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BERNSTEIN-WALSH TYPE INEQUALITIES FOR
DERIVATIVES OF ALGEBRAIC POLYNOMIALS

FAHREDDIN G. ABDULLAYEV AND CEVAHIR D. GUN

ABSTRACT. In this work, we study Bernstein-Walsh-type estimations for
the derivative of an arbitrary algebraic polynomial in regions with piece-
wise smooth boundary without cusps of the complex plane. Also, esti-
mates are given on the whole complex plane.

1. Introduction

Let C denote the complex plane and C := C U {oc}; G C C be a bounded
Jordan region with boundary L := 0G such that 0 € G; Q := C \G = extL;
A(wg, R) :={w: |lw—wo| > R}, A :=A(0,1). Let w = ®(z) be the univalent
2(2) .

= > 0;

conformal mapping of Q onto A such that ®(c0) = oo and lim,_,
V=L

Let {zj}é.zl be the fixed system of distinct points on the curve L. We
consider generalized Jacobi weight function h (z) which is defined as follows:

!
(1) h(z) := H |z — 2", z€C,
j=1

where y; > =2 for all j =1,2,...,1.

Let p,, denote the class of all algebraic polynomials P, (z) of degree at most
n € N.

Let p > 0 and o be the two-dimensional Lebesgue measure. For the Jordan
region (G, we introduce:

1/p
1Pall, = 1Pala, n.cy = ( /[ e |Pn<z>|*’daz) L 0<p<oo,

[1Pallo == 11Pnlla 1,6y = max [Pa(2)], p = o0,

and A,(1,G) = A,(G).
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When L is rectifiable, for any p > 0, let

1/p
1Pl = ([ 1P 1) < 0. 0 < p <o

”PnH[:oo(l,G) = gleazi |Pu(2)|, p= o0,

(3)

and £,(1,L) = L,(L).
For R > 1, let us set L := {2z : |®(2)| = R},GpR := intLg, Qg := extLp.
Then, well known Bernstein-Walsh Lemma [24] says that:

(4) IPallc@g < B 1Pallc,) -

Hence, setting R =1+ %, we see that the C-norm of polynomials P,(z) in Gg
and G is identical, i.e., the norm ||Pn||0(5) increases up to multiplication by a
constant in Gg.

Also, in [24] some similar estimates were given for various norms on the
right-hand side of (3). Analogous estimation with respect to the quasinorm (4)
for p > 0 was obtained in [19] for h(z) =1 (i.e., v; =0 for all j = 1,2,...,1)
as following;:

1
(5) ||Pn||Lp(LR) <R"% ||Pn||LP(L)a p>0.

Moreover, in [7, Lemma 2.4] this estimate has been generalized for h(z) # 1,
defined as in (1) and the following was proved:

149"

P Pally hny s 7" = max {05501 <5< 1}

6)  NPullz,hrny < B

To give a similar estimation to (6) for the A,(h, G)-norm, first of all, we give
the following definition.

Definition ([20, p. 97], [22]). The Jordan arc (or curve) L is called K-quasi-
conformal (K > 1) if there is a K-quasiconformal mapping f of the region
D D L such that f(L) is a line segment (or a circle).

Let F'(L) denote the set of all sense preserving plane homeomorphisms f of
the region D D L such that f(L) is a line segment (or a circle) and let

Ky :=inf{K(f): feF(L)},

where K (f) is the maximal dilatation of f. Then, L is a quasiconformal curve
if K;, < oo and L is a K-quasiconformal curve if K < K.

A curve L is called a quasiconformal if it is a K-quasiconformal for some
K> 1

In [3] (also, see [1]), The Bernstein-Walsh type estimates for the norm (2),
the regions with quasiconformal boundary, weight function h(z) defined in (1)
with v; > —2 and all p > 0 are as follows:

1

ntl
(7) HPnH <ca R ||Pn||Ap(h,G) ’

Ap(h,GR) —
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where R* := 1+ co(R — 1), ¢a > 0 and ¢; := ¢1(G,p,c2) > 0 constants,
independent from n and R. It is well known that quasicircles can be non-
rectifiable (see, for example, [16], [20, p. 104]).

In [6, Theoreml.1], analogous estimate was studied for A,(1, G)-norm, p > 0,
for arbitrary Jordan region and the following estimate was obtained: for any
P,€pn, Ri=1+ % and arbitrary R, R > Ry,

n+2
<cR TP

Ap(GRr) — Ap(GRy)

([Pl

eP—1
asymptotically sharp as n — oo.
N. Stylianopoulos in [23] replaced the norm |P,[lc, with the norm

1
holds, where ¢ = ( 2 )p [1 + O(%)] , n — oco. Note that the constant c is

[[Pnll 4, () on the right-hand side of (4) and found a new version of the Bern-
stein-Walsh Lemma: Assume that L is quasiconformal and rectifiable. Then
there exists a constant ¢ = c(L) > 0 depending only on L such that
\/ﬁ n+1

