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DIRECTIONAL CONVEXITY OF COMBINATIONS OF
HARMONIC HALF-PLANE AND STRIP MAPPINGS

SUBZAR BEIG AND VAITHIYANATHAN RAVICHANDRAN

Dedicated to the memory of Prof. Ataharul Islam

ABSTRACT. For k = 1,2, let fx = hg + gr be normalized harmonic right
half-plane or vertical strip mappings. We consider the convex combina-
tion f =nf1 + (1 —n)fa = nh1 + (1 — n)ha +7ig1 + (1 —7)g2 and the
combination f = nhy + (1 — n)ha 4+ g1 + (1 — 7)g2. For real 7, the two
mappings f and f are the same. We investigate the univalence and di-
rectional convexity of f and f for n € C. Some sufficient conditions are
found for convexity of the combination f.

1. Introduction

A domain © C C is convex in the direction v (0 < v < ), if every line
parallel to the line joining the origin to the point € has connected intersection
with Q. For v = 0 (or 7/2), a domain convex in the direction  is said to be
convex in the real (or imaginary) direction. A mapping f is convex in the
direction ~y if its image is convex in the direction . A mapping is convex if it is
convex in every direction. Mappings convex in some direction are called as the
directionally convex mappings. This paper studies the directional convexity
of some combinations of harmonic mappings. Recall that a complex-valued
harmonic function f defined on the open unit disk D := {z € C: |z| < 1} can
be written as f = h + g, where the functions A and g are analytic and are,
respectively, known as analytic and co-analytic parts of f. By a theorem of
Lewy [14], it follows that the function f = h+7 is locally univalent and sense-
preserving on D if and only if its Jacobian |h(2)|? —|¢'(2)|? > 0, or equivalently,
for h/(z) # 0, the dilatation w of f, defined by w = ¢’'/h/, satisfies |w(z)| < 1 for
all z € D. Let H denote the class of all locally univalent and sense-preserving
harmonic mappings f = h + g defined on D and normalized by the conditions
h(0) = A'(0) — 1 = 0. We shall be interested in the combinations of mappings
in the subclass Sy of all univalent harmonic mappings in H.
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The convex combination f of the mappings fr = hx + gk, ¥ = 1,2 in Sp,
given by

(1.1) f:tfl—‘r(l—t)fg :thl+(1—t)h2+tgl+(1—t)gg, 0<t<,

is not univalent in general. See [2-7,10] and the references therein for the other
related work on the directional convexity of harmonic mappings and some of
their combinations. Recently, several authors [11-13,17-19] have studied the
convexity in a particular direction of the convex combination of some subclasses
of harmonic mappings using the method of “shear construction” [8] which is
described in the following lemma.

Lemma 1.1 ([8]). A locally univalent and sense-preserving harmonic mapping
f=h+3g onD is univalent and maps D onto a domain convex in the direction
v (0 < v < 7) if and only if the analytic mapping h — €*7g is univalent and
maps D onto a domain convex in the direction ~y.

Dorff and Rolf [11] proved that the convex combination of two locally univa-
lent sense-preserving harmonic mappings is univalent and convex in the imagi-
nary direction if they are convex in the imaginary direction and have the same
dilatations. Wang et al. [19] proved that the mapping f given by (1.1) is uni-
valent and convex in the real direction if

(1.2) hi(2) + gr(2) =

z
1—2z

The results in [19] were extended to a larger class of mappings by Kumar et
al. [13]. Motivated by Wang et al. [19] and Kumar et al. [13], we study the
combinations of some harmonic mappings including the right half-plane and
vertical strip mappings for directional convexity. For n € C and fr = hy + g
(k=1,2) in Sy, we define the mappings f and f by

(1.3) f=nfi+ @ =n)fz=nh1+ (1 =n)hs+7g1 + (1 =7)g2

and

(14)  f=nh+ 0 =nha+ng + (1 —n)ge.

These mappings f and f are same as the mapping f defined in (1.1) when
0<np<l.

It is well-known [1,9] that if the function f = h+ g € Sy maps D onto the
right half-plane {w € C: Re(w) > —1/2}, then

M)+ = = [ i

and if it maps D onto the vertical strip {w € C: (8 —7)/(2sinf) < Rew <
af/(2sina)}, 7/2 < B < 7, then

1 1+ ze' # d¢
= 1 - = I ————
7z) +9(2) 2isin 8 8 (1 + 26_15) /0 1+ 26 cos B+ €2
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In Section 2, we show that if the dilatation |g;,/h}| < ap < 1 and
z
() + () = [ (O
0

where

(15)  tun(2) !

