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SOME FIXED POINT THEOREMS FOR WEAKLY PICARD
OPERATORS IN COMPLETE METRIC SPACES AND
APPLICATIONS

DoaAN TRONG HIEU AND Bul THE HuUNG

ABSTRACT. In this paper, we prove new fixed point theorems for single-
valued and multi-valued weakly Picard operators in complete metric
spaces and give several examples. As applications, we give several re-
sults to Fredholm integral equation.

1. Introduction

It is well known that the classical Banach fixed point principle plays an
important role in applied mathematics. There are many generalizations of
classical Banach fixed point principle, see for instance ([1-13]) and others. Re-
cently, different authors proposed different types of formulations, all expressing
different contractive type conditions and most of these contractions are Picard
operator and therefore lead to the uniqueness of the fixed point. In this paper
we prove some fixed point theorems for single-valued and multi-valued weakly
Picard operators in complete metric spaces which that the uniqueness of the
fixed point is not guaranteed, and give several examples. Finally, we give sev-
eral results to Fredholm integral equation.

2. Fixed point theorems for single-valued weakly Picard operator

In this section, we present two fixed point theorems for single-valued weakly
Picard operators.

Definition 2.1. Let (X, d) be a metric space and T : X — X be a single-
valued operator from X to itself. We say that T is a single-valued operator
weakly Picard operator if for all z € X, there exists a sequence {z,,} such that:
(i) 1 =z, xpy1 =Tay foralln=1,2,..
(ii) the sequence {x,} is convergent and its limit is a fixed point of T'.
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Theorem 2.1. Let (X, d) be a complete metric space and T be a single valued
mapping from X to itself. Suppose there exists o > 0 such that

1
id(xaT‘T) S d({E,y) Zmphes d(TI,Ty) < M($,y, Oé)d(i)’],y),

for all x,y € X, where
d(z, Ty) + d(y, Tz) + d(z,y)
2d(x, Tx) + d(y, Ty) + «

M(z,y,a) =

Then
(1) T has at least one fixed point T € X;
(2) for any x € X, the sequence {T™x} converges to a fized point;
(3) if z,5 € X are two distinct fixed points, then

o
d(z,y) > —.
(Ly)_g

Proof. Let xg € X be a fixed. Consider sequence {x,} by x,+1 = Tz, for all
n > 0. Set d,, = d(xp, xp41) for all n > 0. Since

1 1
id(fmen) = id(xnvmn—&-l) <d(rp, Tny1),

and by hypothesis, we have
dpy1 = d(Txy, Txpyr)
< M(2p, Tpt1, @)d(Tp, Trtr)
d(xn, Txpi1) + d(@png1, Tey) + d(@n, Tnt1)
- [ 2d(xp, Txy) + d(@pi1, TTpy1) + @
_ d(Tp, Tny2) + d(Tn, Tni1)
" 2d(Tn, Tng1) + d(Tpg1, Tng2) + o
<[ 2d(xp, Tna1) + d(Tpa1, Tnio)
T R2d(xn, Tng1) + d(Tpg1, Tngo) + @
L 2y 4 do
- [an +dpt1 +a

] : d($n, xn-i-l)

] cd(Tp, Try1)

| - d(zn, Tni1)

]-dn for all n > 0.

Set

_2dy +dnta

2y dpy +a

Then 0 < ¢, <1 and d,4+1 < ¢ d, for all n > 0. It follows that
dy, <dp—1 and d,, < cpcp—1---c1dg for all n > 1.

By the function f(t) = H_La is increasing on [0, 4+00), ¢, < ¢p—1 for all n > 2.
Therefore

Cn, for all n > 0.

