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ABSTRACT. In this paper, we prove the global existence of classical solutions to the 2D in-
compressible Boussinesq equations for the micropolar fluid. Furthermore, applying the Fourier
splitting methods, we obtain the lager time decay properties.

1. INTRODUCTION

The standard incompressible Boussinesq equations for the micropolar fluid in Rn (n = 2, 3)
can be written as

ut + (u · ∇)u− (µ+ χ)∆u+∇π = 2χcurl w + θen,
wt + (u · ∇)w − γ∆w + (n− 1)κ∇div w + 4χw = 2χ∇⊥u,
θt + (u · ∇)θ − η∆θ = 0,
div u = 0,
(u,w, θ)(x, 0) = (u0, w0, θ0)(x),

(1.1)

where u, w, θ denote flowed velocity, micro-rotational velocity, temperature, respectively. π
is the pressure, and en = (0, · · · , 0, 1). µ, χ, η denote kinematic viscosity, vortex viscosity,
thermal diffusivity, respectively. γ and κ are spin viscosities.

When the temperature field is considered, problem (1.1) describes a motion of the microp-
olar fluid under the framework of the Boussinesq approximation, which is closely related to
many classical equations. When the temperature is neglected (θ = 0), the system (1.1) re-
duces to the incompressible micropolar equations. The global well-posedness for the two-
dimensional case and for the 3D regularity results are considered in [1, 2, 3]. If w = 0, (1.1)
becomes the incompressible Boussinesq system, and there are many important results on the
Boussinesq system with the full or partial dissipation, please see [4, 5, 6] for details.

The optimal decay rates of weak solutions to the incompressible Navier-Stokes equations
were first obtained by M. E. Schonbek [7] via the Fourier splitting method. For the incom-
pressible micropolar equations, R. H. Guterres, J. R. Nunes, C. F. Perusato [8] established the
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large time decay for Leray solutions, that is,

lim
t→∞

∥(u,w)(t)∥L2(Rn) = 0, lim
t→∞

t
1
2 ∥w(t)∥L2(Rn) = 0, n = 2, 3.

When θ = 0 and γ = 0 in (1.1), the decay rates of solutions for the two and three dimensional
cases were given in [9, 10], respectively. For the incompressible Boussinesq equations, the
optimal large time decay rates of weak solutions in R3 were obtained by L. Brandolese and M.
E. Schonbek [11]. More decay properties of related models are referred to [12, 13, 14, 15, 16]
and the references therein.

In this paper, we consider the following variant of (1.1) with the damping term in R2 ×R+,
ut + (u · ∇)u− (µ+ χ)∆u+∇π = 2χcurl w + θe2,
wt + (u · ∇)w − γ∆w + 4χw = 2χ∇⊥u,
θt + (u · ∇)θ + σθ = 0,
div u = 0,
(u,w, θ)(x, 0) = (u0, w0, θ0)(x),

(1.2)

where σ > 0 is the damping coefficient, and ∇⊥u = ∂1u2 − ∂2u1, div u = ∂1u1 + ∂2u2,
curl w = (∂2w,−∂1w).

Firstly, we define a weak solution of the problem (1.2).

Definition 1.1. Let u0, w0, θ0 ∈ L2(R2). We say that (u,w, θ) is a weak solution for problem
(1.2), if for every T > 0,

u,w ∈ L∞(0, T ;L2(R2)) ∩ L2(0, T ;H1(R2)), θ ∈ L∞(0, T ;L2(R2)),

satisfies (1.2) in the sense of distribution. Moreover, the corresponding energy inequalities
hold.

Our first result is on the global existence of the strong solution for (1.2), which is stated as
follows.

Theorem 1.2. Let u0, w0, θ0 ∈ Hs(R2), s > 2, div u0 = 0, T > 0. Then there exists a unique
global solution (u,w, θ) to (1.2), which satisfies

u,w ∈ L∞(0, T ;Hs(R2)) ∩ L2(0, T ;Hs+1(R2)), θ ∈ L∞(0, T ;Hs(R2)).

Next, we give the second main result of the present paper as follows.

Theorem 1.3. Let u0, w0 ∈ L1(R2) ∩ H1(R2), θ0 ∈ L1(R2) ∩ L2(R2) satisfy div u0 = 0.
Then, for any t > 0,

∥u(t)∥L2 ≤ C(1 + t)−
1
2 ,

∥∇u(t)∥L2 + ∥w(t)∥H1 ≤ C(1 + t)−1,

where C = C(µ, χ, γ, κ, σ, ∥u0∥L1∩H1 , ∥w0∥L1∩H1 , ∥θ0∥L1∩L2).

Remark 1.4. Due to lack of a dissipation term ∆θ for (1.2), we are not able to derive the H1

decay estimates for θ.

The structure of this paper is organized as follows. In Section 2, we list some preliminary
lemmas, which are necessary in our argument. Section 3 devotes to the establishment of the
global existence of strong solutions for (1.2) (i.e., Theorem 1.2). In Section 4, the H1 decay
rates of (u,w) are obtained.
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2. SOME PRELIMINARY LEMMAS

In this section, we give some important lemmas, which are necessary to our analysis in the
next sections.

Lemma 2.1. Let 0 < T ≤ ∞, y ∈ W 1,1(0, T ), y ≥ 0, which satisfies

y′(t) + v(t) ≤ g(t)y(t) + h(t), (2.1)

where v, g, h ∈ L1(0, T ), v, g, h ≥ 0. Then

y(t) +

∫ t

0
v(s)ds ≤

[
y(0) +

∫ t

0
h(s)ds

]
e
∫ t
0 g(s)ds.

Proof. Multiplying (2.1) both sides by e−
∫ t
0 g(τ)dτ , we obtain

d

dt

[
y(t)e−

∫ t
0 g(τ)dτ

]
+ v(t)e−

∫ t
0 g(τ)dτ ≤ h(t)e−

∫ t
0 g(τ)dτ .

Integrating on [0, t] gives

y(t)e−
∫ t
0 g(τ)dτ +

∫ t

0
v(s)e−

∫ s
0 g(τ)dτds ≤ y(0) +

∫ t

0
h(s)e−

∫ s
0 g(τ)dτds,

from which, we derive

y(t) +

∫ t

0
v(s)e

∫ t
s g(τ)dτds ≤ y(0)e

∫ t
0 g(τ)dτ +

∫ t

0
h(s)e

∫ t
s g(τ)dτds

≤
[
y(0) +

∫ t

0
h(s)ds

]
e
∫ t
0 g(τ)dτ .

Then,

y(t) +

∫ t

0
v(s)ds ≤ y(t) +

∫ t

0
v(s)e

∫ t
s g(τ)dτds ≤

[
y(0) +

∫ t

0
h(s)ds

]
e
∫ t
0 g(s)ds.

□

The second result is on the commutator estimates, which is given in [17].

Lemma 2.2. Let f, g ∈ Hs(R2) ∩ L∞(R2), s > 0, div g = 0, and ∇g ∈ Hs(R2) ∩ L∞(R2).
Define Λs = (−∆)s/2 and the commutator

[Λs, g · ∇]f = Λs[(g · ∇)f ]− (g · ∇)Λsf.

