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LEGENDRE TRAJECTORIES OF TRANS-S-MANIFOLDS

SABAN GUVENG

ABSTRACT. In this paper, we consider Legendre trajectories of trans-S-
manifolds. We obtain curvature characterizations of these curves and
give a classification theorem. We also investigate Legendre curves whose
Frenet frame fields are linearly dependent with certain combination of
characteristic vector fields of the trans-S-manifold.

1. Introduction

Let (M, g) be a Riemannian manifold, F' a closed 2-form and let us denote
the Lorentz force on M by ®, which is a (1, 1)-type tensor field. If F' is associated
by the relation

(1) g(®X)Y) =F(X,Y), VX,Y € x(M),

then it is called a magnetic field ([1], [3] and [7]). Let V be the Riemannian
connection associated to the Riemannian metric g and v : I — M a smooth
curve. If v satisfies the Lorentz equation

(2) VY (1) = @(v(1)),
then it is called a magnetic curve for the magnetic field F'. The Lorentz equa-
tion is a generalization of the equation for geodesics. Magnetic curves have
constant speed. If the speed of the magnetic curve «y is equal to 1, then it is
called a normal magnetic curve [8]. For extensive information about almost
contact metric manifolds and Sasakian manifolds, we refer to Blair’s book [4].
Let v(¢) be a Frenet curve parametrized by the arc-length parameter ¢ in an
almost contact metric manifold M. The function 6(t) defined by cos[6(t)] =
g(T(t),€) is called the contact angle function. A curve v is called a slant
curve if its contact angle is a constant [6]. If a slant curve is with contact
angle 7, then it is called a Legendre curve [4]. Likewise, C. Ozgiir and the
present author defined Legendre curves of S-manifolds in [15]. A curve v : [
— M = (M?"*s f &, m,9) is called a Legendre curve if n;(T) = 0, for every
i =1,...,s where T is the tangent vector field of . This definition can be
used in trans-S-manifolds.
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Let v be a curve in an almost contact metric manifold (M, ¢, &,7n,g). In [12],
Lee, Suh and Lee introduced the notions of C-parallel and C-proper curves
in the tangent and normal bundles. A curve « in an almost contact metric
manifold (M, ¢,&,n,g) is defined to be C-parallel it VoH = X, C-proper
if AH = X\, C-parallel in the normal bundle if V&H = A\, C-proper in
the normal bundle if A*H = X, where T is the unit tangent vector field
of v, H is the mean curvature vector field, A is the Laplacian, A is a non-
zero differentiable function along the curve v, V+ and At denote the normal
connection and Laplacian in the normal bundle, respectively [12]. The present
author and C. Ozgiir generalized this definition for S-manifolds in [10]. In the
present study, this definition will be used in trans-S-manifolds as well.

An almost contact metric manifold M is called a trans-Sasakian manifold
[14] if there exist two functions o and 8 on M such that

(3) (Vx)Y = alg(X,Y)§ —n(Y)X] + Blg(¢X,Y)E = n(Y)pX]

for any vector fields X,Y on M. C-parallel and C-proper slant curves of trans-
Sasakian manifolds were studied in [9].

2. Preliminaries

Firstly, let us recall framed f-manifolds. Let (M, g) be a (2n+s)-dimensional
Riemann manifold. It is called a framed metric f-manifold with a framed metric
f-structure (f,&,n:i,9), 1 € {1,...,s}, if it satisfies the following equations:

4) f2:—1+§:77i®5i, ni(&§5) = 6ij, [(&) =0, niof=0

(5) g(f X, fY) =g(X,Y) —Zm(X)m(Y),
(6) n:i(X) = g(X, §).

Here, f is a (1,1) tensor field of rank 2n; &;,...,&s are vector fields; 1y, ..., 75
are 1-forms and ¢ is a Riemannian metric on M; X, Y € x(M) and i,j €
{1,...,s} [13]. (f,&,m,g) is called S-structure, when the Nijenhuis tensor of
@ is equal to —2dn' @ & for all i € {1,...,s} [4].

Secondly, the concept of trans-S-manifolds is as follows:

A (2n + s)-dimensional metric f-manifold M is called an almost trans-S-
mamnifold if it satisfies

[ @ {g (X Y &+ (V) 2X
@ (VX”Y‘Z{ e A Lyas el

where «;, 8; (i =1,...,s) are smooth functions and X,Y € x(M) [2]. If M
is normal, then it is called a trans-S-manifold. If s = 1, a trans-S-manifold

i=1
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becomes a trans-Sasakian manifold. In trans-Sasakian case, the above condition
implies normality. But, for s > 2, this statement is no longer valid [2]. Since
®) L AXY)+ 250 dns (X, Y) & = 3275y Ing (Vx&)ny (V) =0 (Vy&) n; (X)) &,

and {&;};_, is g-orthonormal, it is found that

S

> i (Vx&)ng (V) =0 (Vy&) i (X)] =0

j=1
foralli=1,...,s. After calculations, one obtains
(9) Vx& =—aifX — Bif°X

fori=1,...,s[2].