CnCn—1---c1 <cf = 0asn— oo
Hence

lim ¢,cp_1---c1 = lim d, =0.
n—oo n—oo
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On the other hand, for all m > n, we have
A Xmyn) < d(Xp, Tpi1) + d(@pp1, Tngo) + -+ d(Tm—1,Tm)

=dp+dpy1+- -+ dno1
< epCp_1---C1dg+ Cpy16n - -c1dog+ -+ + Cm_1Cm—2- - - c1dp
=1 +chr1 4+ Cmo1Cm—2""Cnt1)CnCn_1-+-c1dg
<4+ 4" Hepen 1 crdo

<(l+a +c§+-~-)cncn,1-~-cld0

= %qcncn_l ---c1dg — 0 as n — oo.
Thus

nnoq s ) =0

This shows that {x,} is a Cauchy sequence in X. Since X is complete, {x,}
converges to some point Z € X. Now, we show that for any n > 0, either

1 1
(1) id(zn,Txn) < d(zp,T) or §d(Txn,Tzn+1) <dTz,,T).

Arguing by contradiction, we suppose that for some n > 0 such that
1 1
d(x,,T) < id(xn,T:ﬂn) and d(Tz,,Z) < id(T:vn,Tan).
Then, by the triangle inequality, we have
dp = d(xp, Txy) < d(2n,T) + d(Ten, T)

1 1
< id(:cn,Txn) + id(Txn,T:c,H_l)
1 1
= idn + idn+1
<d,.

This is a contradiction. Hence, from (1) for every n > 0 we have, either

d(Xp41,TT) < M(2p, T, a)d(2p, T),
or
d(Xp42,TT) < M(Tpt1,T, )d(Tpt1,T).
This is equivalent with either
d(xn, TZ) + d(xp41,T) + d(zp, T)

T) <
(2) d(xn-‘,-lv T$) — [ Qd(fﬂn, xn+1) =+ d(if7 T.’E) + «

] ~d(xp,T),

or

d(@n41, TT) + d(Tpi2, T) + d(T041,7)
2d(xpi1, Tnt2) +d(Z,TZ) + «

holds for every n > 0. Then, either (2) holds for infinity natural numbers n or
(3) holds for infinity natural numbers n. Suppose (2) holds for infinity natural

(3)  d(wni2,TT) < | |- d(zni, )
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numbers n. We can choose in that infinity set the sequence {ny} is a monotone

strictly increasing sequence of natural numbers. Therefore, the sequence {z, }

is a subsequence of {x,} and

d(xnk ) Ti') + d(xnkJrlv :Z.) + d(x”k > *’E)
2d(xp,, Tnypt1) +d(Z,TT) +

Letting k — oo and because {z, 11} converges to T we obtain klim Tnp+1 =17
— 00

d(l’nk+1,Ti') < [ ] : d(xnkvj)

thus TZ = z. So Z is a fixed point of T' If (3) holds for infinity natural numbers
n, by using an argument similar to that of above we have Z is a fixed point of
T. Suppose 7 is a fixed point of T" with Z # g, then

0= %d(E,T:E) < d(z, 7).
By hypothesis, we have
d(z,y) = d(Tz,Ty) < M (2,9, 2)d(Z, ).
This implies
o d(z,Ty) +d(g,Tz) + d(z,y
d(z,9) < | (z,Ty) +d(y, Tz) + d(z, )
2d(z,Tz) + d(y,Ty) + «

3d*(z,9)

o

Hence

=

Remark 2.2. Note that in Theorem 2.1, the ration M (z,y, o) might be greater
than 1 and the uniqueness of the fixed point is not guaranteed. The following
example shows this note precisely.

Example 2.3. Let X ={0,1,2} and let d : X x X — [0,4+00) by
d(0,0) =d(1,1) =d(2,2) =0,

d(0,1) = d(1,0) = %
d(0,2) = d(2,0) = g
d(1,2) = d(2,1) = 2.