Then,
∥[Λs, g · ∇]f∥L2 ≤ C(∥∇g∥L∞∥f∥Hs + ∥∇g∥Hs∥f∥L∞).

Furthermore, if ∇f ∈ L∞(R2), there holds
∥[Λs, g · ∇]f∥L2 ≤ C(∥∇g∥L∞∥f∥Hs + ∥g∥Hs∥∇f∥L∞),

where C is independent of f and g.

Next, a well known heat semigroup estimate is presented, which can be found in [18].
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Lemma 2.3. Let n ≥ 1, u ∈ Lp(Rn) and (eνt∆)t≥0 is the heat semigroup. Given any 1 ≤ p ≤
q ≤ ∞ and any multi-index α ∈ Nn, we have

∥Dαeνt∆u∥Lq ≤ K∥u∥Lpt
−n

2
( 1
p
− 1

q
)− |α|

2 , ∀ t > 0,

where K ∈ R+ only depends on n, ν, p, q, and |α|.
Finally, we state an elementary inequality.

Lemma 2.4. Let β ≥ 0 and λ > 0, then for ∀ t > 0, we have∫ t

0
e−λ(t−s)(1 + s)−βds ≤ C(1 + t)−β.

Proof. Since (1 + t− s)ae−λ(t−s) ≤ C, a > 1, we have∫ t

0
e−λ(t−s)(1 + s)−βds ≤ C

∫ t

0
(1 + t− s)−a(1 + s)−βds

= C

∫ t

0
(1 + s)−a(1 + t− s)−βds

≤ C

(
1 +

t

2

)−β ∫ t
2

0
(1 + s)−ads+ C

(
1 +

t

2

)−a ∫ t

t
2

(1 + t− s)−βds

≤ C(1 + t)−β + C(1 + t)−a

∫ t

t
2

(1 + t− s)−βds

:= C(1 + t)−β + I.

Next, we estimate the second term I . If β > 1,

I ≤ C(1+t)−a

∫ t

t
2

(1+t−s)−βds ≤ C(1+t)−a

[
1−

(
1+

t

2

)1−β]
≤ C(1+t)−a ≤ C(1+t)−β,

where β ≤ a. If β < 1,

I ≤ C(1+t)−a

∫ t

t
2

(1+t−s)−βds ≤ C(1+t)−a

[(
1+

t

2

)1−β

−1

]
≤ C(1+t)1−a−β ≤ C(1+t)−β.

If β = 1,

I ≤ C(1 + t)−a

∫ t

t
2

(1 + t− s)−1ds ≤ C(1 + t)−a ln

(
1 +

t

2

)
≤ C(1 + t)−β,

where β < a. Hence,∫ t

0
e−λ(t−s)(1 + s)−βds ≤ C(1 + t)−β, ∀ β ≥ 0.

□

3. EXISTENCE OF THE STRONG SOLUTION FOR (1.2)

To prove Theorem 1.2, we first establish the following a priori estimates for system (1.2).
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Lemma 3.1. Let u0, w0 ∈ H1(R2), θ0 ∈ Lp(R2) (1 ≤ p ≤ ∞), div u0 = 0. Assume (u,w, θ)
satisfies (1.2). Then,

∥θ(t)∥Lp = e−σt∥θ0∥Lp , ∀ t > 0.

Proof. Multiplying both sides of (1.2)3 by |θ|p−2θ, we obtain
1

p

d

dt
∥θ∥pLp + σ∥θ∥pLp = −

∫
R2

[(u · ∇)θ]|θ|p−2θdx = −1

p

∫
R2

u · ∇|θ|pdx = 0.

Then,
d

dt
∥θ∥pLp + σp∥θ∥pLp = 0.

Multiplying by eσpt and integrating from 0 to t, we deduce

∥θ(t)∥Lp = e−σt∥θ0∥Lp . (3.1)
□

Lemma 3.2. Suppose u0, w0 ∈ H1(R2), θ0 ∈ L2(R2) satisfy div u0 = 0. Let (u,w, θ) be a
smooth solution of system (1.2). Then for every T > 0

u,w ∈ L∞(0, T ;H1(R2)) ∩ L2(0, T ;H2(R2)), θ ∈ L∞(0, T ;L2(R2)),

and

sup
t∈[0,T ]

(∥u(t)∥2H1 + ∥w(t)∥2H1 + ∥θ(t)∥2L2) +

∫ T

0
(∥∇u∥2H1 + ∥∇w∥2H1 + ∥θ∥2L2)dt ≤ C,

where C = C(µ, χ, γ, κ, σ, ∥u0∥H1 , ∥w0∥H1 , ∥θ0∥L2).

Proof. Taking the L2-inner product of (1.2)1 with u and (1.2)2 with w, and adding these results
together, we derive

1

2

d

dt
(∥u∥2L2 + ∥w∥2L2) + (µ+ χ)∥∇u∥2L2 + γ∥∇w∥2L2 + 4χ∥w∥2L2

=

∫
R2

2χcurl w · udx+

∫
R2

2χ∇⊥u · wdx+

∫
R2

θe2 · udx

= 4χ

∫
R2

∇⊥u · wdx+

∫
R2

θe2 · udx

≤ µ+ 2χ

2
∥∇u∥2L2 +

8χ2

µ+ 2χ
∥w∥2L2 + ∥θ∥L2∥u∥L2 ,

where we used ∫
R2

(u · ∇)u · udx =

∫
R2

(u · ∇)w · wdx = 0,

and ∫
R2

curl w · udx =

∫
R2

∇⊥u · wdx.
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Then,
d

dt
(∥u∥2L2 + ∥w∥2L2) + µ∥∇u∥2L2 + 2γ∥∇w∥2L2 +

8χµ

µ+ 2χ
∥w∥2L2

≤ 2∥θ∥L2∥u∥L2 ≤ ∥θ∥L2(∥u∥2L2 + 1) ≤ e−σt∥θ0∥L2(∥u∥2L2 + 1).

Setting c1 = min{µ, 2γ, 8χµ
µ+2χ}, we deduce

d

dt
(∥u∥2L2 + ∥w∥2L2) + c1(∥∇u∥2L2 + ∥∇w∥2L2 + ∥w∥2L2) ≤ e−σt∥θ0∥L2(∥u∥2L2 + 1). (3.2)

Then, using Lemma 2.1, we derive

sup
t∈[0,T ]

(∥u∥2L2 + ∥w∥2L2)+ c1

∫ T

0
(∥∇u∥2L2 + ∥∇w∥2L2)dt ≤ (∥u0∥2L2 + ∥w0∥2L2 +1)e

1
σ
∥θ0∥L2 .

