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ON AN INTEGRAL INVOLVING Ī-FUNCTION

Vilma D’Souza and Shantha Kumari Kurumujji

Abstract. In this paper, an interesting integral involving the Ī-function
of one variable introduced by Rathie has been derived. Since Ī-function

is a very generalized function of one variable and includes as special cases

many of the known functions appearing in the literature, a number of
integrals can be obtained by reducing the Ī function of one variable to

simpler special functions by suitably specializing the parameters. A few

special cases of our main results are also discussed.

1. Introduction

The well known H-function of one variable is defined by Fox [3] and he proved
the H-function as a symmetric Fourier kernel to Meijer G-function [2]. The H-
function is often called Fox H-function. Later on many researchers studied and
developed H-function. In 1997, Rathie [4] introduced a new function in the
literature namely the I-function which is useful in Mathematics, Physics and
other branches of applied mathematics. The I-function introduced by Rathie [4]
is defined and represented by the following Mellin Barnes type contour integral:

Im,np,q (z) ≡ Im,np,q

[
z

∣∣∣∣ (a1, e1, A1), . . . , (ap, ep, Ap)
(b1, f1, B1), . . . , (bq, fq, Bq)

]
=

1

2πi

∫
L
θ(s)zsds,(1)

where

(2) θ(s) =

∏m
j=1 ΓBj (bj − fjs)

∏n
j=1 ΓAj (1− aj + ejs)∏q

j=m+1 ΓBj (1− bj + fjs)
∏p
j=n+1 ΓAj (aj − ejs)

.

Also

(i) i =
√
−1;

(ii) z 6= 0;
(iii) m,n, p, q are integers satisfying 0 ≤ m ≤ q, 0 ≤ n ≤ p;
(iv) L is a suitable contour in the complex plane;

Received February 1, 2021; Accepted April 15, 2021.

2010 Mathematics Subject Classification. Primary 33C20, 33C60.
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(v) an empty product is to be interpreted as unity;
(vi) ej , j = 1, . . . , p; fj , j = 1, . . . , q; Aj , j = 1, . . . , p; and Bj , j = 1, . . . , q

are positive numbers;
(vii) aj , j = 1, . . . , p and bj , j = 1, . . . , q are complex numbers such that no

singularity of ΓBj (bj − fjs), j = 1, . . . ,m , coincides with any singularity
of ΓAj (1− aj + ejs), j = 1, . . . , n. In general these singularities are not
poles.

(viii) The contour L goes from σ − i∞ to σ + i∞ (σ real) so that all the
singularities of ΓBj (bj − fjs), j = 1, . . . ,m, lie to the right of L, and all
the singularities of ΓAj (1− aj + ejs), j = 1, . . . , n, lie to the left of L.

In short, (1) will be denoted by

I m, np, q

[
z

∣∣∣∣ 1(aj , ej , Aj)p
1(bj , fj , Bj)q

]
.

The function defined by (1) is convergent if

(3) ∆ > 0, |arg(z)| < 1

2
∆π,

where

(4) ∆ =

m∑
j=1

Bjfj −
q∑

j=m+1

Bjfj +

n∑
j=1

Ajej −
p∑

j=n+1

Ajej .

When A1 = A2 = · · · = Ap = 1 = B1 = B2 = · · · = Bq, (1) reduces to the
H-function introduced by Fox [3] and studied by Braaksma [1].

In the present paper we establish an integral formulae of I-function of one
variable which is defined and represented by the following Mellin Barnes type
contour integral:

Ī(z) = Ī m, np, q

[
z

∣∣∣∣ 1(aj , ej , Aj)n, n+1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
=

1

2πi

∫
L
φ(s)zsds,(5)

where

(6) φ(s) =

∏m
j=1 Γ (bj − fjs)

∏n
j=1 ΓAj (1− aj + ejs)∏q

j=m+1 ΓBj (1− bj + fjs)
∏p
j=n+1 ΓAj (aj − ejs)

.

The function defined by (2) is convergent if

(7) ∆ > 0, |arg(z)| < 1

2
∆π,

where

(8) ∆ =

m∑
j=1

fj −
q∑

j=m+1

fj +

n∑
j=1

Ajej −
p∑

j=n+1

Ajej .
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Also, in the same paper, Rathie [4] showed that

(9) Ī(z) ∼ zc, where c = min
1≤j≤m

(
Re

[
bj
fj

])
.