Then (X, d) is a complete metric space.
Let T: X - X byT0=0,T1=1and 72 = 1. For a = 1, we have

d(0,T1) + d(T0,1) + d(0,1) 3

M(0,1,1) = ==
OLY) = =010 +dL, T +1 2’
M(1L2,1) = d(1,72) +d(T1,2) +d(1,2) 4
U 2d(1, T +d(2,T2)+1 3
_d(0,T2) +d(T0,2) +d(0,2) 5
M(0,2,1) = 2d(0,T0) +d(2,T2) +1 3
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Since 0 = 3d(0,70) < d(0,y) holds for any y € X and

0 = d(T0,T0) < M(0,0,1)d(0,0) = 0,
% — d(T0,T1) < M(0,1,1)d(0,1) = %
1 15
5 = d(T0,72) < M(0,2,1)d(0,2) = -

then
1
§d(0,TO) < d(0,y) implies d(T0,Ty) < M(0,y,1)d(0,y) for all y € X.

—~

Again, since 0 = %d 1,71) < d(1,y) holds for any y € X and

— d(T1,T0) < M(1,0,1)d(1,0) =

)

o Nl

=d(T1,T1) < M(1,1,1)d(1,1) =

0=d(T1,T2) < M(0,2,1)d(0,2) = —,

olm © wlw

then

1
§d(1,T1) < d(1,y) implies d(T1,Ty) < M(1,y,1)d(1,y) for all y € X.

Finally, by 1 = 1d(2,72) < d(2,y) if and only if y € X\{2} and

% = d(T2,T0) < M(2,0,1)d(2,0) =

)

Wl oo po| ot

0=d(T2,T1) < M(2,1,1)d(2,1) =

)

then
1
5d(2,T2) < d(2,y) implies d(T2,Ty) < M(2,y,1)d(2,y) for all y € X.
Therefore T satisfies all the conditions of Theorem 2.1 for a = 1. Also, T has
two distinct fixed points {0,1} and

1

- =d(0,1) >
S =d(0,1) >
Corollary 2.4. Let (X, d) be a complete metric space and T be a single valued

mapping from X to itself. Suppose there exists a > 0 such that

w|e

1
§d(x, Tx) < d(x,y) implies d(Tx, Ty) < M (z,y, a)d(z,y),

for all x,y € X, where
d(z,Ty) +d(y, Tx) + d(z, y)
2d(z, Tx) +d(y, Ty) + o«

Then T has a unique fized point if M(x,y,«) <1 for all z,y € X.

M(z,y,a) =
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Proof. From Theorem 2.1, T has a fixed point . If 7 is a fixed point of T, then
0= %d(f,T@) < d(z, 7).
By hypothesis, we have
d(z,y) = d(Tz,Ty) < M(z,y,0)d(Z, 7).
This implies
[1—M(z,7,o)ld(z,7) < 0.
Since 0 < M(%,y,«) < 1, d(Z,y) = 0. Hence T = 7. O
Example 2.5. Let X = {0,1,2} and let d: X x X — R by
d(0,0) =d(1,1) = d(2,2) =0,

Then (X,d) is a complete metric space. Let T: X — X by 70 = 0,71 =0
and T2 = 0. For a = 2, we have
d(0,7T0) + d(0,70) + d(0,0)

M 2) = =
0.0.2) = =500, 70) +d0. Toy + 2~

d(1,T1) +d(1,T1) +d(1,1) 2

M(1,1,2) = _z

(1,1,2) 2d(1,T1) +d(1,T1) + 2 7

_d(2,T2) +d(2,T2) +d(2,2) 2

M(2,2,2) = 2d(2,T2) +d(2,T2) +2 5

w(0,1,2) = 4O TY +d(L,T0) +d(0.1) _ 2

2d(0,70) +d(1,T1) + 2 5

d(1,T0) +d(0,T1) + d(1,0) 1

M(1,0,2) = _

(102 = = A T + d0, T0) + 2~ 3

d(1,T2) +d(2,T1) +d(1,2) 2

M(1,2,2) = _ =

(1,2.2) 2d(1,T1) 4 d(2,72) + 2 5’

d(2,T1) 4+ d(1,T2) +d(2,1) 4

M(2,1,2) = =

(2,1,2) 2d(2,72) +d(1,T1) + 2 9’

M(0,2,2) d(0,T2) + d(2,T0) +d(0,2) _ g,

2d(0,T0) +d(2,T2) + 2 3

d(2,T0) + d(0,T2) + d(2,0) 1

M(2,0,2) = _ 2

(2,0.2) 2d(2,T2) +d(0,70) + 2 2
Then M (z,y,2) < 1 for all z,y € X. Moreover, since d(Tz,Ty) = 0 for all

z,y € X, then
d(Tz,Ty) < M(z,y,2)d(z,y) for all z,y € X.
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Therefore T satisfies all the conditions of Corollary 2.4 for o = 2. Also, T has
a unique fixed points z = 0.