(3.3)
Multiplying (1.2)1, (1.2)2 by −∆u, −∆w, respectively, we get
1

2

d

dt
(∥∇u∥2L2 + ∥∇w∥2L2) + (µ+ χ)∥∆u∥2L2 + γ∥∆w∥2L2 + 4χ∥∇w∥2L2

=− 4χ

∫
R2

curl w ·∆udx+

∫
R2

(u · ∇)u ·∆udx+

∫
R2

(u · ∇)w ·∆wdx−
∫
R2

θe2 ·∆udx

≤4χ∥∇w∥L2∥∆u∥L2 + ∥(u · ∇)u∥L2∥∆u∥L2 + ∥(u · ∇)w∥L2∥∆w∥L2 + ∥θ∥L2∥∆u∥L2

≤µ+ 2χ

2
∥∆u∥2L2 +

8χ2

µ+ 2χ
∥∇w∥2L2 +

µ

8
∥∆u∥2L2 +

γ

4
∥∆w∥2L2

+ C∥(u · ∇)u∥2L2 + C∥(u · ∇)w∥2L2 + C∥θ∥2L2 .

Using Gagliardo-Nirenberg inequality yields

C∥(u·∇)u∥2L2 ≤ C∥u∥2L4∥∇u∥2L4 ≤ C∥u∥L2∥∇u∥2L2∥∆u∥L2 ≤ µ

8
∥∆u∥2L2+C∥u∥2L2∥∇u∥4L2 ,

and
C∥(u · ∇)w∥2L2 ≤ C∥u∥2L4∥∇w∥2L4 ≤ C∥u∥L2∥∇u∥L2∥∇w∥L2∥∆w∥L2

≤ γ

4
∥∆w∥2L2 + C∥u∥2L2∥∇u∥2L2∥∇w∥2L2 .

Therefore,
1

2

d

dt
(∥∇u∥2L2 + ∥∇w∥2L2) +

µ

4
∥∆u∥2L2 +

γ

2
∥∆w∥2L2 +

4µχ

µ+ 2χ
∥∇w∥2L2

≤C∥u∥2L2∥∇u∥2L2(∥∇u∥2L2 + ∥∇w∥2L2) + C∥θ∥2L2 .

Letting c2 = min{µ
2 , γ,

8µχ
µ+2χ}, we have

d

dt
(∥∇u∥2L2 + ∥∇w∥2L2) + c2(∥∆u∥2L2 + ∥∆w∥2L2 + ∥∇w∥2L2)

≤ C∥u∥2L2∥∇u∥2L2(∥∇u∥2L2 + ∥∇w∥2L2) + Ce−2σt∥θ0∥2L2 . (3.4)
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Then,

sup
t∈[0,T ]

(∥∇u(t)∥2L2 + ∥∇w(t)∥2L2) +

∫ T

0
(∥∆u∥2L2 + ∥∆w∥2L2 + ∥∇w∥2L2)dt ≤ C, (3.5)

where we used (3.3) and Lemma 2.1. Combining (3.1), (3.3) and (3.5), we have

sup
t∈[0,T ]

(∥u(t)∥2H1 + ∥w(t)∥2H1 + ∥θ(t)∥2L2) +

∫ T

0
(∥∇u∥2H1 + ∥∇w∥2H1 + ∥θ∥2L2)dt ≤ C.

□

Next, we establish the global Lr and W 1,r-estimates for Ω = ∇⊥u and ∇w. Taking ∇⊥ on
(1.2)1 and ∇ on (1.2)2, we have{

∂tΩ+ (u · ∇)Ω− (µ+ χ)∆Ω = −2χ∆w + ∂1θ,
∂t∇w +∇(u · ∇w)− γ∇∆w + 4χ∇w = 2χ∇Ω.

(3.6)

Lemma 3.3. Under the assumptions of Lemma 3.2, if u0, w0 ∈ W 1,r(R2), θ0 ∈ Lr(R2) for
2 < r < ∞, then

sup
t∈[0,T ]

(∥Ω∥Lr + ∥∇w∥Lr) ≤ C,

and
sup

t∈[0,T ]
(∥u(t)∥L∞ + ∥w(t)∥L∞) ≤ C,

where C = C(T, r, µ, χ, γ, κ, σ, ∥u0∥W 1,r , ∥w0∥W 1,r , ∥θ0∥Lr).

Proof. Multiplying (3.6)1 by |Ω|r−2Ω, integrating over R2 by parts, using Young’s inequality
and Hölder inequality, we obtain

1

r

d

dt

∫
R2

|Ω|rdx+ (r − 1)(µ+ χ)

∫
R2

|∇Ω|2|Ω|r−2dx

=− 2χ

∫
R2

(∆w)|Ω|r−2Ωdx+

∫
R2

(∂1θ)|Ω|r−2Ωdx

≤2(r − 1)χ

∫
R2

|∇w||∇Ω||Ω|r−2dx+ (r − 1)

∫
R2

|θ||∇Ω||Ω|r−2dx

≤(r − 1)(µ+ χ)

2

∫
R2

|∇Ω|2|Ω|r−2dx+ C

∫
R2

|∇w|2|Ω|r−2dx+ C

∫
R2

|θ|2|Ω|r−2dx

≤(r − 1)(µ+ χ)

2

∫
R2

|∇Ω|2|Ω|r−2dx+ C∥∇w∥2Lr∥Ω∥r−2
Lr + C∥θ∥2Lr∥Ω∥r−2

Lr .

By (3.1), we have
d

dt
∥Ω∥rLr ≤ C∥∇w∥2Lr∥Ω∥r−2

Lr + Ce−2σt∥θ0∥2Lr∥Ω∥r−2
Lr .

Dividing both sides by ∥Ω∥r−2
Lr , we get
d

dt
∥Ω∥2Lr ≤ C∥∇w∥2Lr + Ce−2σt∥θ0∥2Lr . (3.7)
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Multiplying (3.6)2 by |∇w|r−2(∇w), we derive
1

r

d

dt

∫
R2

|∇w|rdx+ (r − 1)γ

∫
R2

|∆w|2|∇w|r−2dx+ 4χ

∫
R2

|∇w|rdx

=−
∫
R2

∇(u · ∇w)|∇w|r−2(∇w)dx+ 2χ

∫
R2

(∇Ω)|∇w|r−2(∇w)dx

≤(r − 1)

∫
R2

|u||∇w||∆w||∇w|r−2dx+ 2(r − 1)χ

∫
R2

|Ω||∆w||∇w|r−2dx

≤(r − 1)γ

2

∫
R2

|∆w|2|∇w|r−2dx+ C

∫
R2

|u|2|∇w|2|∇w|r−2dx+ C

∫
R2

|Ω|2|∇w|r−2dx

≤(r − 1)γ

2

∫
R2

|∆w|2|∇w|r−2dx+ C∥u∥2L∞∥∇w∥2Lr∥∇w∥r−2
Lr + C∥Ω∥2Lr∥∇w∥r−2

Lr

≤(r − 1)γ

2

∫
R2

|∆w|2|∇w|r−2dx+ C∥u∥L2∥∆u∥L2∥∇w∥2Lr∥∇w∥r−2
Lr + C∥Ω∥2Lr∥∇w∥r−2

Lr .