(8) |P(2)] < ‘UL [Pall 4y 1R, 2 €,
where d(z, L) :=inf {|¢ — 2| : ( € L}, holds for every P, € g,

On the other hand, using the mean value theorem, for an arbitrary Jordan
region G, P, € g, and any p > 0, we can find:

2
1 P
9 P <(—) |IP, , G.
© P < (g ) Pl #e
Hence, from (8) and (9), we obtain an estimation on the growth of |P,(z)| for
any P, € p, on the whole complex plane as following:

c3 1, z €@,
<3
0PI 2 1P| mepr. e

In this work, we study the estimation in bounded region G with piecewise
smooth boundary which according to (4), is also true for the élﬂonq. Ad-
ditionally, we study pointwise estimation in unbounded region €. ,-1 =
C\G14eyn-1 for sufficiently small g9 > 0, for the derivative |P)(2)| in the fol-
lowing type:

11 P < P, v, ( 5 1L, )
( ) | n(z)‘ =€ H Hp { ,'771(6:7 h,p,d(Z,L)) |(I)(Z)|n+1 = Ql—&-eon*la

where ¢4 = ¢4(G,p) > 0 is a constant independent of n, h, P, and v, (G, h,p) —
00, Nn (G, h,p,d(z, L)) — oo depending on the properties of the G, h as n — oo.

Analogous results of (11)-type for |P,(z)|, a different weight funtion h,
unbounded region G and some norms were obtained in [17, pp. 418-428|,
[4,5,7-11,14,21] and the others.
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2. Definitions and main results

Throughout this paper, ¢, cg, 1, co, . . . are positive and g, €1, €3, . . . are suffi-
ciently small positive constants (generally, different in different relations) which
in general, depends on G and parameters that inessential for the argument.
Otherwise, the dependence will be explicitly stated. For any k£ > 0 and m > k,
notation i = k,m means i = k,k+1,...,m.

To formulate our problem, first of all, let us give the necessary definitions
and notations.

Let z = z(s), s € [0, mesL] denote the natural representation of L.

Definition. We say that L € Cy if L has a continuous tangent 0(z) := 6(z(s))
at every point z(s). Then, we write G € Cy & 90G € Cy.

According to [22], we have the following:
Corollary 2.1. If L € Cy, then L = 0G is (1+¢)-quasiconformal for all e > 0.

Now we give the definitions of regions with a piecewise smooth curve which
we present our main result and some notation that will be used later in the
text.

Definition. We say that a Jordan region G € Cy(A1,..., A1), 0 < \; <2, j =
1,2,...,1if L = OG consists of the union of finite smooth arcs {LJ}§‘=1 such
that they have exterior (with respect to G) angles \;m, 0 < A; < 2 at the

corner points {z; }3:1 € L, where two arcs meet.
Ifi=1 weput G € Cyp(N), 0 < A <2.

According to the “three-point” criterion [13, p. 100], every piecewise smooth
curve (without cusps) is quasiconformal.
For 0 < 0; < ¢ := imin{|zi —zj| i, =1,2,...,1, i #j}, let
Az, 6;) :=QN{z:|z—z]| <9;}; 6:= 11;1}%5]-,
(12) : _
Q) = |z, 6), Q=0 Q).
j=1

For simplicity, here we consider the case when there is only one singular
point on the curve L, i.e., | = 1, and we assume that Ay = A\, y3 =: 7. For{ > 1
the reasoning is similar.

Theorem A. Letp>1; G € Cyp(N), 0 < A <2, and h(z) be defined as in (1)
for 1 =1. Then, for any P, € p,, n € N and Ry =1+ 1, we have:

n’

(13) P < e hd)

— || P O(z)" Q
< et BED P, 1 2 e O,
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where ¢ = ¢(G,p,e) > 0,

(14)
) ifp>2 0<A<2 —2<y<3++(p—2),
nrte orp<2, 1<A<2, 72<7<§7(27p),
orp<2 0<A<1, —2<y< bt
Gn(pv)\ag) =

G2 ae P2, 0<A<2, v 54+ (p—2),
’ 07”p<271§>\<2772%7(27p)7

n TG i p<2,0< A<, > L
andep =€ ifp#2 ande, =0 if p=2.
In particular, in case of p = 2, we obtain:

Gn(2,\¢)

——— || P ®(2)|" ! Q
o 1Pl 12 2 e,

(15) |Pa(z)] < c
where ¢ = ¢(G,¢) > 0 and G, (2, A, ¢) defined as in (14) for p = 2.

In this work, we study similar problems for | P/ (z)| in regions with piecewise
smooth boundary (without cusps) and generalized Jacobi weight function h (z)
as defined in (1) in A,(h,G), p > 1.

Now, we start to formulate the new results.

