n 4+ 9) 4
N 40969 (n + 1)2(n + 3)(n + 5) v
+1%%my+m—4%%n+3y+%%wn+4m—e%nn+%»+an+m$6
4096€9(n + 1)2(n + 3)(n + 5)
9e** (3n? 4 16n + 17) — 4€?? (50n% + 277n + 309) + 4¢*” (157n? + 920n + 1095)
* 262144¢'2(n + 1)3(n + 3)(n + 5)(n + 7) v
36€'® (30n? + 191n + 247) — 3¢'% (365n? + 2608n + 3711)
262144¢2(n 1 1)3(n + 3)(n + 5)(n + 7) v
24e* (26n? + 211n + 327) — 24e™” (26n? + 211n + 327)
a 262144e'2(n +1)3(n + 3)(n+ 5)(n 4+ 7)
3e® (365n* + 2608n + 3711) — 36¢€° (30n? + 191n + 247)
N 262144¢2(n + 1)3(n + 3)(n + 5)(n + 7) v
4e* (157n® + 920n + 1095) — 4e? (50n? + 277n + 309) + 9 (3n? + 16n + 17)

N 262144¢2(n + 1)3(n + 3)(n + 5)(n + 7) v
4+
In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem
2
y'(@) + ~y/(x) +sinb’(y(2) =0, y(0) =1, y'(0) =0, O<z<1,
is given by
ycr):147eﬁ—-&#-+3e2—-1$2%73e”-—12e“ﬁ+1568—]5e44-1m¥-—3$4
48¢3 76806
12¢!8 — 706 + 166e1* — 210e!? + 182¢10 — 1826® + 2108 — 166e + 70e? — 12
— X
1290240¢°
+549624--425262%-14252@20—-26964e18+31161616--20472e14+20472e10 5
X
2229534720¢12
31161e® — 26964¢° + 14252¢* — 4252¢? + 549 5
J— x ...
2229534720¢12

Example 3.12 (m = 4). The approximate solution of the Lane-Emden type problem

V(@) + 2y @)+ st (y(@) =0, y(O) =1, Y(0)=0, 0<z<l,  (22)
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is given by

(e? — 1)4x2 (=17 (1+¢*)
32(n+ 1)et | 512e8(n+ 1)(n +3) "
2¢t (n+2)+e2(3n+5)+2n+4 6
T 12288¢12(e2 — 1) 0(n+ 1)2(n + 3)(n +5)
et (12n® 4 64n + 68) + €* (11n? + 44n + 25) + 12n? + 64n + 68
786432616 (11 2) L (2 — 1) B(n+ 13(n+3)(n+5)(n+7)

y(@) =1~

In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem
2
y'(@) + =y (2) +sinh(y(z) =0, y(0) =1, ' (0) =0, 0<z<l,

admits the series

(=17 (1+e?) , (2—1)10(8e* +11e* +8) 4

4
G

y(@) 96et T 7680¢5  © 3870720¢12 v
N (€2 — 1)13 (1 + €?) (244e* + 157¢? + 244) N
668360416016 v

Table 3 tabulates the series solutions of the Lane-Emden problems (3.19), (3.20), (3.21),
(3.22) forn =0,1/2,1,3/2, 2.

3.4. The Special Case f(y(x)) = cosh™ y(z),m = 1,2,3,.... We consider the case of the
hyperbolic cosine function. This case is given as a corollary followed by a series of examples.

Corollary 3.5. For 0 < z <1, m € Ny, real n > 0, the Lane-Emden type problem

y" () + gy'(:v) +cosh™(y(z)) =0, »(0)=1, ¥ (0)=0, 0<z<1,
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TABLE 3. Illustration of the expansion coefficients of the series solutions of
the problems (3.19), (3.20), (3.21), (3.22) forn = 0,1/2,1,3/2,2