Then,
d

dt
∥∇w∥rLr ≤ C∥u∥L2∥∆u∥L2∥∇w∥2Lr∥∇w∥r−2

Lr + C∥Ω∥2Lr∥∇w∥r−2
Lr

≤ C(∥u∥2L2 + ∥∆u∥2L2)∥∇w∥2Lr∥∇w∥r−2
Lr + C∥Ω∥2Lr∥∇w∥r−2

Lr .

Similar to the proof of (3.7), using Lemma 3.2, we have
d

dt
∥∇w∥2Lr ≤ C∥∆u∥2L2∥∇w∥2Lr + C∥∇w∥2Lr + C∥Ω∥2Lr . (3.8)

Combining (3.7) and (3.8), we obtain
d

dt
(∥Ω∥2Lr + ∥∇w∥2Lr) ≤ C(1 + ∥∆u∥2L2)(∥Ω∥2Lr + ∥∇w∥2Lr) + Ce−2σt∥θ0∥2Lr .

By Lemma 3.2, we get

sup
t∈[0,T ]

(∥Ω∥2Lr + ∥∇w∥2Lr) ≤ C. (3.9)

Applying Calderón-Zygmund inequality, we have
∥∇u∥Lr ≤ Cr∥Ω∥Lr , 1 < r < ∞. (3.10)

By Gagliardo-Nirenberg inequality, we get

∥u∥L∞ ≤ C∥u∥
r−2
2r−2

L2 ∥∇u∥
r

2r−2

Lr , ∥w∥L∞ ≤ C∥w∥
r−2
2r−2

L2 ∥∇w∥
r

2r−2

Lr . (3.11)
From (3.9)–(3.11), and using Lemma 3.2, we obtain

sup
t∈[0,T ]

(∥u∥L∞ + ∥w∥L∞) ≤ C.

□
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Lemma 3.4. Under the assumptions of Lemma 3.2, if u0, w0 ∈ W 2,r(R2), θ0 ∈ W 1,r(R2) for
2 < r < ∞, then

sup
t∈[0,T ]

(∥∇Ω∥Lr + ∥∆w∥Lr + ∥∇θ∥Lr) ≤ C,

and
sup

t∈[0,T ]
(∥∇u(t)∥L∞ + ∥∇w(t)∥L∞) ≤ C,

where C = C(T, r, µ, χ, γ, κ, σ, ∥u0∥W 2,r , ∥w0∥W 2,r , ∥θ0∥W 1,r).

Proof. Taking ∇ of (3.6)1, then multiplying by |∇Ω|r−2(∇Ω), integrating over R2 by parts,
using Young’s inequality and Hölder inequality, we obtain
1

r

d

dt

∫
R2

|∇Ω|rdx+ (r − 1)(µ+ χ)

∫
R2

|∆Ω|2|∇Ω|r−2dx

=−
∫
R2

∇(u · ∇Ω)|∇Ω|r−2(∇Ω)dx− 2χ

∫
R2

(∇∆w)|∇Ω|r−2(∇Ω)dx+

∫
R2

∇(∂1θ)|∇Ω|r−2(∇Ω)dx

≤(r − 1)

∫
R2

|u||∇Ω||∆Ω||∇Ω|r−2dx+ 2(r − 1)χ

∫
R2

|∆w||∆Ω||∇Ω|r−2dx

+ (r − 1)

∫
R2

|∂1θ||∆Ω||∇Ω|r−2dx

≤(r − 1)(µ+ χ)

2

∫
R2

|∆Ω|2|∇Ω|r−2dx+ C

∫
R2

|u|2|∇Ω|2|∇Ω|r−2dx

+ C

∫
R2

|∆w|2|∇Ω|r−2dx+ C

∫
R2

|∇θ|2|∇Ω|r−2dx

≤(r − 1)(µ+ χ)

2

∫
R2

|∆Ω|2|Ω|r−2dx+ C∥u∥2L∞∥∇Ω∥rLr + C∥∆w∥2Lr∥∇Ω∥r−2
Lr + C∥∇θ∥2Lr∥∇Ω∥r−2

Lr

≤(r − 1)(µ+ χ)

2

∫
R2

|∆Ω|2|Ω|r−2dx+ C(1 + ∥u∥2L∞)∥∇Ω∥rLr + C∥∆w∥rLr + C∥∇θ∥rLr .

Then, by Lemma 3.3, we have
d

dt
∥∇Ω∥rLr ≤ C(∥∇Ω∥rLr + ∥∆w∥rLr + ∥∇θ∥rLr). (3.12)
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Taking ∇ of (3.6)2, multiplying by |∆w|r−2(∆w), we obtain
1

r

d

dt

∫
R2

|∆w|rdx+ (r − 1)γ

∫
R2

|∇∆w|2|∆w|r−2dx+ 4χ

∫
R2

|∆w|rdx

=−
∫
R2

∆(u · ∇w)|∆w|r−2(∆w)dx+ 2χ

∫
R2

(∆Ω)|∆w|r−2(∆w)dx

≤(r − 1)

∫
R2

∇(u · ∇w)|∇∆w||∆w|r−2dx+ 2(r − 1)χ

∫
R2

(∇Ω)|∇∆w||∆w|r−2dx

≤(r − 1)

∫
R2

|∇u||∇w||∇∆w||∆w|r−2dx+ (r − 1)

∫
R2

|u||∆w||∇∆w||∆w|r−2dx

+ 2(r − 1)χ

∫
R2

(∇Ω)|∇∆w||∆w|r−2dx

≤(r − 1)γ

2

∫
R2

|∇∆w|2|∆w|r−2dx+ C

∫
R2

|u|2|∆w|2|∆w|r−2dx

+ C

∫
R2

|∇Ω|2|∆w|r−2dx+ C

∫
R2

|∇u|2|∇w|2|∆w|r−2dx

≤(r − 1)γ

2

∫
R2

|∇∆w|2|∆w|r−2dx+ C∥u∥2L∞∥∆w∥rLr

+ C∥∇Ω∥2Lr∥∆w∥r−2
Lr + C∥∇u∥2L2r∥∇w∥2L2r∥∆w∥r−2

Lr

≤(r − 1)γ

2

∫
R2

|∇∆w|2|∆w|r−2dx+ C(1 + ∥u∥2L∞)∥∆w∥rLr + C∥∇Ω∥rLr + C∥∇u∥rL2r∥∇w∥rL2r .

Then, using (3.10) and Lemma 3.3, we derive
d

dt
∥∆w∥rLr ≤ C(∥∆w∥rLr + ∥∇Ω∥rLr + 1). (3.13)

Taking ∇ of (1.2)3, multiplying by |∇θ|r−2(∇θ), we have
1

r

d

dt

∫
R2

|∇θ|rdx+ σ

∫
R2

|∇θ|rdx = −
∫
R2

∇(u · ∇θ)|∇θ|r−2(∇θ)dx

= −
∫
R2

(∇u · ∇θ)|∇θ|r−2(∇θ)dx

≤
∫
R2

|∇u||∇θ|rdx

≤ ∥∇u∥L∞∥∇θ∥rLr . (3.14)
Combining (3.12)–(3.14), we get

d

dt
(∥∇Ω∥rLr + ∥∆w∥rLr + ∥∇θ∥rLr) ≤ C(1+ ∥∇u∥L∞)(∥∇Ω∥rLr + ∥∆w∥rLr + ∥∇θ∥rLr +1).