Theorem 2.2. Let p > 1; G € Cy(N), 0 < XA < 2, and h(z) be defined as in
(1) for l=1. Then, for any P, € p,, n € N and Ve >0

12l

(16) [P, (2)] < “Vd(z.Lr,)

(B Do, A, &)+ 02 Gp, A, €)

holds, where ¢; = ¢1(G,p,e) > 0,

Itz ) 1
i >_94 1
Dn(p7)‘7€) = " 7= 2+)\’ 1
1, —2<y<=2+4,
T max{1,A} +¢, z2€Q0)NQg,,
o 1+¢ 2 € Q)N Qg,,
7 := max{0,7},

and G, (p, A\, €) defined as in (14).

Corollary 2.3. Let p > 1; G € Cy and h(z) be defined as in (1) forl = 1.
Then, for any P, € pn, n € N and Ve > 0

121,

(a7 Pl <a g [[RE1 T DA Lo HREP 0 Gl 1)
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holds, where ¢; = ¢1(G,p,e) > 0; Dy(p,1,¢) and G,(p,1,¢) are defined from
(14) and (16) for A = 1, respectively, as following:

F+2

P ) 72_17
1, -2 <y < -1,

(18) X
»ter if —2 -1
Galp1,e)={ Mo o U oz<y<pol
ne ) Zf’Y 2 p— 17
where e, =c if p#2 andep, =0 if p = 2.
Theorem 2.4. Let p > 0; G € Cy(N) for 0 < X < 2; h(z) be defined as in (1)
forl=1. Then, for any P, € p,, n € N and arbitrary small € > 0, we have:

where ca = ca(G, v, A\, p,€) > 0 is the constant independent of z and n, and

A > o i,
Hn 1= X

n%JFA, if ’y<—2+%,

ﬁ :— max {0,’7} , }\v = max{l, )\} + €.

According to (4) (applied to |P),(z)|), the estimation (19) is true again for
the 2 € Gg, R =1+ X with a different constant.

Now we can estimate |P), (z)| on the whole complex plane.

Combining Theorems 2.2 (for the z € Gg,) and 2.4, we obtain the following
estimation for the growth of | P/ (z)| on the whole complex plane:

Theorem 2.5. Let p > 1; G € Cy(\) for some 0 < A < 2, and h(z) be defined
as in (1) for 1 =1. Then, for any P, € p,, n € N and Ve > 0
Hn, = S ERU
|P7/l (Z)l < CBHPan 1 |(I)(Z)|n+1 DAn(p»)\,&?)-i-
AEm) |8 (2) " A G(p, Ay )

N ZEQRI,

where c3=c3(G, 7, A\, p,€) >0 is the constant independent of z andn, D,,(p, \, &)
and Gy (p, A, €) are defined as in (18).

Analogously, combining estimation (19) (for A = 1 and 2z € Gg,) with
Corollary 2.3, we obtain the following theorem.

Theorem 2.6. Let p > 1; 0G € Cy and h(z) be defined as in (1) for I = 1.
Then, for any Py, € pn, n € N and Ve >0
Hn, 2 € GRU
1Py (2)] < cal| Pallp 1 (2)[" ™! Do(p, 1,6)+
A Lr) | |®(2) " n =G (p, 1,¢)

where ca=c4(G, 7, A\, p,€) >0 is the constant independent of z and n, Dy (p, 1,¢)
and Gy (p,1,¢€) are defined as in (18).

N ZGQRI,
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Particularly, in case of p = 2, from Theorem 2.2, we obtain the following
two more useful results:

Corollary 2.7. Let p=2; G € Cp(N), 0 < A <2, and h(z) be defined in (1)
forl=1. Then, for any P, € pp,n € N and Ry =1+ %, we have:

[Pl
d(Z,LRl)

where ¢5 = ¢5(G,v, A\ e) >0, D, (2, e) and G, (2, \,€) are defined as

P(2)] < e [19()" D20, 2) +1B()P"? G (2, 1,2

X 4> 94 L
Du2Ae)=4 " T=TENR
1, 72<’Y<*2+§,
1
nz, —2<y<i 0<A<2
Gn(2a)‘7€): R 2. 71 A
nz e, = 0<A<2

Corollary 2.8. Under the conditions of Corollary 2.7, for z € Q(8) NQg,, we

have:
3+ e 1
1Py ()] < ALnle { it e —2<y< g

2.y
d(Z,LRl) nz >‘+E, v > %

In here and throughout this paper, for a > 0 and b > 0, we use the expression
“a < b (order inequality), if @ < c¢b. The expression “a =< b” means that
“a < b and “b < a” simultaneously.

2.1. Sharpness of the inequalities

Theorem 2.9. The statement (19) from Theorem 2.4 is sharp.

3. Some auxiliary results

Lemma 3.1 ([2]). Let L be a K-quasiconformal curve, z; € L, 29,23 €
QN{z : |z—2z1| < d(z1,Lg,)}; wj = B(25), (22,23 € GN{z : |z — 21| <
d(z1,Lry)}; w; = ¢(25)), 5 =1,2,3. Then,
a) The statements |z1 — z2| < |21 — 23| and |wy —wa| < |wy —ws| are
equivalent. So are |z1 — za| < |21 — 23] and |wi; — wa| < |wy — ws].
b) If |21 — z2| < |21 — 23], then

2 —2
21 — 23 w1 — w3

b

‘wl—ws

w1 — w2 21 — 22 w1 — W2

where e <1, ¢ > 1, Ry > 1 are constants depending on G.