Theorem 2.6. Let (X, d) be a complete metric space and T be a single valued
mapping from X to itself. Suppose there exists o > 0 such that

1
§d(T337$) < d(x,y) implies d(Tz,Ty) < N(z,y, a)d(x,y),

for all xz,y € X, where
d(z,Ty) +d(y, Tx) + d(z, Tx) + d(y, Ty) + d(z, y)

N =
(z,y, @) 3d(x, Tx) + 2d(y, Ty) + a

Then
(1) T has at least one fized point T € X;
(2) for any x € X, the sequence {T™x} converges to a fized point;
(3) if &,y € X are two distinct fixed points, then

01
d(Z,5) > =.
(%y)_3

Proof. Let g € X be a fixed. Consider the sequence {z,,} by z,+1 = Tz, for
all n > 0. Set d,, = d(xy, xn41) for all n > 0. Then we have

1 1
§d(xnaT$n) = Ed(xnaxn-&-l) < d(xruxn-i-l)-

By hypothesis, we have
dn—l—l = d(Txn7T1'n+1)
S N($n7 Tn41, Oé)d(.’bn, anrl)
_ [d(-r’ru xn+2) + Qd(ZEn, anrl) + d(anrla xn+2)
3d(Tpn, Tpt1) + 2d(Tpi1, Try2) + @
< [ 3d($n, mn+1) + 2d(xn+17 xn+2)
a 3d(xn» xn+1) + Qd(anrh xn+2) + «
3t 2
- Y3d, +2dpi1 +a

|- d(zn, Tni1)

| - d(zn, Tni1)

} -d,, for all n > 1.
Set

_ 3dn + 2dn+1
"~ 3dp 4+ 2dpg1 +
Then 0 < ¢, <1 and d,41 < ¢ d, for all n > 0. It follows that

dn <d,_1 and d,, < ¢,cp_1---c1dg for all n > 1.

Cn for all n > 0.

By using an argument similar to that of the proof of Theorem 2.1, we have
completes the proof. O

Remark 2.7. Since
M(z,y,a) < N(z,y, ),
for all z,y € X and a > 0, then Theorem 2.6 implies Theorem 2.1.
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3. Fixed point theorems for multi-valued weakly Picard operator

Let (X, d) be a metric space. Let CB(X) be the collection of all nonempty
bounded closed subsets of X. Let T': X — CB(X) be a multivalued mapping
on X. Let H be the Hausdorff metric on CB(X) induced by d, that is,

H(A, B) := max{sup p(z, A); sup p(z, B)},
zeB z€A

where A, B € CB(X) and p(z, A) :=inf,c 4 d(x,y). Denote

0z, A) :=supd(x,y).
yeA

Definition 3.1. Let (X,d) be a metric space and T : X — CB(X) be a
multivalued operator. We say that 7' is a multivalued operator weakly Picard
operator if for all x € X and y € Tz, there exists a sequence {x,} such that:

(i) 21 =z, 29 = y;

(ii) @py1 € Ty foralln =1,2,..

(iil) the sequence {x,} is convergent and its limit is a fixed point of 7.

Theorem 3.1. Let (X, d) be a complete metric space and let T : X — CB(X)
be an multivalued mapping. Suppose there exists o > 0 such that

1
ip(.T,TCU) S d(x7y) Zmphes H(TQL',Ty) S P(m,y,a)d(x,y),

for all x,y € X, where

plz, Ty) + ply, Tx) + d(z,y)
26(x,Tx)+6(y, Ty) + «

P(z,y,a) =

Then
(1) T has at least one fixed point T € X;
(2) if z,5 € X are two fized points, then

(z,5) = SH(T%,T).
Proof. Let xyp € X and choose z1 € Txg.