Notice that the following estimate holds (see [4]):

∥∇u∥L∞ ≤ C(1 + ∥∆u∥L2)
[
1 + ln

1
2 (1 + ∥∆u∥Lr)

]
+ C∥∇u∥L2 , 2 < r < ∞.
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Then, using Lemma 3.3, we obtain
d

dt
(∥∇Ω∥rLr + ∥∆w∥rLr + ∥∇θ∥rLr)

≤C(1 + ∥∆u∥L2)
[
1 + ln

1
2 (1 + ∥∆u∥Lr)

]
(∥∇Ω∥rLr + ∥∆w∥rLr + ∥∇θ∥rLr + 1)

≤C(1 + ∥∆u∥2L2)
[
1 + ln(1 + ∥∇Ω∥rLr + ∥∆w∥rLr + ∥∇θ∥rLr)

]
(∥∇Ω∥rLr + ∥∆w∥rLr + ∥∇θ∥rLr + 1).

Setting J(t) = ∥∇Ω∥rLr + ∥∆w∥rLr + ∥∇θ∥rLr + 1, we have
d

dt
[ln J ] ≤ C(1 + ∥∆u∥2L2)(1 + ln J).

By Lemmas 2.1, 3.2, we find
sup

t∈[0,T ]
(∥∇Ω∥rLr + ∥∆w∥rLr + ∥∇θ∥rLr) ≤ C. (3.15)

By Gagliardo-Nirenberg inequality, we get

∥∇u∥L∞ ≤ C∥∇u∥
r−2
2r−2

L2 ∥∆u∥
r

2r−2

Lr , ∥∇w∥L∞ ≤ C∥∇w∥
r−2
2r−2

L2 ∥∆w∥
r

2r−2

Lr . (3.16)
From (3.10), (3.15) and (3.16), we obtain

sup
t∈[0,T ]

(∥∇u∥L∞ + ∥∇w∥L∞) ≤ C.

□

Lemma 3.5. Assume u0, w0, θ0 ∈ Hs(R2), s > 2, and div u0 = 0. Let (u,w, θ) be a smooth
solution of (1.2). Then, for each T > 0,

sup
t∈[0,T ]

(∥u∥Hs + ∥w∥Hs + ∥θ∥Hs) ≤ C,

and ∫ T

0
(∥∇u∥2Hs + ∥∇w∥2Hs)dt ≤ C,

where C = C(T, µ, χ, γ, κ, σ, ∥u0∥Hs , ∥w0∥Hs , ∥θ0∥Hs).

Proof. Applying the operator Λs = (−∆)
s
2 to both sides of (1.2), multiplying (1.2)1, (1.2)2,

(1.2)3 by Λsu, Λsw and Λsθ, respectively, we get
1

2

d

dt
(∥u∥2Hs + ∥w∥2Hs + ∥θ∥2Hs) + (µ+ χ)∥∇u∥2Hs + γ∥∇w∥2Hs + 4χ∥w∥2Hs + σ∥θ∥2Hs

=−
∫
R2

[Λs, u · ∇]u · Λsudx−
∫
R2

[Λs, u · ∇]w · Λswdx−
∫
R2

[Λs, u · ∇]θ · Λsθdx

+ 4χ

∫
R2

Λs[∇⊥u] · Λswdx+

∫
R2

Λs[θe2] · Λsudx

=I1 + I2 + I3 + I4 + I5, (3.17)
where we used the facts:∫

R2

u · ∇Λsu · Λsudx = 0,

∫
R2

u · ∇Λsw · Λswdx = 0,

∫
R2

u · ∇Λsθ · Λsθdx = 0,
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and ∫
R2

Λs[curl w] · Λsudx =

∫
R2

Λs[∇⊥u] · Λswdx.

Now we begin to estimate I1–I5. For I1, by Lemma 2.2 and Hölder inequality, we get
I1 ≤ ∥[Λs, u · ∇]u∥L2∥Λsu∥L2

≤ C(∥∇u∥L∞∥u∥Hs + ∥u∥Hs∥∇u∥L∞)∥u∥Hs

≤ C∥∇u∥L∞∥u∥2Hs .

By Lemma 2.2, Hölder inequality and Young’s inequality, we obtain
I2 ≤ ∥[Λs, u · ∇]w∥L2∥Λsw∥L2

≤ C(∥∇u∥L∞∥w∥Hs + ∥u∥Hs∥∇w∥L∞)∥w∥Hs

≤ C∥∇u∥L∞∥w∥2Hs + C∥∇w∥L∞∥u∥Hs∥w∥Hs

≤ C(∥∇u∥L∞ + ∥∇w∥L∞)(∥u∥2Hs + ∥w∥2Hs),

I3 ≤ ∥[Λs, u · ∇]θ∥L2∥Λsθ∥L2

≤ C(∥∇u∥L∞∥θ∥Hs + ∥∇u∥Hs∥θ∥L∞)∥θ∥Hs

≤ C∥∇u∥L∞∥θ∥2Hs + C∥θ∥L∞∥∇u∥Hs∥θ∥Hs

≤ µ

4
∥∇u∥2Hs + C(∥∇u∥L∞ + ∥θ∥2L∞)∥θ∥2Hs ,

I4 ≤ 4χ∥Λs[∇⊥u]∥L2∥Λsw∥L2 ≤ µ+ 2χ

2
∥∇u∥2Hs +

8χ2

µ+ 2χ
∥w∥2Hs ,

and

I5 ≤ ∥Λs[θe2]∥L2∥Λsu∥L2 ≤ σ

2
∥θ∥2Hs + C∥u∥2Hs .

Substituting the estimates of I1 − I5 into (3.17), using (3.1), we obtain
1

2

d

dt
(∥u∥2Hs + ∥w∥2Hs + ∥θ∥2Hs) +

µ

4
∥∇u∥2Hs + γ∥∇w∥2Hs +

4µχ

µ+ 2χ
∥w∥2Hs +

σ

2
∥θ∥2Hs

≤C(∥∇u∥L∞ + ∥∇w∥L∞ + ∥θ∥2L∞ + 1)(∥u∥2Hs + ∥w∥2Hs + ∥θ∥2Hs)

=C(∥∇u∥L∞ + ∥∇w∥L∞ + e−2σt∥θ0∥2L∞ + 1)(∥u∥2Hs + ∥w∥2Hs + ∥θ∥2Hs).

By Lemmas 2.1, 3.4, we have
sup

t∈[0,T ]
(∥u∥Hs + ∥w∥Hs + ∥θ∥Hs) ≤ C,

and ∫ T

0
(∥∇u∥2Hs + ∥∇w∥2Hs)dt ≤ C.