Py(n)/ f(y) | P1(0) P (0) P5(0) Py(0)
. 2_ 4_ e2—1)(1—e2+e?) (e?—1)(17—32¢2+17¢7)
sinh y e %6621 (W 3225602
2 (2-1)7 | (e2-1)(1+€?) (e2—1)"(2+e2+2¢) (2-1)"(1+e2) (17142 +17¢)
Sy SeZ _ 192¢7 —5760e0 o 6AB120e8
h3 (e2-1) (e2-1)"(14€2) | (e2—1)" (1—e+e?)(14e+e?) (e2-1)" (14€2)(51—4e?+51e)
SIn Yy 16e3 512c0 024069 o1 75040e™
sinh? y (e2-1) (e2-1)"(14€2) (e2-1) " (4+5e2+4et) (e2—1) 7 (1+€2)(68+25¢2+68¢*)
32eﬁi ) 153(6§8) 18432(01@)12 82575‘%(610)916
Pu(n) /f(y) | Pi(3 P (3 P3 (3 Py (3
iuh 21 A1 (e2—1)(5—4e2+5¢7) (e*—1)(103—188¢2+103¢?)
Simhy Ge_, 16322 1663263 — BOS7500C]
. h2 (82—1) (62—1) (1+62) (62—1) (5+362+564) (62—1) (1+62)(103—6862+103e4)
SIt Yy 12e2 3367 330640 — T1975040¢"
sinh® y (e2=1)" | (e2=1)"(14€?) (e2—1)" (15+16e2+15¢*) (e2—1)" (1+€2)(927+56e24927¢)
2463 8GO 354816 551093504012
sinh* y (e2-1) (e2—1)"(1+€2) (e2—1) " (10+13e24+10e?) | (e2—1) 7" (1+€2)(412+199¢2+412¢%)
48e? 2688e3 106444812 153280512016
PIn)/f(y) | () | Pa(1) Py(1) Py(1)
. 2_ a_ 2-1)(3—2e2+3¢? 1-1)(9-16e2+9¢*
sinh y 68612 ;59612 C );124432:3 /) C 5 1)1(79648664 /)
h2 (e2=1)" | (e2=1)"(14€?) (e2—1)" (3+2e2+3e%) (e2—1)"(14€2)(9—5e2+9¢)
SIn-y 1GeZ _ 5127 363640 2359206
h3 (e2-1)" | 3(e2—1)"(14¢?) (e2—1)" (9+10e%+9¢*) (e2-1)" (1+€2)(27+4e2427¢)
Sy 327 4096e" 3932167 355443012
sinh? y (e24— i) (62—410)96( 18+e2) (e2-1) 89%32245 +3e) (e2-1) 7( 5}4267?729;582%64)
e e ) e e
Pn)/fy) | A (3) | R(3) P; (3) P (3)
sinh y 21 A1 (e2—1)(7—4e2+7et) (e*—1)(191-332¢2+191¢*)
10c_, 360c? 70200¢3 477360002
sinh? y e2—1) (e2-1)"(14¢€2) (e2—1)"(7+5e247¢*) (e2-1)"(14€2)(191-92¢2+191e*)
2062 _ 720e% 140400¢° 5954720006
sinhgy (62—1) (62—1)0(1+62) (62—1) (7+862+764) (62—1) (1+62)(191+4062+19164)
403 1920¢° 4992009 545260800012
sinh* y e?—1) (e2-1)"(1+€2) (e2—1) " (14+419e2+14e?) | (e2—1) 7" (1+€2)(764+463e2+764¢?)
R0e1 57608 4492800e12 1222041600010
Py(n)/f(y) | Pi(2) Py(2) P3(2) Py(2)
sinh y 21 A1 (e2—1)(2—e242¢e") (e*—1)(61—104e2+61e?)
2¢ 480¢2 3024023 . 26127360e"
. 19 (82—1) (62—1) (1+62) (62—1) (4+362+464) (62—1) (1+€2)(61—2662+6164)
sinh”y 217 _ 960c7 1209600 — B2054720cF
sinh (e2=1)" | (e2=1)"(14€?) (e2—1)" (6+7e2+6e?) (e2—1)" (1+€2)(549+140e%+549¢* )
Yy 4Re3 2560 645120€7 5222053472012
.14 (e2-1) (e2—1)"(1+€2) (e2—1) " (8+11e248e) (e2—1) " (1+e2)(244+157e2 +244¢?)
sinh” y 961 76803 387072012 6688604160210
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TABLE 4. Illustration of the expansion coefficients of the series solutions of