Step 1. If H(Txg,Tx1) =0, then Txg = Tx;. Thus, x; is a fixed point of T
If H(Txo,Tx1) > 0, then for each h; > 1, there exists x5 € T'zy such that

d($1, .1‘2) < th(Ta?o, Tﬂ;‘l).

Step 2. Similarly, if H(Tzq,Txz2) = 0, then T'zqy = Tao. Thus, xs is a fixed
point of T. If H(Txy,Txzs) > 0, then for each hy > 1, there exists x3 € Tao
such that

d((EQ, .’Eg) < hQH(TZL'l, T(EQ)
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Step n. Continuing in this manner, if H(Tx,_1,Tx,) =0, then Tx,,_1 = Tx,,.
Thus, z, is a fixed point of T. If H(Tx,_1,Tx,) > 0, then for each h, > 1,
there exists x,41 € Tz, such that

d(Xp, Tpt1) < hn H(Txp—1,Txy).

The above process continues, if at step k satisfy H(Txp_1,Tx) = 0, then
xr is a fixed point of T' If not, we get obtain two sequences {x,} and {hy }n>1
such that z,, € Tx,_1,h, > 1 and

d(xn, pnt1) < hpnH(T2p—1,Tx,) for alln > 1.
Since %p(mn_l,Tacn_l) < d(xp—_1,,) and by hypothesis, we have
H(Txnflv Txn) S P(mnfla Ly a)d(xn,h l'n)

(@1, Tan) + p(2n, T 1) + d(Tp—1, )
B [ 26(:CTL—1’TITL—1) + 5(In7TSCn) + ] d($n,1,$n)
p(xn—la Txn) + d(xn_l, ,Z‘n)
4 - ) B '
W [25(‘%71771»%71) +6(xn, Tan) + a} (w1, 2n)

On the other hand, for some y,, € T(x,), we have
p(zp_1,Txy) + d(zn_1,2n) < d(Tp—1,Yn) + d(Tn—1,Tn)
20(zp—1,T2n-1) + 6(xn, Txn) + @ = 2d(Tn-1,%n) + d(Tn,yn) +
2d(Tp—1, %) + d(Tn, Yn)
- 2d($n,1, .Z‘n) + d(mm yn) +a

(5)

From (4) and (5), we have

2d(Tp—1,Tp) + (T, Yn)

H(Tzp_1,Tzy,) <
(Ten-1,T20) [2d(xn71,:nn)+d(afmyn)+a

|- d(@n_1,zn).

Set

. _ 2d(zp—1, l‘n) + d(l‘n, yn)
" 2d(xn—17$n) +d(zn,yn) +a
Then 0 < ¢, <1 and

dp, < hpendn—1, where d,, = d(xp, Tni1),dp—1 = d(Tp—1,Zp).
We choose h,, = —=. Then we have

Ven
dn < VCndp_1.

This implies
CpCp—1-"" Cldo.

By using an argument similar to that of the proof of Theorem 2.1, there exists
Z € X such that lim z, = Z. We show that for any n > 0, either
n—oo

1 1
(6) ip(:nn,Tmn) < d(xn,T) or §P($n+17T$n+1) < d(Xp11,T).
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Arguing by contradiction, we suppose that for some n > 0 such that
_ 1 _ 1
d(x,,T) < Qp(mn,Txn) and d(zp41,7) < gp($n+1,T$n+1)-

Then, by the triangle inequality, we have

dp, = d(xn, Tpy1) < d(@n, T) + d(Tp11, T)
1 1
< gp(xn,Tfn) + §P($n+17Tﬂfn+1)

1
< d(xnv mn+1) + id(xn+1a xn+2)

IN
QLN =

n-

This is a contradiction. Hence, from (6) and by hypotheses for each n > 0,
either

(7) H(T{En,T.’f) SP(xnvi.va)d(xnaf)a
or
(8) H(Txyp11,T%) < P(xpt1,Z, 0)d(Tpi1, T).