In our present investigation, we shall require the following result [2].

(10)

∫ π

0

(sinφ)c−1eiδφdφ =
π Γ(c) e

1
2 iδπ

2c−1 Γ( c+δ+1
2 ) Γ( c−δ+1

2 )

provided Re(c) > 0.

2. Main result

The integral involving I-function to be established in this note is the follow-
ing.

Consider the integral
(11)

S =

∫ π

0

(sinφ)c−1e−iδφĪ m, np, q

[
z (sinφ)σ eiσφ

∣∣∣∣ 1(aj , ej , Aj)n, n+1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
.

Expressing the I-function with the help of its definition, we get

(12) S =

∫ π

0

(sinφ)c−1 e−iδφ
1

2πi

∫
L

θ(s) [z (sinφ)σeiαφ]s dsdφ.

On changing the order of integration, we get

(13) S =
1

2πi

∫
L

θ(s)zsds

∫ π

0

(sinφ)σs+c−1e−iδφ+iαφsdφ.

Using (10) we obtain,

(14) S =
1

2πi

∫
L

zsθ(s)
π Γ(σs+ c) e

1
2 i(αs−δ)π

2σs+c−1 Γ(σs+c+αs−δ+1
2 ) Γ(σs+c−αs+δ+1

2 )
ds

which can also be written as

(15) S =
1

2πi

∫
L

zsθ(s)
Γ(c+ σs) 2−σs e

1
2 iπαs

Γ( c+δ+1
2 + (σ−α)s

2 ) Γ( c−δ+1
2 + (σ+α)s

2 )
ds

π 21−c

e
1
2 iπδ

.

This represents the constant π 21−c

e
1
2
iπδ

multiplied by an Ī-function with the argu-

ment z 2−σ e
1
2 iπα.

Let P = π21−c

e
iπδ
2

and Q = z2−σe
1
2 iπα.

If σ, σ − α or σ + α is zero, the corresponding gamma function inside the
integral is free from the variable of integration s. Then the gamma function is a
constant and can be taken outside the integral sign. For example when σ = 0,
the integral is P Γ(c) multiplied by an Ī-function with argument z e

1
2 iπα.

If σ > 0, Γ(c + σs) will be taken with
∏n
j=1 ΓAj (1 − aj + αjs) of θ(s) and

hence the value of n (and of p) will be increased by 1. The corresponding pair of
parameters in the Ī-function is obtained by comparing c+σs with 1−aj +αjs.
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If σ < 0, Γ(c+σs) will be taken with
∏m
j=1 ΓBj (bj −βjs) of θ(s) and hence

the value of m (and of q) will be increased by 1. The corresponding pair of
parameters in the Ī-function is obtained by comparing c+ σs with bj − βjs.

If σ−α
2 or σ+α

2 is positive, the gamma function in the denominator is taken

with
∏q
j=m+1 ΓBj (1− bj + βjs) and hence q increases by 1.

If σ−α
2 or σ+α

2 is negative, the gamma function in the denominator is taken

with
∏p
j=n+1 ΓAj (aj − αjs) and hence p increases by 1.

The following cases can be considered.

1. σ = 0, α > 0.
2. σ = 0, α < 0.
3. α = σ, σ > 0.
4. α = σ, σ < 0.
5. α = −σ, σ > 0.
6. α = −σ, σ < 0.
7. σ > 0, σ + α > 0, σ − α > 0.
8. α < 0 < σ, σ + α < 0.
9. α < σ < 0.

10. 0 < σ < α.
11. σ < 0 < α, σ − α > 0.
12. σ < 0, σ + α < 0, σ − α < 0.

Special Cases:

(i) When σ = 0, α > 0, (15) takes the following form.∫ π

0

(sinφ)c−1e−iδφ Ī m, np, q

[
z eiσφ

∣∣∣∣ 1(aj , ej , Aj)n, n+1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
= P Γ(c) Ī m,np+1,q+1

[
z e

iπα
2

∣∣∣∣ 1(aj , ej , Aj)p, ( c+δ+1
2 , α2 , 1)

1(bj , fj , 1j)m, m+1(bj , fj , Bj)q ( 1−c+δ
2 , α2 , 1)

]
.