the problems (3.23), (3.24), (3.25), (3.26) forn = 0,1/2,1,3/2,2
Py(n)/f(y) | P1(0) P5(0) P5(0) Py(0)
coshy 1162 64721 (1+e?)(1+e2+e?) (eT—1)(17+32e2+17e%)
e 96e 144063 3225607
cosh?y (1-;22’)2 (62—1)(1162)3 (14¢2)"(2—e2+2¢%) (e2-1)(1+¢2)” (17+14e2 +17¢)
e 192¢ 5760¢0 6451208
cosh? (1+e2)3 (62—1)(1;-62)5 (14+e2)" (1—e2+et) (62—1)(1+e2)9(5i+4e2+51e4)
16¢" 512¢ 102409 917504012
cosh (1+e2)* | (e2-1)(1+e2)" | (1+€2) " (4—5e2+4et) (6271)(1+62)13(68672562+6864)
Yy 2T 15367 18432012 8257536010
Pn) /fw) | P (3) | P2 (3) Ps (3) Py (3)
14e2 A1 (1+€2) (5+4e245¢7 e —1)(103+188€2+103¢*
coshy 6e 1682 1663263 50875207
[5A
cosh? (1+622)2 (e2-1)(14¢2)° (14¢2)" (5-3¢2+5¢) (e2—1)(1+¢2) (103+68¢2-+103¢*)
12e2 3361 _ 33264¢0 11975040¢3
cosh?y (14+¢2)° | (e2-1)(14¢2)” | (14¢2)7(15-16e2+15¢4) (6271)(1+62)9(92755662+927e4)
12465 : 07— B T — _ F10935040c12
cosh? (1+e2)” | (e2=1)(1+e2)" | (1+€2) "(10-13e2+10e?) | (e2—1)(14€?) " (412—199¢%+412¢)
Yy 187 26888 1064448¢12 153280512010
Py(n)/ f(y) | Pi(1) Py(1) P3(1) Py(1)
coshy 1?2 64_12 (1+€2)(3+2e243¢*) (e*—1)(9+16e249¢*)
e 256¢ 1843263 1170648¢7
cosh? y (1+622)2 (1) (14e?)” (1+e?) (3-2e+3¢t) (62*1)(1+62)5(9€+5€2+9€4)
16e 5121 368640 93592968
cosh? (1+623)3 3(e2-1)(14¢2)” | (1+€2)"(9-10e2+9¢) (e2—1)(1+€?)” (27—4e2+27e%)
e 10960 30321660 33554432012
cosh? (1+e2)" | (2-1)(14+e2)" | (1+€2) " (3—4e2+3e%) (62—1)(1+e2)13(9e—562+964)
Yy 6T 10967 58082412 75497472610
P(n)/f(y) | P (3) Py (3) P (3) P, (3)
coshy 1te? A1 (1+€?)(T+4e247¢?) (e*—1)(191+332¢2+191€?)
10¢ 360¢2 7020063 A7736000¢*
cosh (1+e2;)2 (e2-1)(1+¢2)’ (1+e2)" (7—5e2+7et) (62—1)(1+€2)5(191i9262+19164)
20e 720c% 140400€0 95472000c°
cosh® (1+e23)3 (e2-1)(1+¢2)’ (1+e2)"(7-8e2+7et) (6271)(1+62)9(1917€4062+19164)
10c 19200 4992009 1526080001
cosh (1+e2)" | (2-1)(1+e2)” | (1+€2)™(14-19¢2+14e?) (6271)(1+62)13(7647646362+764e4)
Yy 80e? 5760¢8 149280012 122204160000
Fniw | D@ | O Py(2) Pi(2)
2 2 4 4 2 4
coshy 11+2€e2 e (1+€2)(2+€2+2¢?) (e*—1)(61+104e2+61e?)
480¢2 3024063 261273607
cosh (1+e22)2 (e2-1)(1+¢2)’ (1+e2)" (432 +4et) (eLl)(1+e2)5(61+e2662+61e4)
212 960cT 120960¢° 522547205
cosh® (1+ez)3 (2-1)(1+¢2)” (1+e2)" (672 +6e%) (6271)(1+62)9(54976140624»54964)
I8¢ 2560€0 (451209 922953472012
cosh (1+e2)" | (2-1)(14e2)" | (14¢2)7(8-11248¢%) | (e2—1)(1+e2)" (244—6].5762+24464)
967 763025 387072012 GGSS604160e10
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admits an analytical solution given by the series