Corollary 3.2. Under the assumptions of Lemma 3.1, if z3 € Lg,, then

2 -2
w1 7w2|K =< |z1 — 22| < |Jwq 7w2|K )
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Corollary 3.3. If L € Cy, then

|’LU1 — ’LU2|1+‘E =< |21 — 2’2‘ =< |U)1 — 1U2|1_8

for all e > 0.
Let w; = ®(z;), p; := argw;. Without loss of generality, we will assume
that ¢; < 27. Additionally to the notations (12) for n; = min |t — wjl

ted®(Q(z5,5;))
> 0 and n := min{nj,j:ﬁ} let us set: Aj(n;) = {t:|t— w,| <773} C
®(Qz;, 57), Aln) = Ujy Aj(m), By = A\A(y); Al) = A\A( )i Ay =
Aj(1), Aj(p)={t=R-e? :R>p>1, 25e << £ze2}h AL = A ( ),
1

/

Ai(p) = {tzR-ew.RZp>1, %Wge<%}, j o=
where g =27 — ¢p; Q; = \II(A;), L%l = Lg, NQ;. Clearly, Q = Uj:1
The following lemma is a consequence of the results given in [25] and [18].
Lemma 3.4. Let G € Co(A,..., ), 0< \; <2, 5 =1,2,...,1. Then, for
arbitrary small € > 0
i) for any w € Aj, |w — w;|MTE < | W(w) — U(w;)] < |Jw— w;|ME
Jw — w7 < W (w)] < w —wy N,
ii) for anyw € A\A;, (Jw|—1)'T¢ < d(¥(w), L)| < (Jw]—1)'7¢, (Jw]| — 1)°
< [0 ()] < (jwl -1)7°
Let {z; }3:1 be a fixed system of distinct points on curve L ordered in the
positive direction and the weight function A (z) be defined as in (1).

Lemma 3.5 ([11]). Let L be a K-quasiconformal curve R =1+ £. Then, for
any fived € € (0,1), there exists a level curve Ly (r—1) such that the following
holds for any polynomial P,(z) € pn, n € N:

1
(20) [P0l ) <ne |[Pull,, p>0.

P (ﬁ’ Lite(r-1)

Lemma 3.6 ([11]). Let L be a K-quasiconformal curve; h(z) be defined as in
(1). Then, for arbitrary P,(z) € pn, any R > 1 and n=1,2,..., we have

~ 1

(21) 1 Pall A, ncr) < B T 1Pall o, (hcys P> 0,

where R =1+ ¢(R — 1) and ¢ is independent from n and R.
4. Proof of Theorems

4.1. Proof of Theorem 2.2

Proof. Suppose that G € Cy()) for some 0 < A < 2 and h(z) be defined as in
(1) for I = 1. For z € Q we define:

(22) T, (2) ==



BERNSTEIN-WALSH TYPE INEQUALITIES FOR DERIVATIVES... 53

Then
P (2) '
ot (z) + P (2) ((I)n-‘rl(z)) , 2 €4,

T/ (2) - P, (2) <¢’+11(Z))1 .

For any R > 1 and Ry := 1 + R— , Cauchy integral representation for the
region Qp, gives

T (2) =
and, so

Pl (2) = "+ (2)

/ _ 1 d¢
e =5 ), B0
_ 1 P, (¢)  d¢
T2 g, Q) (¢ - 2)° e
and
1o\ 1 1 ¢
<<I>”+1(Z)) a 2m/LR SHI(C) (27 € Q-
Then
Do et | L[ Pl dC Pu(z) 1 d ]
Pn (Z) = (Z) |: 27 ARI (I)n+1(<') (C_Z)Q + 271 /[:Rl q)”H‘l(C) (<—Z)2
Therefore,
/ |27+ ()] |dd| IdC|
P s T [ R e e || o
Since | ®(¢)| > 1 for ¢ € Lg,, then we have
: j2(x)"" jd| . |
|Pn(2')|< o |:/LR1|P77.(C)||CZ2+|P1L()| LRI |Cz|2:|
(=) |1 jd¢| jd¢]
(23) = 2 [d(z,LRl) /LR1 1P ()] ¢ — 2| 1P (G L, Cz|2}
Denoted by
|d¢| |d¢|
4 An = Pn — Bn = R
2 @= [ @I me= [

and we estimate these integrals separately.
To estimate A,, first of all, replacing the variable 7 = ®({) and multiplying
2
the numerator and denominator of the integrant by |¥(7) — \I/(w1)|% |9/ ()| ",
and then, applying the Holder inequality, we obtain:

_ ¢l
Anlz) = / POl
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2 |9(7) — U (w)| 7 | P (B(r) (¥(7)) 7| |97 ()7
_ = dr
;/F () — W(w)|? [U(r) — ¥(w)] !
< (/ () = wwn)| [P (B ()] |dr|>
X(/ ( LGl )qw)q
i \ W (r) = W(w)|? [¥(7) — U(w)]
::ZA:-I,

where F} = ®(L% )= A} N{r:|r| =R}, F3 = ®(Lk,)\F} and

i ’ W) ’
Anl2) = (/ [ (M) |d7|> (/ ST
Fiy, Fi,

= 7211 fz,z(z)a

fup(7) = (U(r) = W(w1))? By (¥(7)) (W'(7)7 , |7] = R

Applying to Lemma 3.5, we get:

(25) Jiy <07 [P, i=1,2.

n,l

For the estimation of the integral thz for ¢+ = 1,2, we set:

Ell;}l = {T:TEF}h, |7 —wi] < c1(Ry —1)},
Ellfl = {TZTGF}%N a(R—1) <|r—w|<n},
ER = {r:7€®(Ly,), |7 —wi|>n},
where 0 < ¢; < 7 is chosen so that {7: |7 —wi| <c1(R1 — 1)} NA # () and

®(Ly,) = Us_, Eif. Taking into consideration these notations, (25) can be
written as:

Tna(2) + T 5(2) =t Ja(2) = Ja(ER,) + J2(Eg,) + J2(Eg))

(26) =1 J3(2) + J3(2) + T3 (2),

and consequently,

An(2) = AL(2) + A2(z) <0 |[Pall, - (J3(2) + J3(2) + J3(2)

(27)
=: An’l(z) + An,2(z) + An,3(2)7
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where
An(2) =¥ |Pall, - J5(2), k=1,2,3.
(J;(Z))q — / |\P/(T)|i_q |dT|
B [W(r) = @ (w)]" T [0 (r) — W(w)|?
For any k = 1,2, denote by
Ege 1 i={1 € B 1 [U(r) = U(w1)| > [U(7) = U(w)|}, ER. 5= EF\ER: 1,

28
(28)  k=1,23.

[ (@) "|dr| .
>
g /Elk ()= (w) [T~ DF if v >0,
(I(Ell%k 1)) = Ry,1 e .
) () =PI D ()| T
(29) 1k ()= (@)@ , v <0,
Ry,1
ko= [ ()" "] _
(I(ER,2)" = [E o k=12,
R1,2

and we estimate the last integrals. Note that without loss of generality we will
consider only the points w € A(wy,n) for which Lemma 3.4 is used. Otherwise,
for w € A(wy,n), the inequality |¥(7) — U(w)| = 1 or |¥(r) — ¥(w)| > (R —
1)}*¢ holds which shows a decrease in the degree of growth of the integrals that
we are estimating.

Given the possible values ¢ (¢ >2and ¢ <2), A (0 <A< land 1l <A< 2),
and v (—2 <y < 0 and v > 0), we will consider the cases separately.
Case 1. Let 1 < ¢ <2 (p > 2). Then,
v (r)[*7 |d
ey - [ WO
’ B W(T) = W(w)[ " [R(7) — W (w)|!
1.1. Let 1 < A < 2.
1.1.1. If v > 0, applying Lemma 3.4 to (29), we get:

1 4 @' ()P~ |dr|
(30) (I(ERI’I)) </Eu |\I'(T)—\Il(w)|”(q_1)+q

_ (A=1-¢€)(2—q)
< / I~ il jdr]
5 T w‘[w(q*1)+q](x\+€)

oo
. (1)(>\1€)(2q)/ \d7|

n By (|7] = 1)b@=D+a(A+e)
< ph@=D+dA-(A-D2-g)~1+¢,

[w(q—1)+(1]k—(%—1)(2—(1)—1+6 ['v+?]*-1

I(E}%ll,l)'<n a =n » T Ve>0.

W (7)[* |dr |
1 [W(r) — W (wy )10

11 q _
By ER) = [
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oy [O-1m92=0)
< / I~ w dr]
. DI

0| — 0P

1\ A-1-9)2-9) |d|
“\= i (7] = DR DFI0+e)

11
Ry
< ph@=D+dA-(A-D(2-g)—1+4e,

@=D+gA-A-1)(2-q)—1 [y+2]x—1
q +e =N D

I(ER 5) <n *e Ve > 0.

1 \wa V(1) |dr
(32) (I(Ex: 1)) <[Eu I\I'(T|) _(qjlw”l(q'l)ﬂ

_ (A=1-¢)(2—q)
< / [~ wi| dr]
B r_ w|[’¥(q*1)+q](>\+6)

12 |
Ry,1

- 1 ()‘15)(2(1)/ ‘dT‘
n B (|| = 1)[7(q—1)+q](>\+s)

< ph (@ DFAA=O=DE=O == (g — 1) 4 g] X > 1

I(E}QQIJ) < n[’Y(qfl)+qlqu(kfl)(2fq)fl+E _ n[wrﬂx—l +€’ ~y > %1 —p, Ve > 0.
()| |d
3 (ER) < [ St
’ EZ o |U(7) = W(w)| T
o [A=1=e)(2=g)
</ : w1[|< raoTe 147
B, |7 — [T

1\ A=1-e)2-9) |dr|
“\n g (7] — )P D+I0+)

< pb (@ DHA=O=DEZ0=EE (g — 1) + gl A > 1

[’Y(q*l)Jrq]**q()\*l)(Z*Q)*l +e [y+2]A—-1

I(E}1221’2)<n =n_» T VYe>0.