□
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Proof of Theorem 1.2. We consider the following regularized Boussinesq equations for the mi-
cropolar fluid 

∂tu+ (Jεu · ∇)u− (µ+ χ)∆u+∇π = 2χcurl w + θe2,
∂tw + (Jεu · ∇)w − γ∆w + 4χw = 2χ∇⊥u,
∂tθ + (Jεu · ∇)θ + σθ = 0,
div u = 0,
(u,w, θ)(x, 0) = (u0, w0, θ0),

(3.18)

where Jεu := (I + ε(−∆)
1
2 )−1. Problem (3.18) admits a strong solution (uϵ, wϵ, θϵ), the

arguments are similar to the proof of Theorem 2.5.1 in Chapter V in [19], so we omit the details
in here. By Lemma 3.5, we find that all estimates are independent of ϵ. Letting ϵ −→ 0+, we
have

(uϵ, wϵ, θϵ) −→ (u,w, θ) weakly– ∗ in L∞(0, T ;Hs(R2)),

(uϵ, wϵ) −→ (u,w) weakly in L2(0, T ;Hs+1(R2)).

Furthermore, by Hölder inequality and Sobolev embedding inequality, we can get

uϵ ⊗ uϵ, uϵwϵ, uϵθϵ ∈ L2(0, T ;L2(R2)),

which are bounded by constant C (independent of ϵ). Then we obtain from (3.18) that∫ t

0
(∥∂suϵ∥2H−1 + ∥∂swϵ∥2H−1 + ∥∂sθϵ∥2H−1)ds ≤ C,

where C is independent of ϵ. Notice that the embedding H1(K) ↪→ L2(K) ↪→ H−1(K) is
compact for any compact set K. By the well-known Aubin-Lions compactness lemma (see
[20]), we derive

(uϵ, wϵ, θϵ) → (u,w, θ) strongly in L2(0, T ;L2
loc).

Then passing to a limit in the sense of distributions for (3.18), we find that (u,w, θ) is a weak
solution of (1.2), which is also a strong solution by Lemma 3.5.

Next, we prove the uniqueness of solutions for (1.2). Suppose (u1, w1, θ1, π1) and (u2, w2, θ2, π2)
are two solutions of (1.2). Set

ũ = u1 − u2, w̃ = w1 − w2, θ̃ = θ1 − θ2, π̃ = π1 − π2.

Then (ũ, w̃, θ̃) satisfies
ũt + (u1 · ∇)ũ+ (ũ · ∇)u2 − (µ+ χ)∆ũ+∇π̃ = 2χcurl w̃ + θ̃e2,
w̃t + (u1 · ∇)w̃ + (ũ · ∇)w2 − γ∆w̃ + 4χw̃ = 2χ∇⊥ũ,

θ̃t + (u1 · ∇)θ̃ + (ũ · ∇)θ2 + σθ̃ = 0,
div ũ = 0,

(ũ, w̃, θ̃)(x, 0) = 0.

(3.19)
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Multiplying (3.19)1, (3.19)2, (3.19)3 by ũ, w̃ and θ̃, respectively, integrating over R2 yields
1

2

d

dt
(∥ũ∥2L2 + ∥w̃∥2L2 + ∥θ̃∥2L2) + (µ+ χ)∥∇ũ∥2L2 + γ∥∇w̃∥2L2 + 4χ∥w̃∥2L2 + σ∥θ̃∥2L2

=−
∫
R2

(ũ · ∇)u2 · ũdx−
∫
R2

(ũ · ∇)w2 · w̃dx−
∫
R2

(ũ · ∇)θ2 · θ̃dx+ 2χ

∫
R2

curl w̃ · ũdx

+ 2χ

∫
R2

∇⊥ũ · w̃dx+

∫
R2

θ̃e2 · ũdx

=−
∫
R2

(ũ · ∇)u2 · ũdx−
∫
R2

(ũ · ∇)w2 · w̃dx−
∫
R2

(ũ · ∇)θ2 · θ̃dx

+ 4χ

∫
R2

∇⊥ũ · w̃dx+

∫
R2

θ̃e2 · ũdx.

Then by Hölder inequality, Young’s inequality and Gagliardo-Nirenberg inequality, we have
for s > 2
1

2

d

dt
(∥ũ∥2L2 + ∥w̃∥2L2 + ∥θ̃∥2L2) +

µ

4
∥∇u∥2L2 + γ∥∇w∥2L2 +

4µχ

µ+ 2χ
∥w∥2L2 +

σ

2
∥θ∥2L2

≤−
∫
R2

(ũ · ∇)u2 · ũdx−
∫
R2

(ũ · ∇)w2 · w̃dx−
∫
R2

(ũ · ∇)θ2 · θ̃dx+
1

2σ
∥ũ∥2L2

≤∥∇u2∥L∞∥ũ∥2L2 + ∥∇w2∥L∞∥ũ∥L2∥w̃∥L2 + ∥∇θ2∥L∞∥ũ∥L2∥θ̃∥L2 +
1

2σ
∥ũ∥2L2

≤C(∥u2∥1−
2
s

L2 ∥u2∥
2
s
Hs + ∥w2∥1−

2
s

L2 ∥w2∥
2
s
Hs + ∥θ2∥1−

2
s

L2 ∥θ2∥
2
s
Hs + 1)(∥ũ∥2L2 + ∥w̃∥2L2 + ∥θ̃∥2L2).

Because of Lemmas 2.1, 3.2, 3.5, we obtain

∥ũ∥2L2 + ∥w̃∥2L2 + ∥θ̃∥2L2 ≤ C(∥ũ0∥2L2 + ∥w̃0∥2L2 + ∥θ̃0∥2L2) = 0.

Thus,
u1 = u2, w1 = w2, θ1 = θ2.

□

4. LARGE TIME DECAY OF RESULTS

In this section, we prove Theorem 1.3 by applying the Fourier splitting methods. The proof
is divided into the following lemmas.

Lemma 4.1. Under the assumptions of Theorem 1.3, it holds for all t > 0,

∥u(t)∥L2 + ∥w(t)∥L2 ≤ C(1 + t)−
1
2 ,

where C = C(µ, χ, γ, κ, σ, ∥u0∥L1∩L2 , ∥w0∥L1∩L2 , ∥θ0∥L1∩L2).

Proof. Applying the Fourier transform to (1.2)1 and (1.2)2 in both sides, we get{
∂tû+ (µ+ χ)|ξ|2û = F [−∇π − (u · ∇)u+ 2χcurl w + θe2],
∂tŵ + γ|ξ|2ŵ + 4χŵ = F [−(u · ∇)w + 2χ∇⊥u].

(4.1)
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Multiplying (4.1)1 and (4.1)2 by û and ŵ, respectively, adding these results together, we have
1

2

d

dt
(|û|2 + |ŵ|2) + (µ+ χ)|ξ|2|û|2 + γ|ξ|2|ŵ|2 + 4χ|ŵ|2

=F [−∇π] · û+ F [−(u · ∇)u] · û+ F [2χcurl w] · û+ F [θe2] · û
+ F [−(u · ∇)w] · ŵ + F [2χ∇⊥u] · ŵ, (4.2)

where |û|2 = û · û and |ŵ|2 = ŵŵ.
For the first term on the right-hand-side, taking the divergence of (1.2)1, we have

∆π = −div [(u · ∇)u] + div (θe2).