Then, either (7) holds for infinity natural numbers n or (8) holds for infinity
natural numbers n. Suppose (7) holds for infinity natural numbers n. We can
choose in that infinity set the sequence {n} is a monotone strictly increasing
sequence of natural numbers. Therefore, sequence {z,,} is a subsequence of
{z,} and

p(z,TZ) < d(xpy41,2) + H(Txp,, TZ)

p(xnk ’ Tj) + p(.f, T.T?nk) + d(x"k ) 'f)
20(zp,, Txp,) +0(2,TZ) +

2d(xn,,, T) + p(Z,TZ) + d(xp, +1,T)
2d(ny, Tnpt1) +0(2,TZ) + «

< d(n,41,7) + ] - d(@n,, )

S d(xnk-‘rla j) + [ ] : d(xnka‘f)-
On taking limit on both sides of above inequality, we have p(Z,TZ) = 0. It
means that z € TZ. If (8) holds for infinity natural numbers n, by using an
argument similar to that of above we have Z is a fixed point of T'. Now, let 7 is
a fixed point of T'. Since 0 = %p(f, TZ) < d(Z, ) and by hypothesis, we have

H(Tz,Ty) < P(z,y,)d(Z,7)

_ p@ Ty + p(y,Tz) + d(2,9) -

= 20(z,Tx) + 6(y, T) + « ]-d@,9)

- [d(fc,zj) +d(z,7) + d(f,g)] d(z.g).
This implies
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Example 3.2. Let X = {0,1,2} and let d : X x X — [0,4+00) by

0 ifr=yeX,
d(x,y)—{ 2, ife#£yeX.

Then (X, d) is a complete metric space.
Let T: X - CB(X) by T0 = {0},71 = {1} and T2 = {1,2}. For a = 2,
we have
H(T0,T1)=H(T0,72) = H(T1,T2) = 2,

e (0,71) + p(1,70) +d(0,1)
p(0,T1) + p(1,T0) + d(0, 1
P(0,1,2) = =3
(0.1,2) 26(0,70) 4+ 6(1,T1) + 2 ’
(0,72 + p(2,T0) +d(0,2) 3
P0,2,2) = 20(0,70) +6(2,72) +2 2’
pLo.z) - ALTD P2 T +d0.D)
20(1,T1) + 0(2,72) + 2
We early check that %p(m, Tz) <d(z,y) for all z,y € X. On the other hand
2 = H(T0,T1) < P(0,1,2)d(0,1) = 6,
2 = H(T0,T2) < P(0,2,2)d(0,2) = 3,

2 = H(T1,T2) < P(1,2,2)d(1,2) = 2.

Hence
H(Tz,Ty) < P(z,y,a)d(z,y) forall z,y € X.
Therefore T satisfies all the conditions of Theorem 3.1 for a = 2. Also, T" has
three distinct fixed points {0, 1,2}. Moreover, we early check that
2
d*(z,5) > gH(T:rng) for all 7,5 € X.

Corollary 3.3. Let (X,d) be a complete metric space and let T : X — CB(X)
be an multivalued mapping. Suppose there exists a > 0 such that

1
§p(w7Tx) < d(z,y) implies H(Tx,Ty) < P(z,y,a)d(z,y),

for all x,y € X, where

p(@,Ty) + p(y, Tz) + d(z, y)
26(x,Tx)+6(y, Ty) + «

Then T has a unique fized point if P(x,y,a) <1 for all z,y € X.

P(z,y,a) =

Proof. From Theorem 3.1, T has a fixed point Z. If ¢ is a fixed point of T', then
1

By hypothesis, we have
H(Tz,Ty) < P(2,y,2)d(Z,9).
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Since d(z,y) < H(Tz,Ty),
[1 - P(;i‘,:[%&)]d(:f,ﬂ) <0.