@) @D @)™
20 H (0 + L)err | 220093 (n 4 1)(n + 3)e21

3p1—2
B et [n(p? + p1 + p2) + p + 3p1 + 3p2] (e* +1) o1 46
3-23m+4(n+1)2(n+ 3)(n+ 5)e3
3p1—2

e? [n(pf — p1 +p2) + p? — 3p1 + 3p2) (e + 1) 46
3. 23p1+3(n + 1)2(n + 3)(n + 5)63p1
3p1—2
[n(p? + p1 4 p2) + 3 + 3p1 + 3p2] (2 4+1)"77

- 32914 (n + 1)2(n + 3)(n + 5)e% v

4 —
n%e* (p} +4p? + p1 + 4pap1 + 3p2 + p3) (€2 — 1) (2 + 1) 3$8
3-241+7(n +1)3(n + 3)(n + 5)(n + 7)etr
. net (p} + 11p? + 4dp1 + Llpapy + 12po + 4ps) (e — 1) (2 + 1)4p1_3$8
3-21146(n + 1)3(n + 3)(n + 5)(n + 7)elr
L ¢t (v} + 1893 + 18papy + 15p1 +45p; + 15ps) (¢* — 1) (¢ + 1)4“_3368
3-21+T(n+1)3(n+3)(n+5)(n+ 7)e*r
ne® (p} — 4pi — p1 +4pap1 — 3p2 +p3) (€ — 1) (€ +1)
3-24146(n +1)3(n 4+ 3)(n + 5)(n + 7)etr
4 —
ne? (p} — 11p} — 4py + 11pap1 — 12pa 4 4ps) (e — 1) (2 + 1) ™ 3x8
3215 (n + 1)3(n + 3)(n + 5)(n + T)e
4p1—3
¢? (pi — 18pf + 18pap1 — 15p1 — 45ps + 15pg) (¢ — 1) (2 + 1) ™

3-241+6(n + 1)3(n+ 3)(n+5)(n + 7)e*m
n? (pif + 4p? + p1 + 4pap1 + 3p2 +p3) (e —1) (62 + 1)4p1_3 3
x
3-2+7(n +1)3(n+ 3)(n+5)(n + 7)etrr
L (p% + 11p3 + 4py + Ulpopy + 12py + 4p3) (2 — 1) (2 + 1) 7%
x

3-24146(n + 1)3(n + 3)(n + 5)(n + 7)etr

N (p% + 18p% + 18papy + 15p1 + 45py + 15p3) (€2 — 1) (e2 + 1)1 77 S
3-241+7(n + 1)3(n+ 3)(n + 5)(n + 7)etrr '

with pr =m, pa = m(m — 1), p3 = m(m — 1)(m — 2), ps = m(m — 1)(m — 2)(m — 3).

y(z) =1

+

4p1—3

Proof. One sees in this case that the nonlinear function is given by f(y) = cosh™(y(z))
with A = 1. Now, setting agp = h(1) = cosh1 = (e! +e71)/2,a; = /(1) = sinh1 =
(el—e1)/2,a0 = h"(1) = (e' +e1)/2,a3 = K"(1) = (e —e 1) /2, a4 = KM (1) = (e' +
e 1)/2; with p1 = m, po = m(m—1), p3 = m(m—1)(m—2), ps = m(m—1)(m—2)(m—3),
we obtain the following set of expansion coefficients Py(n),¢ = 1,2,3,4,5,... as required.
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Next we give some special cases of Corollary 3.5 for clearer and more explicit expression of
these expansion coefficients. These special cases are given as examples.

Example 3.13 (m = 1). The approximate solution of the Lane-Emden type problem

Y () + gy'(x) +eosh(y(z)) =0, y(0)=1, y/(0)=0, 0<z<1,  (3.23)
is given by
()_1_(1+62)x2+ (=1a*  Sm+2+elnt)+ent+4)+n+2 g
P = en+1) 322+ 1)(n +3) 192¢3(n + 1)2(n + 3)(n + 5)

+4eﬁ (n? +7Tn+8) —4e? (n + Tn + 8) + €% (3n? + 16n + 17) — 3n* — 16n — 17
30724 (n + 1)3(n + 3)(n + 5)(n + 7) v

In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem
(2,22, 60])

Y'(@)+ 2/ () +cosh(y(x) =0, y(0)=1, ¥(0)=0, 0<z<1,

admits the series formulation

e2+1 5 et—1 , 2543t +3e2+2 4 61e®+ 1048 — 104e? — 61 5

=1 —
y(@) 12¢ © T 480e2 " 3024063 v 261273602

which agrees with Wazwaz [2] (see also [22]).