For 7 € B} and w € {7 : |7 —w1| < c1(Ry — 1)} N A(wy, ) we see that n <
|7 —wi| < 27Ry, |1 — w| > n—c;. Therefore, from Lemma 3.1, |¥(7) — ¥(w,)]
> 1 and from Corollary 3.3, |w —wy| > n |¥(r) — ¥(w)| = |7 —w|""®. Then,
applying Lemma 3.4, we get:

(7)]* 7 |d —w| " |d
(JS(z))%/ [W7(r)[™ " |dr] </ I —wl ATl e,
E

e 19(r) — W(w)]” i — ]

(Jg’(z))q < npte,

(34)

13
Ry
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Combining (30)-(34), for p > 2,7 > 0and 1 < A < 2, we get:

3 a+2 A—L14e
> I3 (z) < nr lﬁp » 2€000), g o 0,
nrte, z € Q(9),

and, from (27) we obtain:

12 N4e

P Q(0)
35 A, (z) < || Py " 2 ’ Ze,\ T Ve > 0.
(35) @< ||,,{ e eom)

1.1.2. If v < 0, analogously we have:

11 )9 (r) — U(w)| "W (D)2 |dr
(36) (I(EE ,)) ::/En W(7) (|\1/()l)_q/(u|;)|q( )T dr|

Ry,1

T — w1|—7(q—1)(/\—5) T — w1|(/\—1—6)(2—<Z) p
B ER ‘T_w‘q()wl»e) o
215
. i v(ql)(AE)Jr(/\lE)(?q)/ |d7|
n g (7] — D09
1

<nq(x+e>—<—v><q—1>(A—a>+<x—1—a>(2—q>/ dr|

BY

1

A —D(A—e)+(A-1—¢)(2—q)-1.

< pdO+e)+r(g=1)(A—e)+( )(2—a)-1,

[v+2]A—1
r

I(ER 1) <n *e Ve > 0.

(37)  (I(Ek, 2))":

/ |9(7) = W(wy)| "V |9 ()P fdr |
Bl [W(7) = W(wy)[*

R1,2

. Ir — wll—’Y(q—l)(A—E) Ir — wl‘(A—l—e)(Q—Q) ‘d ‘
-
EY Ir — wllq(/\-i-E)
L1
. l —’Y(q—l)(A—€)+()\_1_5)(2—Q)/ |d7‘|
" s (7] = 13079

< pdAtea) (g1 A—e)=(A=1-6)(2=g)—1.
[y 4212 —
HEY ) <0 e s
For 7 € Eif and w € {7:|r—wi| <c1(R1 —1)} N A(wy,n) we see that
|7 —wi] < 7, and from Lemma 3.1, |¥(7) — ¥(w;1)| < 1. Then, applying
Lemma 3.4, we get:

(W (7) = W(w)| "V | (1) [dr|
[0 (r) — U (w)[?

12 q._
@) UER) = [

Rq,1
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< [ 7 = w7 Jarf
E

oo o w9

B R R Y

1
I(ER ) <ni* 5 A>1- -,
’ p

(W (7) — W(w)| "V | (1) dr|
(U (7) — W (w,)[*

@) (1ER)" = [

Ry.2

A—1—¢€)(2—
o Ir — wl‘( 1—€)(2—q) |d7|
E |7 — wl\q(H_s)

12
Rq,1

) nq)\—l—i-()\—1—5)(2—q)—|—s7 q>\ > 1;

1

I(ER ) <ni* 5t A>1- -

' p
For 7 € Ef} and w € {7: |t —wi| < c1(R1 — 1)} N (w1,n) we see that n <
|7 —wi| < 27 Ry, |7 — w| > 1 — ¢1. Therefore, from Lemma 3.1, |¥(7) — U (w)|
> 1 and from Corollary 3.3, |w — w| > 7, |¥(7) — U(w)| = |7 — w|"*. Then,

applying Lemma 3.4, we get:

(I(EE))* = / |9 () = W(wn)| 7 W) Jdr]
= o W) — V()
(40) < / ‘T — w‘_s |dT| ~ ’I’Lq_1+€;
B |7 w]?F

I(ER) < nvte.