Applying the Fourier transform to the above equality in both sides, we obtain

∆̂π = −iξ · F [div(u⊗ u)− θe2].

Then,

∇̂π = − iξ

|ξ|2
∆̂π = −ξ ⊗ ξ

|ξ|2
F [div(u⊗ u)− θe2].

This equality leads to

|F [−∇π] · û| ≤ |ξ||û⊗ u||û|+ |θ̂e2||û|
≤ |ξ|∥u⊗ u∥L1 |û|+ ∥θ∥L1 |û| ≤ |ξ|∥u∥2L2 |û|+ ∥θ∥L1 |û|. (4.3)

Similarly,
|F [θe2] · û| ≤ |θ̂||û| ≤ ∥θ∥L1 |û|. (4.4)

By the divergence free of u, we obtain

|F [−(u · ∇)u] · û|+ |F [−(u · ∇)w] · ŵ| ≤ |ξ|(|û⊗ u||û|+ |û⊗ w||ŵ|)
≤ |ξ|[∥u∥2L2 |û|+ ∥u∥L2∥w∥L2 |ŵ|]
≤ |ξ|(∥u∥2L2 + ∥u∥L2∥w∥L2)(|û|+ |ŵ|). (4.5)

Using Young’s inequality, we have

|F [2χcurl w] · û+ F [2χ∇⊥u] · ŵ| ≤ |2χξ × ŵ · û+ 2χξ × û · ŵ|

≤ 4χ|ξ||ŵ||û| ≤ µ+ 2χ

2
|ξ|2|û|2 + 8χ2

µ+ 2χ
|ŵ|2. (4.6)

Substituting (4.3)–(4.6) into (4.2), we get
1

2

d

dt
(|û|2 + |ŵ|2) + c1

2
|ξ|2|(|û|2 + |ŵ|2) ≤ C|ξ|(∥u∥2L2 + ∥u∥L2∥w∥L2)(|û|+ |ŵ|) + 2∥θ∥L1 |û|.

Set G(t) =
√

|û|2 + |ŵ|2. Then,
1

2

d

dt
[G(t)]2 +

c1
2
|ξ|2[G(t)]2 ≤ C|ξ|(∥u∥2L2 + ∥u∥L2∥w∥L2)G(t) + 2∥θ∥L1G(t),

which implies
d

dt
G(t) +

c1
2
|ξ|2G(t) ≤ C|ξ|(∥u∥2L2 + ∥u∥L2∥w∥L2) + 2∥θ∥L1 .
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Multiplying by e
c1
2
|ξ|2t and integrating from 0 to t, we deduce

G(t) ≤ e−
c1
2
|ξ|2tG(0)+C

∫ t

0
e−

c1
2
|ξ|2(t−s)|ξ|(∥u∥2L2+∥u∥L2∥w∥L2)ds+2

∫ t

0
e−

c1
2
|ξ|2(t−s)∥θ∥L1ds.

Then,

G(t) ≤ C + C|ξ|
∫ t

0
(∥u∥2L2 + ∥u∥L2∥w∥L2)ds+ 2

∫ t

0
e−σs∥θ0∥L1ds

≤ C + C|ξ|
∫ t

0
(∥u∥2L2 + ∥u∥L2∥w∥L2)ds.

Therefore, by Lemma 3.2, we have

|û|+ |ŵ| ≤ C + C|ξ|
∫ t

0
(∥u∥2L2 + ∥u∥L2∥w∥L2)ds ≤ C + Ct|ξ|. (4.7)

Now we set
S(t) = {ξ ∈ R2| |ξ| ≤ r

1
2 [g(t)]−

1
2 },

where r is a fixed number. Substituting (3.3) into (3.2), we obtain
d

dt
(∥u∥2L2 + ∥w∥2L2) + c1(∥∇u∥2L2 + ∥∇w∥2L2) ≤ Ce−σt. (4.8)

Applying the Fourier transform to (4.8), by Plancherel’s theorem, we get
d

dt
(∥u∥2L2 + ∥w∥2L2) + c1

∫
R2

|ξ|2(|û|2 + |ŵ|2)dξ ≤ Ce−σt.

Observe that∫
R2

|ξ|2(|û|2 + |ŵ|2)dξ =

∫
S(t)

|ξ|2(|û|2 + |ŵ|2)dξ +
∫
S(t)c

|ξ|2(|û|2 + |ŵ|2)dξ

≥
∫
S(t)c

|ξ|2(|û|2 + |ŵ|2)dξ ≥ r

g(t)

∫
S(t)c

(|û|2 + |ŵ|2)dξ.

Hence,
d

dt
(∥u∥2L2 + ∥w∥2L2) +

c1r

g(t)

∫
R2

(|û|2 + |ŵ|2)dξ ≤ c1r

g(t)

∫
S(t)

(|û|2 + |ŵ|2)dξ+Ce−σt. (4.9)

Let g(t) = (1 + t) ln(1 + t). By (4.7), we obtain∫
S(t)

(|û|2 + |ŵ|2)dξ ≤ C

∫
S(t)

(1 + t2|ξ|2)dξ ≤ C(1 + t)−1 ln−1(1 + t) + C ln−2(1 + t).

Then,
d

dt
(∥u∥2L2 + ∥w∥2L2) +

3
2

(1 + t) ln(1 + t)

∫
R2

(|û|2 + |ŵ|2)dξ

≤ C(1 + t)−2 ln−2(1 + t) + C(1 + t)−1 ln−3(1 + t) + Ce−σt.
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Multiplying by ln
3
2 (1 + t), we deduce

d

dt
[ln

3
2 (1+t)(∥u∥2L2+∥w∥2L2)] ≤ C(1+t)−2 ln−

1
2 (1+t)+C(1+t)−1 ln−

3
2 (1+t)+C ln

3
2 (1+t)e−σt.

Observe that∫ ∞

0
(1 + t)−2 ln−

1
2 (1 + t)dt =

∫ ∞

0
(1 + t)−

3
2 (1 + t)−

1
2 ln−

1
2 (1 + t)dt ≤ C,∫ ∞

0
(1 + t)−1 ln−

3
2 (1 + t)dt =

∫ ∞

0
−2d[ln−

1
2 (1 + t)] ≤ C,

and ∫ ∞

0
ln

3
2 (1 + t)e−σtdt ≤

∫ ∞

0
(1 + t)

3
2 e−σtdt ≤ C.