Example 3.14 (m = 2). Consider the Lane-Emden type problem

' (x) + %y'(x) teosh?(y(x)) =0, y(0)=1, y¥(0)=0, O<z<1  (3.24)
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The solution of this problem is given by

T+2e2+et 5 —1-2e2+2e0 468
y(z) =1 — <+ x
8e2(n + 1) 64e*(n +1)(n+ 3)
e2(n+2) 4+ e(3n + 7) + e¥(3n + 10) + 2e4(n + 5) 4
- 384¢6(n + 1)2(n + 3)(n + 5) v
eA(Bn+10) +e2(Bn+T7)+n+2
T 3848+ 12(n 1 3)(nt5)
e'® (3n2 4+ 16n + 17) 4 2e'* (6n? 4 35n + 41) + 2¢'? (In? 4 60n + 79)
+ 6144e5(n + 13(n + 3)(n £ 5)(n + 7) v
2¢10 (6n2 +47n + 69) — 2¢€8 (6n2 +47n + 69) — 2¢? (9n2 + 60n + 79) 3
* 6144¢5(n 1 1)3(n 1+ 3)(n + 5)(n + 7) v
22 (6n* + 351 + 41) + 3n? 4+ 16n + 17
6144e3(n + 1)3(n+3)(n +5)(n +7)

In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem

V(@) + 29/ () +osh(y() =0, y(0) =1, Y/(0)=0, 0<z<T,

is given by
y(m):1764+262—|—1$2 €8 +2e% —2e -1
242 9604
4e'? +13e!0 + 16€® + 14e8 + 16e? + 13e% + 4 4
B 120960¢5 v
61e'6 + 270e'* + 470e'? + 3740 — 3745 — 470e* — 2702 — 61
* 52254720¢5 v

Example 3.15 (m = 3). The approximate solution of the Lane-Emden type problem

Y () + %y'(x) teosh®(y(x)) =0, y(0)=1, ¥(0)=0, O<z<1, (325
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admits the series

ef+3et+3e2+1 5,  3el? +12e10 4 15¢8 — 15et — 12¢% — 3
y(x) =1— x
16e3(n +1) 512¢5(n 4 1)(n + 3)
3e!8(n +2) +e'%(17n + 36) + 2 (19n + 45) + 42e2(n + 3) + 14e1°(2n 4+ 9) 4
N 40969 (n + 1)2(n + 3)(n + 5) v
14€3(2n + 9) + 42e%(n + 3) + 2e*(19n + 45) + 2(17n + 36) + 3(n +2) 4
- 4096¢%(n + 1)2(n + 3)(n + 5) .
9e** (3n? 4 16n + 17) + 4€?? (50n% + 277n + 309) + 4¢*” (157n? + 920n + 1095)
* 262144¢'2(n + 1)3(n + 3)(n + 5)(n + 7) v
36€'® (30n? + 191n + 247) + 3¢'% (365n? + 2608n + 3711) 4
262144¢2(n 1 1)3(n + 3)(n + 5)(n + 7) v
24e* (26n? + 211n + 327) — 24e™” (26n? + 211n + 327)
262144e2(n 4+ 1)3(n+3)(n +5)(n + 7)
3e® (365n? + 2608n + 3711) + 36¢€° (30n? + 191n + 247)
N 262144¢2(n + 1)3(n + 3)(n + 5)(n + 7) v
4e* (157n® + 920n + 1095) + 4e? (50n? + 277n + 309) + 9 (3n? + 16n + 17)

N 262144¢2(n + 1)3(n + 3)(n + 5)(n + 7) v
4+
In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem
2
w@»+5y@»+wm%wm>=a y(0)=1, y'(0)=0, 0<=z<1,
is given by
€S +3et +3e2+1 5, 3e? 4120 + 15eB — 15e* — 12e2 -3
y(z) =1 — x + x
48¢3 76806
12¢!8 + 706 + 166e1* 4 210e'? + 182¢10 + 1826® + 210e8 + 166e + 70e? + 12
— X
1290240¢°
_+-+5496244—42526224—14252620%—26964618%—31161616%—20472614——20472610 5
9229534720612 v
31161e® + 26964¢° + 14252¢* + 4252¢? + 549 5
J— x PEEEEY
2229534720¢12

Example 3.16 (m = 4). The approximate solution of the Lane-Emden type problem

V(@) + 2y @)+ cosh(y() =0, y(0) =1, Y(0)=0, O<z<1,  (326)
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is given by

(+e) , @-na+e)
— X X
32et(n+1) 512e8(n 4+ 1)(n + 3)
B 2et(n+2) —e2(3n+5) +2n + 4 6
1228812 (1 +¢2)  (n 4+ 1)2(n + 3)(n + 5)
e* (12n? 4 64n + 68) — €2 (11n? + 44n + 25) + 12n? + 64n + 68
X
786432¢16(e2 — 1)1 (1 +e2) P (n+1)3(n+3)(n+5)(n+7)

y(a) =1

In particular, for n = 2, the approximate solution of the classical Lane-Emden type problem