1 —2ze~# cosv + z2e—2in’

we0,m), velo,2m),

then the mapping f is univalent and convex in the direction p for all n € C
with
(1—a1)(1—az)
| < ~——"F—.
@1 + Q2
The directional convexity of analytic mappings are verified by the following
result of Royster and Ziegler.

Lemma 1.2 ([15]). Let ¢ be a non-constant analytic mapping in D. Then ¢
maps D onto a domain convex in the direction v (0 < v < m) if and only if
there are real numbers p (0 < p < 7) and v (0 < v < 27) such that

(1.6) Re (ei(“_”(l —2ze " cosv + 226_2“‘)¢’(z)> >0, zeD.

Remark 1.3. By taking v or v + 7 equals to p in Lemma 1.2, we see a non-
constant analytic mapping ¢ is convex in the direction (0 < pu < ), if for some
v (0 <v <2m), Re(¢'(2)/1u,(2)) is either non-negative or non-positive on D.

In Section 3, we show that if |g}/h}| < ap < 1 and hy — e27g, = ¥,
where v € [0,7) and % is an analytic mapping convex in the direction ~, then
the mapping f is univalent and convex in the direction ~ for all € C with
In] < (1 —a1)(l —az)/(ar + az2). However, if v = p+ 7/2 and the function 1
is replaced by the function foz Yy, (€)dE where the function 1, , is defined in
(1.5), then the mapping f turns out to be convex. Moreover, if v = p and the
function 1 is replaced by the function foz P(E) Y (€)dE, where p is an analytic
function with positive real part on D, then the mapping f is convex in the

direction p. For specific choices of p, our results reduce to the results of Wang
et al. [19, Theorem 3] and Kumar et al. [13, Theorem 2.3].

2. The linear combination f

Our first theorem gives us a condition on the parameter n € C so that the
mapping f given by (1.3) is univalent and convex in the direction pu.

Theorem 2.1. For k = 1,2, let the mapping fr = hx + gk € Sy satisfy

(2.1) (=) + €20 gy (=) = / Cn(€)de,
0
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where the function 1, , is given by (1.5). If the dilatation wy = g;,/h}, of f
satisfy the inequality |wi| < ar < 1, then the mapping f given by (1.3) is
univalent and convex in the direction u for all n € C with

(I—a1)(1 —a)

(2.2) Il < o= g

Proof. We first show that the mapping f is locally univalent and sense-preserv-
ing. This is done by showing that the dilatation w of the mapping f satisfies
|w] < 1 on D. Since wy is the dilatation of the mapping f, the dilatation w of
the mapping f is given by

_ g+ (A —m)gs _ Mwihi + (1 —Nwahh

2.3 w = =
23 W+ (g gk (L)
Solving g;, = wyih), along with (2.1) for hj, we get

r_ ¢u,u

BT eingy,

On using the above expression for hj, the equation (2.3) readily gives

_ Mwi (14 ewy) + (1 — Mwa (1 + e*Hwy)
n(1+ e*#wz) + (1 —n)(1 + e*Hwy)

With wy, replaced by e~2"wy,, the above equation gives
Ging, — M1l +wa) + (1~ Mwa(l + wy)
Nl +w2) + (1 =n)(1 +wi)
and thus the dilatation w satisfies |w| < 1 on D if and only if
(14 ) + (1= Ma(1 + )P < (1 +w2) + (L= )1+ ),
or equivalently if and only if
(2.4) 11+ wi)? (1 - |w2|2) + 2Re (ﬁ(wg —wy)(1 +w7)(e? - 072)) > 0,

where 0 is the argument of 1. Therefore, the dilatation w satisfies |w| < 1 on
D if

|1 —|—w1\ (1 — ‘(.4)2‘2)
2f(w2 — wi)(e* —w3)|’
Again, the inequality |wg| < ayi implies that
L+w)(I—|w2l?)  (1-a)(l—as) _
2[(w2 — w1) (€2 —w3)| 2(a1 + ao2)

In| <

Therefore, the dilatation w of the mapping f satisfies |w| < 1 for all n with
In| < « and, therefore, the mapping f is locally univalent and sense-preserving.