Then,
∥u(t)∥2L2 + ∥w(t)∥2L2 ≤ C ln−

3
2 (1 + t). (4.10)

Substituting (4.10) into (4.7) and using Hölder inequality, we can re-estimate (4.7) as

|û|+ |ŵ| ≤ C + C|ξ|
∫ t

0
ln−

3
4 (1 + s)(∥u∥L2 + ∥w∥L2)ds

≤ C + C|ξ|t
1
2

[ ∫ t

0
ln−

3
2 (1 + s)(∥u∥2L2 + ∥w∥2L2)ds

] 1
2

. (4.11)

Set g(t) = e+ t. Combining (4.9) and (4.11), we deduce
d

dt
(∥u∥2L2 + ∥w∥2L2) +

k

e+ t

∫
R2

(|û|2 + |ŵ|2)dξ

≤ C

e+ t

∫
S(t)

[
1 +

∫ t

0
ln−

3
2 (1 + s)(∥u∥2L2 + ∥w∥2L2)ds

]
dξ + Ce−σt

≤ C

e+ t

[ ∫
S(t)

dξ +

∫
S(t)

dξ

∫ t

0
ln−

3
2 (1 + s)(∥u∥2L2 + ∥w∥2L2)ds

]
+ Ce−σt

≤ C(1 + t)−2 + C(1 + t)−2

∫ t

0
ln−

3
2 (1 + s)(∥u∥2L2 + ∥w∥2L2)ds+ Ce−σt. (4.12)

Multiplying (4.12) by (1 + t)k, we get
d

dt
[(1 + t)k(∥u∥2L2 + ∥w∥2L2)]

≤ C(1 + t)k−2 + C(1 + t)k−2

∫ t

0
ln−

3
2 (1 + s)(∥u∥2L2 + ∥w∥2L2)ds+ C(1 + t)ke−σt.

Integrating over [0, t], we obtain

(1 + t)k(∥u∥2L2 + ∥w∥2L2)

≤ C(1 + t)k−1 + C(1 + t)k−1

∫ t

0
ln−

3
2 (1 + s)(∥u∥2L2 + ∥w∥2L2)ds+ C

∫ t

0
(1 + s)ke−σsds.
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Then,

∥u∥2L2 + ∥w∥2L2 ≤ C(1 + t)−1 + C(1 + t)−1

∫ t

0
ln−

3
2 (1 + s)(∥u∥2L2 + ∥w∥2L2)ds. (4.13)

Let I(t) =
∫ t
0 ln

− 3
2 (1 + s)(∥u∥2L2 + ∥w∥2L2)ds. Then,

I ′(t) ≤ C(1 + t)−1 ln−
3
2 (1 + s) + C(1 + t)−1 ln−

3
2 (1 + s)I(t).

Because I(0) = 0 and ∫ ∞

0
(1 + t)−1 ln−

3
2 (1 + t)dt ≤ C.

Thus we can deduce from Lemma 2.1 that I(t) ≤ C. Combining with (4.13) yields

∥u(t)∥2L2 + ∥w(t)∥2L2 ≤ C(1 + t)−1.

□

Lemma 4.2. Under the assumptions of Theorem 1.3, it holds for all t > 0,

∥∇u(t)∥L2 + ∥∇w(t)∥L2 ≤ C(1 + t)−1,

where C = C(µ, χ, γ, κ, σ, ∥u0∥H1∩L2 , ∥w0∥H1∩L2 , ∥θ0∥L1∩L2).

Proof. Multiplying (4.8) by (1 + t)k, we deduce
d

dt
[(1 + t)k(∥u∥2L2 + ∥w∥2L2)] + c1(1 + t)k(∥∇u∥2L2 + ∥∇w∥2L2)

≤k(1 + t)k−1(∥u∥2L2 + ∥w∥2L2) + C(1 + t)ke−t

≤C(1 + t)k−2 + C(1 + t)ke−t.

Integrating on [0, t] gives∫ t

0
(1 + s)k(∥∇u∥2L2 + ∥∇w∥2L2)ds ≤ C + C(1 + t)k−1 ≤ C(1 + t)k−1. (4.14)

Multiplying (3.4) by (1 + t)k+1, we obtain
d

dt
[(1 + t)k+1(∥∇u∥2L2 + ∥∇w∥2L2)] + c2(1 + t)k+1(∥∆u∥2L2 + ∥∆w∥2L2 + ∥∇w∥2L2)

≤(k + 1)(1 + t)k(∥∇u∥2L2 + ∥∇w∥2L2)

+ C∥u∥2L2∥∇u∥2L2 [(1 + t)k+1(∥∇u∥2L2 + ∥∇w∥2L2)] + C(1 + t)k+1e−2σt∥θ0∥2L2 .
(4.15)

Because of ∫ ∞

0
∥u∥2L2∥∇u∥2L2dt ≤ C

∫ ∞

0
∥∇u∥2L2dt ≤ C,

and ∫ ∞

0
(1 + t)k+1e−2σt∥θ0∥2L2dt ≤ C.
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From Lemma 2.1, (4.14) and (4.15), we obtain

(1+ t)k+1(∥∇u∥2L2 +∥∇w∥2L2) ≤ C+C

∫ t

0
(1+s)k(∥∇u∥2L2 +∥∇w∥2L2)ds ≤ C(1+ t)k−1.

Therefore,
∥∇u∥2L2 + ∥∇w∥2L2 ≤ C(1 + t)−2.

□

Lemma 4.3. Under the assumptions of Theorem 1.3, there holds for all t > 0,

∥w(t)∥L2 ≤ C(1 + t)−1,

where C = C(µ, χ, γ, κ, σ, ∥u0∥H1∩L2 , ∥w0∥H1∩L2 , ∥θ0∥L1∩L2).

Proof. Applying Duhamel’s principle gives

w(t) = e−4χteγt∆w0 +

∫ t

0
e−4χ(t−s)eγ(t−s)∆[2χ∇⊥u− (u · ∇)w](s)ds,

where (eγt∆)t≥0 is the heat semigroup. Then, by Lemma 2.3, we have

∥w(t)∥L2 ≤e−4χt∥eγt∆w0∥L2 +

∫ t

0
e−4χ(t−s)∥eγ(t−s)∆[2χ∇⊥u− (u · ∇)w](s)∥L2ds

≤e−4χt∥w0∥L2 + C

∫ t

0
e−4χ(t−s)[∥∇u(s)∥L2 + (t− s)−

1
2 ∥(u · ∇)w(s)∥L1 ]ds

≤e−4χt∥w0∥L2 + C

∫ t

0
e−4χ(t−s)[∥∇u(s)∥L2 + (t− s)−

1
2 ∥u(s)∥L2∥∇w(s)∥L2 ]ds.

Using Lemmas 2.4, 3.2, 4.2, we obtain for all t > 0

∥w(t)∥L2 ≤e−4χt∥w0∥L2 + C

∫ t

0
e−4χ(t−s)[(1 + s)−1 + (t− s)−

1
2 (1 + s)−1]ds

≤e−4χt∥w0∥L2 + C

∫ t

0
e−4χ(t−s)(1 + s)−1[1 + (t− s)−

1
2 ]ds

≤e−4χt∥w0∥L2 + C

∫ t

0
e−4χ(t−s)(1 + s)−1ds

≤C(1 + t)−1.

□
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