Then, for the v < 0, from (36)-(40), we obtain:

3 a+2 A—L4e
Sk < "L 2 €909), Ve >0,
— nr'e, z € Q(0),

and consequently, in this case, from (27), we have:
42

M 2 e Q()),

41 Ay () <P -4 ™, Ve > 0.
(41) (2) <l Ip{ w3t L)

Therefore, combining (35) and (41), for any v > =2, 1 < A < 2, p > 2, we
obtain:

"’TH Ate
(42) M) <Pl T R sy,
ne Sz € Q0),

1.2. Let now 0 < A < 1.



BERNSTEIN-WALSH TYPE INEQUALITIES FOR DERIVATIVES...
1.2.1. If v > 0, applying Lemma 3.4 to (29), we get:

11 W4 U (7)> 7 |dr
(43) ([(ERl’l)) < /Eu \11(7-|) _(\Ijlw)|’l(q—|1)+q

_ (A—1-¢)(2—q)
<[ e
5 ‘T_w‘["f(q— )+al(Ate)

11
Ry,1

|dr|
A B, = w‘[’Y(q—l)"r‘I](>\+€)—(A_1_5)(2_q)
< pha=D+dA=(A=1)(2—g)—1+e.

[v+2]A—1 +

I(ER ) =<n 7 " (v+2)A>1, Ve > 0.

W' (r) >~ |dr|
a)  ER) = [ S
Bl [U(7) — ¥ (w)
. = w1|(>\—1—8)(2—Q) dar]
Ejlzl L |7— _ w1|[’Y(Q*1)+Q](>‘+5)
1

1\ A—1-9)2-0) \dr|
~\n pu (7] — Dhla=D+dO+e)

Ry
< phla=D+dA=(A=1)(2=g)—1+4e.

[v(q—l)-%—q}%—q(k—l)(?—rn—l +e

I(E}%)Q) <n

[y+2lA-1

=n_ ¢ ", [y+2]A>1, Ve>0.

12 \\a W (1) |dr
(45) (I(ERl’l)) < /Em \I/(7.|)_(\I?(w)’l(q—|l)+q

_ (A—1-¢)(2—q)
A / T Draoas 47!
Ell??l,l ‘T _ w‘[”/(‘]* )+al(A+e)

. 1 ()\15)(2‘1)/ |dT|
n By |T_w|[“/(qfl)+q](>\+€)

[“/(qfl)Jrq])\*()\*l)(2*<I)*1+6’

<n
[Y(@—=1)+¢glA>1, Ve > 0;

12 [(g=D+aA=(A=1)(2=q)=1

I(Eg, 1) =< n q +e

[v+2]A—1 -1
= n%Jrg’ 0 > pf)\ — D, Ve > 0.
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W (7)[*~ |dr |
-+
12, [W(r) — W (wy) 10D

oy [O-1m9-0)
< / T dr]
- DI

: |wa1|h(

w e < [

|d7|
" Jog |7 =y P DRI O T

< ph@D+ar-(-1D(2-g)—1+e,

[y+2]A—
IER ) <n 7 1 (y+2)A21, Ve >0,

For 7 € Ef and w € {7: |7t —w1| < c1(R1 — 1)} N (w1, n) we see that n <
|7 —w| < 27Ry, |7 —w| > n — c1. Therefore, from Lemma 3.1, [¥(7) — ¥(w)|
> 1 and from Corollary 3.3, |w — wi| > 1 |¥(r) — U(w)| = |7 — w|'*°. Then,
applying Lemma 3.4, we get:

o’ 2—q €
sy < [ AV@E S e
E

(47) B (W () — ¥ (w)|* S w|? ¢

J3(z) < nvte
Combining (43)-(47), we get:
3 *+2 )\7;4»5
ZJQIC(Z)< L zef}(é), (y+2)A>1, Ve > 0.
1 nvte, z € Q(9),

In this case, from (27) and (29) for A,,, we obtain:

n M e Q9),

48) An(2) < ||Pa ) > >0, (y+2)A>1, Ve > 0.
(48) () < ||,,{ e ep 1200+

1.2.2. If v < 0, analogously, we have:

- / |W(7) = W (wy)| " |9 (7) P77 |dr |
o [9(7) = U (w)]

(49) (I(BR )"

Ry,1
A-1-¢)(2-0)

|dr]

) |7__w1|—7(q—1)(/\—6) |7._w1‘(
Ell

A
N |7__w|q( +¢)

l v(ql)(A€)+(>\1€)(2Q)/ |dr|
" sy, (7] = D0+

11
Ry

A

A

ndA+e)—=(=1 (=D (A=) +(A-1-¢)(2—q) / |dT]
ER,

pIO+)= (=N (@ HA-)+A-1-9)(2-) g pll

A

nQ(A+E)+’Y(q—1)(>\—6)+(/\—1—6)(2—Q)—1;

A



BERNSTEIN-WALSH TYPE INEQUALITIES FOR DERIVATIVES... 61

I(BR ) <n = 1“, [y+2]A>1Ve>0.

[0 (7) — W(w)| "D | (1) fdr|
[0 (r) — U (wy)[?