2
y'(@) + ~y () + cosh(y(x)) =0, y(0) =1, ¢(0) =0, O<z<I,
admits the series

(+e?) (e® - 1a* (8¢t — 11€2 + 8)
96t ¢ 7680e8 (14 €2) "  3870720e!2 (1+e2) 10
(e2 — 1) (244e* — 157e% 4+ 244)

6688604160616 (lter) B "

y(e) =1~

Table 4 presents the series solutions of the Lane-Emden problems (3.23), (3.24), (3.25),
(3.26) forn =0,1/2,1,3/2, 2.

4. NESTED SECOND DERIVATIVE TWO-STEP RUNGE-KUTTA METHOD FOR SOLVING
LANE-EMDEN TYPE PROBLEM

This section presents a numerical method for finding the solution of the Lane-Emden prob-
lem (3.1). Here our interest is to implement an eighth order nested second derivative two-step
Runge-Kutta method, NSDTSRKM ([59]) on the Lane-Emden equation (3.1). The NSDT-
SRKM is an extension of the two-step Runge-Kutta method (TSRKM), where the first and
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second derivatives are computed. The eighth order NSDTSRK scheme ([59]) for the Lane-
Emden problem (3.1) is given by

Y = wngacr + wizga-s + b (e f ) + (e f ) + wnalen) (37

s f(H" ) + 2 (ang (V") + anag (1))
V" = 1y + usyn_o + b (a21f(Y1 ) + asa f (VL") + ugg F (V)
(v3")) + w2 (azzg(Y[ )+ azsg(vf™))
Yy = ugiyn 1 + usoyn—2 + h (s FOA) + as f (V™) + ass (V)

tugs FOTY) fuga (V) U35f(Y:3n7 })) + Rlagsg(Ya™),
Yo = o1ty +v2(Dynos + b (b ) + baf (V™) + bo(1) (1)
)+

s O ) s fTT) )+ B2Bsg (v,
4.1
Here h is the step size; ¢;, ¢ = 1,2,3 are abscissae values; the stages Yi[n], 1 =1,2,3

+u24f( ) + ugs f

are the numerical approximations to y(x, + ¢;h), i = 1,2,3; the derivatives f (Yi["]) and

g(Yi[n]) ¢ = 1,2,3 are the numerical approximations to the first and second derivatives of
Y (xn + ¢;h) and y”(z,, + ¢;h) @ = 1,2, 3 respectively; and w;j;, a;j, aij, bi, b;, v; are real co-
efficients determined by the order conditions stated in [59]. On derivation, and setting the

abscissae values ¢ = [c1, 2, c3]T = [%, %, 1} Tin equation (4.1) gives the eighth order NSDT-

SRK method in compact form as

hf(Y)

Yw] [AAU]
| = — h2g(y[]
[y” ot o7 |V ﬁngﬁﬁ)

(4.2)

where

REOE) = (RFOA™) B g () v = (), g vy, mg(vi™)
vl = (VL) g = (g g (V) R )

" = (g, g, REO ), V) )

369515422034941 0 0
A= 269(?2]8]'%)%%0%9 46 793396588496998386181 0
4013113335953896628216638499651171875 601275985?}?68888818750 1302191806562 ’

72382166325 361643059449 306529647991875
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TABLE 5. Comparison between the present methods for the problem (3.1)
with m = 1,2, 3, 4;n = 2. We use the notation ADM/NSDTSRKM/(|error])

z/f(v) 0.1 0.2 0.5 1.0

siny | 0.9986/0.9856(0.013) | 0.9944/0.9684(0.026) | 0.9652/0.9441(0.0211) | 0.8634/0.8924(0.029)
sin?y | 0.9988,/0.9893(0.0095) | 0.9952/0.9787(0.0165) | 0.9708/0.9441(0.0267) | 0.8873/0.8950(0.0077)
sin3y | 0.9990,/0.9893(0.0097) | 0.9960,/0.9791(0.0169) | 0.9755/0.9479(0.0276) | 0.9062/0.9148(0.0086)
sinTy | 0.9991/0.9893(0.0098) | 0.9966/0.9792(0.0174) | 0.9794/0.9491(0.0303) | 0.9216/0.9166(0.005)