The notion of a Frenet curve is well-known as below:

Let us consider a unit-speed curve v : I — M in an n-dimensional Riemann-
ian manifold (M, g). If there exist orthonormal vector fields Ey, Fs,..., E,
along ~ satisfying

E, = ’VI =T,
VrE, = k1Es,
(10) VrE; = —k1E1 + Ko Es,

VTET = 7/<5r—1Er—la

then v is called a Frenet curve of osculating order r, where Ki,...,Kk,_1 are
positive functions on I and 1 < r < n.

A Frenet curve of osculating order 1 is called a geodesic. A Frenet curve of
osculating order 2 is a circle if k; is a non-zero positive constant. A Frenet
curve of osculating order r > 3 is called a heliz of order r, when K1,...,K._1
are non-zero positive constants; a helix of order 3 is simply called a heliz.

Finally, we can define Legendre curves in trans-S-manifolds like:

Definition. Let M = (M?"** f & n;,g) be a trans-S-manifold. Consider a
unit-speed smooth curve v : I — M and its unit tangential vector field T' = +'.
If n;(T) =0 for alli = 1,2,...,s, then it is called a Legendre curve.

Here are the direct results from the definition:

f2T = _Ta
(11) k1mi (B2) + Bi = 0,
(Vo )T =Y &,

=1

which gives us

VrofT = (V)T + f(VrT)



230 S. GUVENC

(12) = aili+ f (k1E3)
i=1

= Zaifi + K1 fEs.
i=1
Let us recall what a magnetic curve is and what we mean by trajectory:
Let M?n+s = (M?"*5 f & .m;,9) be a trans-S-manifold and  the funda-
mental 2-form of M?"t defined by

(13) QX,Y) = g(X, [Y),
(see [13]). From Proposition 3.1(i) in [2], for a trans-S-manifold,
(14) dQ =20 A Z Bin;.

i=1

When (2 is closed, the magnetic field F, on M?"** can be defined by
Fy(X,Y) = qQ(X,Y),

where X and Y are vector fields on M?""¢ and ¢ is a real constant. F is called
the contact magnetic field with strength ¢ [11]. If ¢ = 0, then the magnetic
curves are geodesics of M?"**. Because of this reason one can consider ¢ # 0
(see [5] and [8]).

From (1) and (13), the Lorentz force ® associated to the contact magnetic
field F;; can be written as

¢, = —qf.
So the Lorentz equation (2) can be written as
(15) VT = —qfT,
where v : [ C R — M?""% is a smooth unit-speed curve and T' = 7/ (see [8]
and [11]).
From 14, for trans-S-manifolds, notice that 2 does not need to be closed in
general. But, we can still look for curves satisfying Vo7 = —q¢T in a trans-

S-manifold, calling them trajectories. In this paper, for sake of computations,
Legendre trajectories will be considered. The general solution of the problem
is in progress.

For the last part of this study, it is necessary to define C-parallel C-proper
curves as below:

We can generalize the definition from [10] to trans-S-manifolds:

Definition ([10]). Let v : I — (M?"%*, f &, n;,g) be a unit speed curve in a
trans-S-manifold. Then -y is called
i) C-parallel (in the tangent bundle) if

VrH = )\zs:&,
i=1
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i) C-parallel in the normal bundle if
ViH =)\ &,
i=1
iii) C-proper (in the tangent bundle) if

AH = Ai&,

=1

iv) C-proper in the normal bundle if
AYH =) 6,
i=1

where H is the mean curvature field of v, X\ is a real-valued non-zero dif-
ferentiable function, V is the Levi-Civita connection, V' is the Levi-Civita
connection in the normal bundle, A is the Laplacian and A+ is the Laplacian
in the normal bundle.