(ii) When σ = 0, α < 0, (15) takes the following form.∫ π

0

(sinφ)c−1e−iδφ Ī m, np, q

[
z eiσφ

∣∣∣∣ 1(aj , ej , Aj)n, n+1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
= P Γ(c) Ī m,np+1,q+1

[
z e

iπα
2

∣∣∣∣ 1(aj , ej , Aj)p, ( c−δ+1
2 , −α2 , 1)

1(bj , fj , 1j)m, m+1(bj , fj , Bj)q ( 1−c−δ
2 , −α2 , 1)

]
.

(iii) When α = σ > 0, (15) takes the following form.∫ π

0

(sinφ)c−1e−iδφ Ī m, np, q

[
z (sinφ)σ eiσφ

∣∣∣∣ 1(aj , ej , Aj)n, n+1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
=

P

Γ( c+δ+1
2 )

Ī m,n+1
p+1,q+1

[
z 2−σ e

iπσ
2

∣∣∣∣ (1− c, σ, 1), 1(aj , ej , Aj)p
1(bj , fj , 1j)m, m+1(bj , fj , Bj)q, ( 1−c+δ

2 , σ, 1)

]
.

(iv) When α = σ < 0 , (15) takes the following form.∫ π

0

(sinφ)c−1e−iδφ Ī m, np, q

[
z(sinφ)σ eiσφ

∣∣∣∣ 1(aj , ej , Aj)n, n+1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
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=
P

Γ( c+δ+1
2 )

Ī m+1,n
p+1,q+1

[
z 2−σ e

iπσ
2

∣∣∣∣ 1(aj , ej , Aj)p, ( 1+c−δ
2 ,−σ, 1)

(c,−σ, 1), 1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
.

(v) When α = −σ, σ > 0, (15) takes the following form.∫ π

0

(sinφ)c−1e−iδφ Ī m, np, q

[
z (sinφ)σ eiσφ

∣∣∣∣ 1(aj , ej , Aj)n, n+1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
=

P

Γ( c−δ+1
2 )

Ī m,n+1
p+1,q+1

[
z 2−σ e

−iπσ
2

∣∣∣∣ (1− c, σ, 1), 1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q , ( 1−c−δ

2 , σ, 1)

]
.

(vi) When α = −σ, σ < 0, (15) takes the following form.∫ π

0

(sinφ)c−1e−iδφ Ī m, np, q

[
z (sinφ)σ eiσφ

∣∣∣∣ 1(aj , ej , Aj)n, n+1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
=

P

Γ( c−δ+1
2 )

Ī m+1,n
p+1,q+1

[
z 2−σ e

−iπσ
2

∣∣∣∣ 1(aj , ej , Aj)p, ( 1+c+δ
2 ,−σ, 1)

(c,−σ, 1),1 (bj , fj , 1)m, m+1(bj , fj , Bj)q

]
.

(vii) When α > 0, α+ σ > 0, σ − α > 0, (15) takes the following form.∫ π

0

(sinφ)c−1e−iδφ Ī m, np, q

[
z (sinφ)σ eiσφ

∣∣∣∣ 1(aj , ej , Aj)n, n+1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
= P Ī m,n+1

p+1,q+2

[
z 2−σ e

iπσ
2

∣∣∣∣ (1− c, σ, 1), 1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q, ( 1−c+δ

2 , σ+α
2 , 1), ( 1−c−δ

2 , σ−α2 , 1)

]
.

(viii) When α < 0 < σ, α+ σ < 0, (15) takes the following form.∫ π

0

(sinφ)c−1e−iδφ Ī m, np, q

[
z (sinφ)σ eiσφ

∣∣∣∣ 1(aj , ej , Aj)n, n+1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
= P Ī m,n+1

p+2,q+1

[
z 2−σ e

iπσ
2

∣∣∣∣ (1− c, σ, 1), 1(aj , ej , Aj)p, ( 1+c−δ
2 , −(σ+α)

2 , 1)

1(bj , fj , 1)m, m+1(bj , fj , Bj)q, ( 1−c−δ
2 , σ−α2 , 1)

]
.