z/f() 0.1 0.2 0.5 1.0

cosy | 0.9991/0.9782(0.0209) | 0.9964/0.9598(0.0366) | 0.9773/0.8909(0.0864) | 0.9061/0.8253(0.0808
cosZy | 0.9995/0.9893(0.0102) | 0.9981/0.9789(0.0192) | 0.9877/0.9458(0.0419) | 0.9491,0.9088(0.0403
cosy | 0.9997/0.9931(0.0066) | 0.9989/0.9893(0.0096) | 0.9934/0.9668(0.0266) | 0.9727/0.9490(0.0237
costy | 0.9999/0.9969(0.003) | 0.9994/0.9929(0.0065) | 0.9964/0.9808(0.0156) | 0.9854,/0.9698(0.0156

z/f(W) 0.1 0.2 0.5 1.0

sinhy | 0.9980/0.9893(0.0087) | 0.9921,/0.9789(0.0132) | 0.9519/0.9469(0.005) | 0.8182/0.8326(0.0144
sinh?y | 0.9977/0.9784(0.0193) | 0.9908/0.9594(0.0314) | 0.9449/0.8941(0.0508) | 0.8050,/0.8341(0.0291
sinh® y | 0.9973/0.9789(0.0184) | 0.9893,/0.9680(0.0213) | 0.9373/0.9214(0.0159) | 0.7968,/0.8771(0.0803
sinhTy | 0.9968/0.9856(0.0112) | 0.9875/0.9691(0.0184) | 0.9292/0.9239(0.0053) | 0.8081,/0.8196(0.0115
z/f(v) 0.1 0.2 0.5 1.0

/—\/—\AA
Nusd NID Rl Nt

~|=|=|=
TN — |

coshy | 0.9974/0.9943(0.0031) | 0.9897/0.9872(0.0025) | 0.9366,/0.9615(0.0249) | 0.7565/0.7154(0.0411)
cosh2y 0.9960/0.9915(0.0045) 0.9842/0.9782(0.006) 0.9050/0.9251(0.0201) 0.6609/0.8010(0.1401)
coshsy 0.9940/0.9756(0.0184) 0.9759/0.9354(0.0405) 0.8609/0.9002(0.0393) 0.5938/0.8215(0.2277)
cosh?y | 0.9906,/0.9994(0.0088) | 0.9634,/0.9902(0.0268) | 0.8045/0.9247(0.1202) | 1.2341/0.8576(0.4065)
_ 343527961623 0 1744133391
A _ 53244(1)4711104 __191721539677633853 o %%8%%9%%13
- 2989577199457769812500 682551%28%%%%87500000 ’
O 0 12637792125
135530954111 _ 12423099519 _ 621160321005 _ 28581298828125 66964660049
U= 0049%38295831583603  suUHEEERS a6 _ 16819308440633194 232257 Be DA PSS 2757
- 9949735’%41347,;3‘256250000 9949735’5&%%656250000 257393?%5)%&][{5?1655}?5234375 430915%K%35%6%866796875 3412759%%%%55%[{9&1750000
54585 54585 94138655625 126405319983327 T 7280839825
39396816896 2793575000000 1302191806562 0 0 104612678
72382166325 361643059449 306529647991875 12637792125
0 0 0
- 1 0 0 i =10 0 0 ,
0 1 0 0 0 0
0 0 1 0 0 0
51472 3113 32273434624 1231525000000 _ 2123221144
54585 54585 94138655625 126405319983327 280839825
0 0 0
V= 0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

The NSDTSRK method (4.2) has a region of absolute stability in the interval —oo to 0 making
it suitable to solve problems having rapidly and slowly decaying transients in their solution.
The NSDTSRKM is implemented on equation (3.1) and the results are presented in the next
section.

Table 5 presents the comparison between ADM and NSDTSRKM.
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5. NUMERICAL RESULTS AND DISCUSSION

This section discusses the comparison of numerical solutions of the Lane-Emden problem
(3.1) using the ADM and the NSDTSRKM. Table 5 shows the tabular illustration while the
graphical description of results are presented in Figures 1-4. The comparisons of the analytical
results using the ADM and the numerical solutions using the NSDTSRK algorithm are pre-
sented for the nonlinearities f(y) = sin” y, cos™ y, sinh™ y, cosh™ y with the special values
m = 1,2,3,4;n = 2 in Table 5 and Figures 1 - 4. It can be seen in Table 5 and Figures 1 - 4
that a level of agreements exists between the results obtained from the ADM and those using
the NSDTSRK algorithm.