We now show that the mapping h — e?#¢ is convex in the direction yx for all
n € C with || < a. As the mapping f is given by (1.3), we have

f=nfi+Q-n)fo=h+7
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where
h=nhi+(1—-nhy and g=7g + (1 -7)g.
Writing 7 = |n]e?’, we see that
h—e*g = hy — ¥ gy + n(hy — hy — ¥ #=9 (g1 — go)).
Therefore, in view of (2.1), we see that

W — e2i“g/ h/2 _ ezi“glz <h'1 _ e2i(“_0)g£ h’2 _ e2i(”_9)gé>

T Ry - eZing) Ry + e2ing)
1— eQiuwQ 1— eZi(u—G)wl 1— eQi(u—e)WQ
1+ e2ing, ( 1+ e2ing, 1+ eZikg, )

(1 — e2#wy) (1 + €%wy) + ne?™ (1 + e29) (wy — w1)
(14 e2itwq) (1 + e?irwy)
(1 — |wa|? — 20 Tm(e?Hws))|1 + 2w, |2
+ 77621'#(1 + e—2i9)(w2 _ Wl)(l + 6_27:“&}71)(1 + 6—21'/1.@)
[(1 4 e2iw ) (1 + e2itw,y)|?
Above equation shows that Re(h’ — e€**¢') /1, > 0 on D if and only if
(1= Jwal)1 + €*¥en |?

+ Re(ne®™ (1 + e 29) (wy — w1)(1 4 e 21@7) (1 + e 2™w)) > 0.

The last inequality holds if
(2.5) [1+ e wnf* (1= Jwzl?) = 2/l (w2 —wi) (1 +e7"@1) (1+e7*"57)] > 0,
or equivalently if
|1+ e*#uwr|(1 — |wa|?)
(s — w2 (1 + e 2ag)]

nl <
But |wg| < oy implies that
|1+ e*#wi|(1 — |wa|?) (I—on)(1—ay)
2[(w1 — wa)(1 + e~ 2ri)| 2(a1 + a2)
Hence, it follows that Re((h' — e**¢')/1,.,) > 0 on D for all  with |n| < a.
Therefore, by Remark 1.3, the mapping h — €?"g¢ is convex in the direction .
Since the mapping f is locally univalent and sense-preserving and the map-

ping h — €**g is convex in the direction p, it follows by Lemma 1.1 that the
mapping f is univalent and convex in the direction p for all n with || < a. O

= Q.

The following example gives an illustration of Theorem 2.1.

Example 2.2. For k = 1,2, let the mapping fi = hy + g be such that

hi(z) = —% (—14_ZZ —log(1—2) +1log (1 - g)) ,
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5 (4 =z z
gl(z)——ﬁ (51_Z+log(l—z)—log<1—5)),

ha(2) ! ( & _ log(1 — z) + log (1 + Z))

:a 1—=2 7

and

7T (8 =z z
gz(z)64(71_Z+10g(1z)10g(1+7)>.

Then we have
? 1
hi(2) + gr(z) :/0 a 75)2d€= 1527

wi(z) = g1(2)/hi(2) = —2/5 and  wa(2) = g5(2)/hy(2) = 2/7.
Hence, by Theorem 2.1, the mapping f = nf1 + (1 — n)f2 is univalent and
convex in the real direction for n € D.

3. The combination f

In this section, we find some sufficient conditions for the mapping f defined
by (1.4) to be univalent and convex in some direction. We examine separately
the case when 7 is real.

Theorem 3.1. Let ¢ be an analytic mapping convez in the direction v € [0, ).
For k=1,2, let fr, = hi, + gr € Su satisfy the condition

(3.1) AMhi —e*7g1) = hy —e*7gs = X

for some A € R. If any one of the following conditions holds:

(i) A>0and0<n<1,0orA<0andn<0, or
(ii) A =1, the dilatation wy of fi satisfies |wg| < ax < 1 and n € C such
that
‘77| S (1 — al)(l — 012)
2(0&1 -+ Otg)

then the mapping f given by (1.4) is univalent and convex in the direction 7.

Proof. Since

f=nhi+ {1 =nha+ng +(1—1)g2 = h+7,
the equation (3.1) shows that

h—eg=n (h1 —¥g — hy + e2i7g2) + hy — 7 gy
=0 = M)+ Mp = (n+ A (1 —n))¢.