From the definition, same direct proposition as in [10] is obtained:

Proposition 2.1 ([10]). Let v : I — (M?"* f,&.m:,9) be a unit speed curve
in a trans-S-manifold. Then
i) v is C-parallel (in the tangent bundle) if and only if

(16) — KT + K\ By + k1o B3 = AY &,
=1

ii) v s C-parallel in the normal bundle if and only if

(17) KjllEQ + Ki1koF3 = )\ifz,
i=1

iii) v is C-proper (in the tangent bundle) if and only if

(18) 3rk1k) T+ (K5 + K1k5 — K1) By — (2] ko + k1 kh) B3 — iy kigks oy = Ai&,
i=1

iv) v is C-proper in the normal bundle if and only if

(19) (k1K3 — KY) B2 — (261 K2 + K1kb) B3 — KikoksEy = )\iﬁr
i=1
3. Main results on Legendre trajectories

Let M = (M, f,&,n:,9) be a trans-S-manifold and v : I — M a unit-
speed Legendre curve with arc-length parameter ¢. Assume that 7 satisfies
V1T = —qfT. Then, using (5) and (10), we have

V1T = —qfT = k1 E»
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and
g(fT,fT)=1.
So,
fT 0.
Using the norm of both sides gives us
(20) k1= |q|.
Thus
lq| B2 = —qfT
and
where § = sgn(—¢q). From (11) and (21), we have
5i |7 =0.

(21) gives us
(22) fEy = —0T.
From (12), (21) and (22), we can write
VrfT =6VrEs = 6(—k1T + k2 E3)
= Z Ckigi — Hl(ST.

i=1
As a result, we find

(23) keBs =0 aié,
i=1

which gives us

(24)

Then
I€2=0<:>Ozi|—y =0.

Let ko # 0. Notice that sgn (g (Es, > i, a;&;)) = . Using (23) and (24), we

find

(25) By = Z ai;.

11 111

If we differentiate Fs3, we obtain

(26)

H3E4—(5Z \/704 i-
z 1
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(27) Ry = | >[5

Moreover, if k3 = 0, then
Q

Z?:l 0172

= ¢; = constant, Vi.

Hence
S S
>t (3o 1) <o
i=1 i=1
So,
Y ol =0k =0,
i=1
or
Z =1
i=1
To sum up, if k3 = 0 and k2 # 0, we have
Ey = 61T,
E3=6) ci&,
i=1
where
(28) o2 =23 a2 vi,
i=1
(29) ¢; = constant such that Z 2 =1.

i=1

Now we can state the following theorem:

Theorem 3.1. Let v : I — M be a Legendre trajectory. Then v is one of the
following:

1) a Legendre circle with k1 = |q| and the Frenet frame field {T,dfT} , where
0 = sgn(—q). In this case, a; =0, 8; = 0, Vi.

2) a Legendre curve of osculating order r > 3 with

S

E 2
s,

i=1

K1 =|Q|w‘€2=

k3 given in (27) and the Frenet frame field
{T,0fT,E3,Ey,...,E.},
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where 6 = sgn(—q); Es, E4 are given in (25) and (26), respectively. In this
case, oy # 0, Ji, B; = 0,Vi. Moreover, if r = 3, equations (28) and (29) are
also satisfied and its Frenet frame field is

{T,6fT, Es} .

4. Main results of C-parallel and C-proper Legendre curves

Let M?"*s be a trans-S-manifold and v : I — M a Legendre curve in M,
ie, n;(T) = 0,Vi. Now, we will consider four cases.

i) C-parallel in the tangent bundle:

From Proposition 2.1, we have

—H%T + /€/1E2 + I<L1KJ2E3 = )\Zfz
i=1

If we apply T to both sides, we have the following result:

Theorem 4.1. There does not exist a C-parallel Legendre curve (in the tangent
bundle) in a trans-S-manifold.

ii) C-parallel in the normal bundle:
From Proposition 2.1, we can write

S
(30) K\ Ey + k1ka B3 =AY &
i=1
Now, let us consider two subcases r = 2 and r > 3, where r denotes the
osculating order of ~.
a) r=2.
In this case, since k2 = 0, (30) becomes

(31) KBy = )Y &
i=1

So, we can state the following theorem:

Theorem 4.2. Let v = 2. Then ~v is C-parallel in the normal bundle if and
only if
R1 = :F\/gﬁa
)‘ = _ﬁ/7
Zfi =+/sE,.
i=1

In this case, f1 = Pa=--+=Fs = and Y a; =0.
i=1
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Proof. If we apply &; to (31), using the fact that g (&;,&) = n;(&) = 0ji, we
have

(32) kin; (B2) = A\, Vj.
Also, (11) gives us
—B;
(33) 1y (o) = —*.
K1
From (32) and (33), we can write
_ !
(34) A= ""18, v
K1
This gives us f; = f2 = --- = B, = [ for some function 5. On the other hand,
(31) shows that > & and FEy are parallel. Since
i=1

IIENE (Z&,Za) =sand |Ef =1,
i=1 =1 1=1

we obtain
(35) > & =+VsEs,
=1

depending on their directions. From (9), replacing X = T, for a Legendre
curve, one may obtain

(36) Vré = —aifT — Bi f*T
= —a; fT + BiT.

Since r = 2, i.e., kg = 0, differentiating (35) and using (36), we find

(37) - (im) fT + (iﬁl> T = i\/g(—ﬁlT) .