1(y() = sin x fly(x) = sin’x

1q 1
—6— ADM —6— ADM
0.98 : —0— NSDTSRKM 008 —0— NSDTSRKM
096
096
0w _
g Lo
092
092
09
088 oor
086 088
01 02 03 04 05 06 07 08 09 1 1 02 03 04 05 06 07 08 09 1
fly(x) = fly(x))
1g T 1g T T T T T T ;
—6— ADM —6—ADM
—0— NSDTSRKM 0.99 —&— NSDTSRKM [{
098 N 098 1
097
096
= 096
> > 095
094
094
092 093
092

01 0.2 03 0.4 05 06 0.7 08 09 1 0.1 0.2 03 0.4 05 06 07 08 0.9 1
x x

FIGURE 1. Comparison of solutions of the problem (3.1) using the present
methods with 2™ (y) = sin™y,m = 1,2,3,4;n = 2.

Figure 1 shows the graphs of the approximate analytical solutions y(z) using the ADM and
the numerical solutions using the NSDTSRK algorithm for the Lane-Emden problem 3.1 as-
sociated with the nonlinear terms f(y) = sin™y, m = 1,2,3,4;n = 2. Figure 2 presents
the graphical illustration of the approximate analytical solutions y(z) using the ADM and the
numerical solutions using the NSDTSRK algorithm for the Lane-Emden problem (3.1) asso-
ciated with the nonlinear terms f(y) = cos™ y, m = 1,2, 3,4;n = 2. Figure 3 demonstrates
the graphical description of the approximate analytical solutions y(x) using the ADM and the
numerical solutions using the NSDTSRKM for the Lane-Emden problem (3.1) associated with
the nonlinear terms f(y) = sinh™y, m = 1,2,3,4;n = 2; while in Figure 4, we present
the graphical description of the approximate analytical solutions y(z) using the ADM and the
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numerical solutions using the NSDTSRK algorithm for the Lane-Emden problem (3.1) associ-
ated with the nonlinear terms f(y) = cosh™ y, m = 1,2,3,4;n = 2. Of all these figures, it is
observed that the solutions using the present methods agree approximately.

fy(x)) = cos x f(y(x)) = cos? x

—6— ADM
0.984 —9— NSDTSRKM

—6— ADM
—&— NSDTSRKM

fy(x) = cos® x f(y(x)) = cos® x

—6— ADM —6— ADM
1« —0— NSDTSRKM

—9— NSDTSRKM

FIGURE 2. Comparison of solutions of the problem (3.1) using the present
methods with A" (y) = cos™y,m = 1,2,3,4;n = 2.

6. CONCLUDING REMARKS

In this paper, we have used the Adomian decomposition method and the eighth-order nested
second derivative two-step Runge-Kutta method to respectively find analytical solutions and
numerical solutions of a class of generalised Lane-Emden equations whose nonlinear terms
f(y) are expressible as f(y(z)) = h™(y(x)), for m > 0; where h(y) is a continuous real-
valued function and m is the integer power of h(y). In each of these methods, a unified result
was given for any continuous real-valued function A(y). We then applied the results to the spe-
cial cases for which the functions h(y(z)) are the trigonometric functions sin y(z), cos y(x):
and the hyperbolic functions sinh y(z), coshy(x). In all these cases, the explicit analytical
solutions were given in series representations. Several special cases of the main results were
presented. The results of the special cases of these problems agree with those presented in
[2, 3, 22, 36, 47, 60]. Tables of solutions of notable special Lane-Emden type equations were
presented. Tabular and graphical illustrations of the results using both methods were given for
comparison purposes.

The unified results obtained in this paper can therefore be applied to other similar cases in
applied sciences where the models are given as strongly nonlinear ordinary differential equa-
tions of Lane-Emden type with any continuous real-valued nonlinear function h(y), even when
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fly(x)) = sinh x f(y()) = sinh? x
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FIGURE 3. Comparison of solutions of the problem (3.1) using the
methods with 2™ (y) = sinh™ y,m = 1,2,3,4;n = 2.

present

f(y(x) = cosh x f(y(x)) = cosh? x
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FIGURE 4. Comparison of solutions of the problem (3.1) using the present

methods with 2™ (y) = cosh™y,m =1,2,3,4;n = 2.
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the functions h(y) are described by several other special functions.

Conflicts of Interest: The authors declare that they have no conflicts of interest.
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