Therefore, in view of the assumptions on 9 and ), the mapping h — €2"7g is
convex in the direction ~.
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Our result follows from Lemma 1.1 if the mapping f is locally univalent
and sense-preserving. We show this by proving the dilatation w of f satisfies
lw| < 1. Since g;, = wih},, the dilatation w of f is given by

(3.2) oo O _na+ A —mgy _ mwihy + (1 - nwahy
Wby + (1 =mn)hy nhy + (1 —=n)hy
On using g;, = wih}, in (3.1), we see that
__ v _M
1= e 1— 2wy
Substituting the values of b} and h} from (3.3) in (3.2), we have
~nwi(1— ewa) + A1 — n)wa (1 — wy)
(1= e2wg) + A1 —n)(1 — e2rwy)

3.3 ¥ and h, =
1 2

(3.4)

With wy, replaced by e~ 2wy, the above reduced to
207y, w1 (1l —wa) + A1 — n)wa (1l — wy)
Nl —w2) + A1 —n)(1 —w1)

Case (i). If either 7 is real with 0 <7 <1 and A > 0, or ) is real with n <0
and A < 0, then both

(3.5) e

n and A —n)
n+ A1 —n) n+A(l—n)
are non-negative, and at least one of them is positive. In this case, it is easily
seen that the denominator in the above expression of w does not vanish in D
for the values of 7 and A. Therefore, by using (3.5), it follows that

1+ 7w . Nl +w)(l—wa)+ A1 —n)(1+ws)(1l—wr)
Re(l—e%) - ( 1+ A0 — (1~ w2)(1 — 1) )

oo =me(ra) (g s

Since |wg| = [€*wy| < 1, we have Re((1 +wi)/(1 +wg)) > 0 on D. Therefore,
(3.6) shows that
1 217y
Re (2 ) >0
1+ e*w
on D. Hence |w| = [¢*w| < 1 on D, which implies that f is locally univalent

and sense-preserving.
Case (ii). For A =1, we see from (3.5) that

2iy,, _ M1(1 —wa) + (1 = n)wa (L —wy)
(1 —ws) + (1 =n)(1 —w1)
Above equation shows that |w| < 1 on D if and only if

w1 (1 = w2) + (1= mwa(1 —w1)* < (1 = wa) + (1 = n)(1 —w1)]?,

€
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or equivalently if and only if

(3.7) 11— wi]? (1= |wal?) +2Re (n(wi —w2)(1 — @7)(1 —w3)) > 0.
Therefore, |w| < 1 on D if

11— wi| (1= [w2]?)

2/(wr = w2)(1 = w2)|

In| <

But |wk| < aj implies that
1 —wi] (1= |w2l?) S (1—a1)( - a9)
2[(w1 — w2)(1 — w2) 2(on + )
Hence, |w| < 1 for all n € C with

(1-—a1)(1—a2)
2(0[1 + O[Q) ’

Remark 3.2. Since the mapping ¢(z) := foz Y (€)dE, where 9, ,, is given by
(1.5), is convex (convexity of ¢ is easily seen by observing that Re (1 + z¢" /¢")
> 0 on D), and hence convex in the direction y. Therefore, we can take ) = v, ,,
in Theorem 3.1. However, in this case, we will show f in Theorem 3.1 belongs
to class Ky of all convex harmonic mappings in Sy, provided v = 1+ /2 and
A = 1. In fact, we have a more general result, see Theorem 3.4.

In| < O

For any non-negative integer n, define the differential operator D™ : A — A
on the class A of all analytic mappings f as: D°f(z) = f(z) and D"f(z) =
2(D""1f) () for n > 1. For the harmonic mapping f = h + g, define D" f :=
D"h + Dng. In order to prove our next result, we use the following straight
forward generalization of Sheil-Small’s [16] result on the relation between the
starlike and convex harmonic mappings.

Theorem 3.3. If f = h+7 is a starlike harmonic mapping in S, and H and
G are the analytic mappings defined by

D"H=h, D"G=(-1)"g, H(0)=H'(0)—-1=G(0) =0,
then the mapping F = H+ G € Ky.
Theorem 3.4. For k =1,2, p € [0,7) and v € [0,27), let fr = hi + Gk be a

harmonic mapping with h(0) = h'(0) —1 = 0. Let D"~ f;. be locally univalent,
sense-preserving and

(3.8) hi(z) +e*(=1)""1gr(z) _ EAZHZZ ( L /OZ1 P (€)dE - > dzp—1,

z z 1

where 1, ., is given by (1.5). If
(i) 0<n<1, or
(ii) the dilatation wy of D" fy. satisfies |wi| < ax, < 1 and n € C such

that
(1 — al)(l — 012)

<
In| < 3o + 0g)

)
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then the mapping f given by (1.4) belongs to Ky

Proof. Since

(3.9) f=nh1+ (1 =nhz+ng+ (1 —n)go = h+7,

we have

h(z) + &¥g(z) = 0 (hi(2) + ¥ gi1(2) — ha(2) — ¥ ga(2)) + ha(2) + ¥ ga(2)
= hy(2) + " gy(2).