Thus, d(Z,y) = 0. Hence Z = 7. O

Theorem 3.4. Let (X, d) be a complete metric space and let T : X — CB(X)
be an multivalued mapping. Suppose there exists o > 0 such that

1
§p(x,Tx) < d(x,y) implies H(Tx,Ty) < Q(z,y, a)d(z,y),

for all x,y € X, where

p(z, Ty) + ply, Tz) + p(z, Tz) + ply, Ty) + d(@,y)
36(z, Tx) +26(y, Ty) +

Qz,y,a) =

Then
(1) T has at least one fized point T € X;
(2) if T,y € X are two fized points, then

d*(z.) > SH(TZ,T).

Proof. Let zp € X. By using an argument similar to that of the proof of
Theorem 3.1, for each n > 1, there exist x1, zs2, 23, ..., 2z, with z,, € Tx,_; for
alln > 1. If H(Txp—1,Tx,) =0, then Tx,,—1 = Tax,. Thus, z, is a fixed point
of T. f HTxy—1,Tx,) > 0, then for each h,, > 1, there exists x,+1 € Tx,
such that

d(Xp, Tpt1) < hn H(Txp—1,Txy).
Since %p(xn,l,Txn 1) < d(xp-1,2,) and by hypothesis, we have
H(Tl'n 17Txn) Q(fn 1,35”,&)(1(%“,1,1'”)

[ 3d(Tn-1,2n) + 2d(20, Yn)
xn 15 xn) + 2d(33na yn) + o

IN

] : d(ﬁrnfh xn)

for some y, € Tx,. Set

3d(Tp—1,2n) + 2d(Tp, yn)
3d(l’n71, $n) + 2d(1’n, yn) +a

Cp =

Then 0 < ¢, < 1 and
dp, < hpcpdn—1, where dp, = d(2y, Tpi1),dn—1 = d(Tn-1,Zn).

By using an argument similar to that of the proof of Theorem 3.1, we have
completes the proof. O

Remark 3.5. If T is a single map, then Theorem 3.1 reduces to Theorem 2.1
and Theorem 3.4 reduces to Theorem 2.6.
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4. Application to Fredholm integral equation

Consider the Fredholm integral equation

/Kts s)ds, t € [a,b],

where K(t,s) is continuous on the square [a,b] x [a,b] and z € Clq ).

Theorem 4.1. Let K(t,s) be a continuous function on the square [a, b] x

Suppose there exists a > 0 such that

1
— max |z(t) / K(t, s)x(s)ds| < max |z(t) — y(t)]

2 tefa,b] t€la,b)
implies
F(z,y)

b
was | [ K )lals) — )] < o 0 e

t€la,b]
for all z,y € Clq ), where

F(z,y) = max |x(¢) /Kts s)ds|
te[a,b]

+ max |y(t) / K(t,s)z(s)ds| + max |x()
t€(a,b]

G(z,y,a) = 2 max_|z(t) /Kts s)ds|
t€la,b)

+max|y /Kts y(s)ds| + a.
te(a,b]

Then

x |z(t) — y(t)]

(1) Fredholm integral equation has at least one solution T € Cla,b;

(2) if 2,7 € Clap) are two distinct solutions of Fredholm integral equation,

then
iy > el
e |z(t) = 5()| = 5.
Proof. Set X = Clap and d : X x X — [0, +00) by
y(t

d(w.y) = max (1) = (D).

Then (X, d) is a complete metric space. Let T : X — X by

b
x(t) :/ K(t,s)x(s)ds

Since hypothesis, we have

1
d(z,Tz) < d(z,y) implies d(Tz, Ty) < M(z,y, a)d(z,y),

87

[a,b].
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for all z,y € X, where

By

F(x,y)

Theorem 2.1, there exists £ € X such that £ = Tz. This means that z

is a solution of Fredholm integral equation. Moreover, if 7,y € Cly,) are two
distinct solutions of Fredholm integral equation, then

[0
() — g(t)] > =
tgl[g»flgllx() y()\_3

This completes the proof. (I
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