Then, fT L T gives us Y, a; = 0. We also have > 3; = s. From (37), we get
i=1

3 i=1
(38) K1 = FVsp.
If we consider (34) and (38) together, we can write A = —f’. O
b) r > 3.

In this case, for a smooth function w = w(t), we have

(39) Z& = /s (coswEy + sinwkE3) .
i=1
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If we differentiate the above equation, we have
S

(40) Zﬁl = —/sk1 cosw

i=1
and

1 S

(41) Ko =4+—) a; —w'.

We also have

—K1K)

(42) A= — .
> Bi
i=1
Since fT | FE;, we can write
(43) fT =+ (sinwEy — coswEs).
Thus, we have the following result:

Theorem 4.3. Let v > 3. Then ~v is C-parallel in the normal bundle if and
only if equations (39), (40), (41), (42) and (43) are satisfied.

iii) C-proper in the tangent bundle:
In this case, Proposition 2.1 gives us

S
31k T + (K3 + k1k3 — KY) Bs — (26 ko + kikb) Es — kikoks Eq = )\Zfi.
i=1
If we apply T, we directly have k1 =constant. Then the equation reduces to

K1 (Ii% + K%) FEy — :‘€1/€/2E3 — KikoksbEy = /\z:fZ
=1

Applying E5, we get
S
K3 (m% + n%) = —)\Zﬁi.
i=1

Now, we will consider three subcases r =2, r =3 and r > 4:
a) r=2.
In this case, we have

(44) KiEy =AY &
=1

If we apply &;, we find
Kin; (Ba) = A, Vj.
If we denote

Br=PBr=- =B, =P,
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we get
\ = —sB3% = constant.

If we differentiate (44), it is easy to see that

iai =0.
=1

As a result, we have
k1 = F+/sB = constant,

i.e., 7y is a circle. Hence, we obtain the following theorem:

Theorem 4.4. Let r = 2. Then v is C-proper in the tangent bundle if and
only if it is a circle with

k1 = T+/sB = constant

and the Frenet frame field
+1$
T,—&=>» & .

In this case, By = 2 = -+ = B, =, A = —s8* = constant and Y a; = 0.
i=1

b) r = 3.
In this case, from Proposition 2.1, we can see that

K1 (I{% =+ Iig) E2 — 1€1K/2E3 = )\Zfz

=1

So, > & € sp{Fs, E3}. Tt can be written as
i=1

S
(45) > & = /s (coswE, + sinwEs)
i=1

for a smooth function w = w(t). If we differentiate this equation and apply T,
we find

(46) Zﬁi = —/sKk; cosw,
=1
and
1 S
(47) Ko =4—=) a; —w'.

We also have

(48) fT ==+ (sinwEy — coswkE3)
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and

—H% (/4:1 + /12)

Zﬁz

(49) A=

To sum up, we can state:

Theorem 4.5. Let r = 3. Then vy is C-proper in the tangent bundle if and
only if equations (45), (46), (47), (48) and (49) are satisfied.

c)r>4.
In this case, Zfi € sp{Es, E3, E4}, consequently, fT € sp{Fs, E3, Ey, E5} .
i=1
Let us write
(50) Zgi = /s (coswEs + sinw cos 9 F3 + sinw sin pEy)

for some smooth functions w = w(t), ¢ = (t). As a result, the curve must
satisfy
K1 = constant,

S
Zﬁi = —/sK1 cosw,
=1

Mscosw = k7 (K] + K3),
A\V/ssinw cos = —k1 kb,
M/ssinwsin g = —k1kgks3.
Differentiating (50), we also have

- <i§az‘> -9 ([T, E5)

sinw sin ¢

R4 =
Finally, we have the following theorem:

Theorem 4.6. Let r > 4. Then v is C-proper in the tangent bundle if and
only if it satisfies the last six equations.

iv) C-proper in the normal bundle:
From Proposition 2.1, we get

(Hlﬂg — Hlll) EQ — (2/&’152 + thjlg) E3 — HlKQHBE4 = /\Zgz
i=1

In this case, again 3¢ € sp {Ea} Z&e 5p{Ea, Es} or Y6 € sp{Ea, B, Ey}

1=1 =1 =1
depending on the osculating order r We can follow the above procedure to get

results for r = 2 and 7 = 3. The case r > 4 is similar to case iii) ¢) with minor
changes in equations.
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Remark. For sake of shortness, o |, and §; |, are written as a; and 3; where
possible. This means the equations are not necessarily satisfied globally. But

ins

1]

2

[3]

(4]

[5]

[7]

(8]

(10]

(11]

(12]

(13]
14]

(15]

tead, they are satisfied along the curve ~.
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