Let H(z) := D" 'h(z) and G(z) := (=1)""1D"1g(2). In view of (3.8), we see
that

(3.10) H(z) + E#G(z) = D" h(z) + it (—1)" D" 1 g(z) = / (€.

and hence H' 4+ e 2#G' = Yy, Theorem 3.1, in view of the assumptions
on D" 1f,, shows that the mapping F := H + G is locally univalent and
sense-preserving. We will show that it is convex. In view of Lemma 1.1, it
suffices to show that the mapping H — €@ is convex in the direction @ for
all f# ranging in an interval of length 7. In other words, it is sufficient to show
that the mapping ¢(“~% (H — ¢%?@) is convex in the direction g for all § such
that —7/2 < p— 60 < 7/2. Since f is locally univalent and sense-preserving,
|G’'/H'| <1 on D, and hence
H — eQiHG/
Re (W> > 0.
Above inequality shows that

i(pu—0) H — 210y i(pn—0) H — e2i03)
Re(e ( e G)>:Re(e ( e G))

¢u,u H' + eQiMG/
(ei(p‘fa)H/ _ 621'/,1,677;(#79)(;1/
= Re ( H' + e2nG’ )
H' — eZz‘uG/ o
=Re (cos(,u - H)W +isin(p — 9))
H — eZsz/

Therefore, in view of (3.11), Remark 1.3 shows that the mapping e*(*=¢) (H —
e? @) is convex in the direction y for all § such that —w/2 < u—60 < /2. Thus
F is convex, and hence starlike. Also, (3.9) shows that the normalization of fj
implies the normalization of f . The result now follows by Theorem 3.3. (]

Using Remark 1.3, Theorem 3.1 gives the following result.
Theorem 3.5. For k=1,2, let fr, = hy + gx € Sy such that

(812)  hu(z) — eBbgu(z) = /Ozw#y(g)p(g)dg, wel0,m),v € [0,2n),
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where 1, ,, is given by (1.5) and p is an analytic mapping with Rep > 0 on D.
If
i) 0<n<1, or
(i) the dilatation wy of fi satisfies |wi(2)] < ax <1 and n € C such that
(1—-a1)(1—az)
nl < ———1——
2(&1 + 0[2)

then the mapping f given by (1.4) is univalent and convex in the direction p.

Proof. Since Rep > 0 on D, we have

Re (G ([ onete ) ) =n o (gt owt2)

= Rep(z) > 0.

Therefore, by Remark 1.3, the mapping foz P, (§)p(§)dE is convex in the direc-
tion u. Hence, in view of equation (3.12), Theorem 3.1 follows the result. [

Corollary 3.6. Let vy, vy € [0,27), p € [0,7) and A, B > 0 with A+ B > 0.
Also, for k=1,2, let fr, = hx + gk € Sy such that

- 2(1 — ze ™ cosv z
B13) )+ gl = AT g [ e

where ¥, ., is defined in (1.5). Then the mapping f given by (1.4) is univalent
and convez in the direction p+ 7/2 for all n given as in Theorem 3.5.

Proof. We can write (3.13) as

i 2 1 —2e " cosyy + E2e 2
hk(z) + €2 “gk(z) = A <A (1 — 526_12i“>2 + Bi/}u’l,,z d€

z d z
:/0 % = /0 9(8) - Ypurn2,0(E)d,

where ¢ is given by
1 —2ze # cosvy + z2e 2 1 — z2e=2im

z)=A . B . —
9(2) 1 — 22— 2in * 1 —2ze M cosvy + 222k

Now, for v € [0,27), and, for z € D,

1—2 e—21/¢
Re - -
1 —2ze " cosy + z2e—2iH
_ 1= |2]* — 2cosy(1 — |2]?) Re(e~2)
|1 — 2z~ cosy + z2e~ 2|2
o (L= [zP)(1 + [2]* — 2| cosy| Re(e~*2))
- |1 — 2ze~# cosy + 222 |2

> 0.

Therefore Req > 0 on . The proof now follows by Theorem 3.5. (|
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Remark 3.7. Corollary 3.6 reduces to [19, Theorem 3] of Wang et al. when
A=1 B=0,pu=mand v, =0 and to [13, Theorem 2.1] of Kumar et al.
when A=1, B=0and p = 7.
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