(ix) When α < σ < 0, (15) takes the following form.∫ π

0

(sinφ)c−1e−iδφ Ī m, np, q

[
z (sinφ)σ eiσφ

∣∣∣∣ 1(aj , ej , Aj)n, n+1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
= P Ī m+1,n

p+1,q+2

[
z 2−σ e

iπσ
2

∣∣∣∣ 1(aj , ej , Aj)p, ( 1+c−δ
2 , −(σ+α)

2 , 1)
(c,−σ, 1), 1(bj , fj , 1)m, m+1(bj , fj , Bj)q, ( 1−c−δ

2 , σ−α2 , 1)

]
.

(x) When 0 < σ < α, (15) takes the following form.∫ π

0

(sinφ)c−1e−iδφ Ī m, np, q

[
z (sinφ)σ eiσφ

∣∣∣∣ 1(aj , ej , Aj)n, n+1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
= P Ī m,n+1

p+2,q+1

[
z 2−σ e

iπσ
2

∣∣∣∣ (1− c, σ, 1) 1(aj , ej , Aj)p, ( 1+c+δ
2 , −(σ−α)

2 , 1)

1(bj , fj , 1)m, m+1(bj , fj , Bj)q, ( 1−c+δ
2 , σ+α

2 , 1)

]
.

(xi) When σ < 0 < α, α+ σ > 0, (15) takes the following form.∫ π

0

(sinφ)c−1e−iδφ Ī m, np, q

[
z (sinφ)σ eiσφ

∣∣∣∣ 1(aj , ej , Aj)n, n+1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
= P Ī m+1,n

p+1,q+2

[
z 2−σ e

iπσ
2

∣∣∣∣ 1(aj , ej , Aj)p, ( 1+c+δ
2 , σ−α2 , 1)

(c,−σ, 1), 1(bj , fj , 1)m, m+1(bj , fj , Bj)q, ( 1−c+δ
2 , σ+α

2 , 1)

]
.
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(xii) When σ < 0, σ + α < 0, σ − α < 0, (15) takes the following form.∫ π

0

(sinφ)c−1e−iδφ Ī m, np, q

[
z (sinφ)σ eiσφ

∣∣∣∣ 1(aj , ej , Aj)n, n+1(aj , ej , Aj)p
1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
= P Ī m+1,n

p+2,q+1

[
z 2−σ e

iπσ
2

∣∣∣∣ 1(aj , ej , Aj)p, ( 1+c−δ
2 , −(σ+α)

2 , 1), ( 1+c+δ
2 , −(σ+α)

2 , 1)
(c,−σ, 1), 1(bj , fj , 1)m, m+1(bj , fj , Bj)q

]
.

3. Conclusion

Since Ī-function of one variable is of very general character and includes
H-function, G-function and a large number of other elementary functions as
special cases, so by specializing the parameters therein, we can obtain a large
number of results involving elementary functions. But we shall not include due
to lack of space.

References

[1] B. L. J. Braaksma, Asymptotic expansions and analytic continuations for a class of

Barnes-integrals, Compositio Math. 15 (1964), 239–341.

[2] A. Erdelyi, Higher Transcendental Functions, McGraw-Hill Book Company, New York,
1953.

[3] C. Fox, The G and H functions as symmetrical Fourier kernels, Trans. Amer. Math. Soc.

98 (1961), 395–429. https://doi.org/10.2307/1993339
[4] A. K. Rathie, A new generalization of generalized hypergeometric functions, Matematiche

(Catania) 52 (1997), no. 2, 297–310.

Vilma D’Souza
Department of Basic Science and Humanities

A. J. Institute of Engineering and Technology

Mangaluru-575006
(Affiliated to Visvesvaraya Technological University - Belagavi)

Karnataka, India

Email address: dsouzavilma12@gmail.com

Shantha Kumari Kurumujji

Department of Basic Science and Humanities
A. J. Institute of Engineering and Technology

Mangaluru-575006

(Affiliated to Visvesvaraya Technological University - Belagavi)
Karnataka, India

Email address: shanthakk99@gmail.com

https://doi.org/10.2307/1993339