11 q .
) (B = [

Ry,2

. T e e
-
BY |7. _ w1|‘1(>\+5)
1>
. l —’Y(q—1)()\—5)+()\—1—5)(2—Q)/ |d7’|
n oy, (7= D705
1

< nq(A+s)+v(q71)(,\78)7@7175)(27(;)/ dr
Bl
[y +2]x—
LB ) <n 7 "5 [ +2A>1, Ve >0.
For 7 € B andw € {7 : |7 —wi| < c1(Ry — 1)}NA(0, R) we see that |7 — w |
< n, and from Lemma 3.1, |¥(7) — ¥(wy)| < 1. Then, applying Lemma 3.4,
we get:

Gy ER) = [

Rq,1

. Ir — wl‘—’y(q—l)+(2—Q)(/\—1+6) |d7'|
E12 |7- _ w|q()\+5)

(U (7) = W (wy)] "D ()P |dr |
(U (7) — ¥(w)”

Rq,1
) 7|
ER, |- w|q(>\+6)—(2—q)(k—1+s)+(—v)(q—1)

~ nq(A+5)_(2—q)(>\—1+6)+(—’)’)(q—1)—17 (y+2)A>1;

a2y _ 1

I(ER ) =n 7 7ot (y42)A> 1.

12 wa . [0 (7) — W(w)| "D | (1) |dr|
) = [ ()~ D)

Ry,2

/ Ir — w1|—v(q—1)+(2—Q)(>\—1+6) |dr|
E12

2, Ir — w1|q(>\+6)

|dT|
= 512, |7 — g [T o O TR D

< piAte) == (A-1+e)+ (=) (e-1)—1,

I(ER 5) < ni 57, (y+2)A > 1.

For 7 € B and w € {7: |7 —wi| < c1(R1 — 1)} N A(0, R) we see that 1 <
|7 —wy| < 27Ry, |7 —w| > n — ¢;. Therefore, from Lemma 3.1, we have
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| (r) — ¥(w)| = |7 — w|1+57 |¥(7) — ¥(wy)| > 1. Then, applying Lemma 3.4,
we get:

()= [

0 (7) — W(w)| "V | (1) |dr]|

() —Tw)]
(53) - / |7 — wy|”° |d7| - nE/ |dT] R
e, |9(T) = (w)[* B, T —w|™C ’
J3(z) < nrte.
In this case, from (49)-(53) we get:
3 42 1
;Jg(z) < { n ni+ j E ggg N <0, (Y£2A> 1, Ve >0,

and, from (27) for A,,, we obtain:
a+2

Ate
(54) An(z) < ||Pn||p{ nr, o FE20k g (A1, Ve 0.
ne

. 2eQ),
Case 2. Let ¢ > 2 (p < 2). Then, 2 — ¢ < 0 and, so

jr| -
/E et - 15720

I(Elk ) q — }ckirl
( Ry 1 ) [ (1) =@ (wy)| 7D dr| if 0
P SRR TC B 7O TR <5
EgR 1
(55) (I(EF: 2)" =/ e Fe e
1, E}%"LQ |\I//(T)|q72 |\I/(’T) _ \I/(wl)"Y(Q*l)‘i’q ’

/ W (7)|* 4 |dr| .
B [U(r) — U(w)" Y [0(r) — T (w)[*

(Jg(z))q =

2.1. Let 1 < A< 2.
2.1.1. If v > 0, applying Lemma 3.4 to (55), we obtain:

6 e < [ -

BY Ir — w1|(>\*1+€)(qf2) T — w|[7(qfl)+q](/\+€)

< =1t @2t (e D+ Ate) g pll |
1,

< pA—1te)(a=2+Iv(e- D+ (Ate) -1,

[y+2]A—1
P

I(ER 1) <n *e Ve > 0.

|dr|
wr |- | R D IO

61 (ER) < [

E}all,z |T -

=< n(>\—1+€)(q—2)+[7(q—1)+q](>\+E)mesE11%1l’1
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< A1) =2+ (a-D g (o) -1,

I(BY ) <n™ %% Ve > 0.
|dT|
(58) I(ER )< /
( Rl ) ER Ir — w1|(>\*1+6)(fk2) T — wl[w(qfl)ﬂz]()”rf)

|d7]
B BER |7 _w|["/(q—1)+q](/\+e)+(/\—1+s)(2_q)
< p@=D+adA+(A-1)2-g)~1+e,

[y+2A-1

IER ) <n 7 T (y+2A2>1, Ve >0.

|dr|
(59) I(ER ) < /
(1F,2) ER , [0(7)|T72 [W(r) — W(wy )[4 F
/ |dr]
E}zzl |7_ _ wl‘()\71+6)(q72) |7_ B wl‘[“/(qfl)+q](>\+6)

|dT|
o (g O 2R D)

< pl@=DH+adr+(A-1)(2—a)-1+e,

[v+2]A—1

I(ER o) <n » 5 (y+2A>1, Ve >0.

For 7 € B and w € {7 : |7 —wi| < ¢1(Ry — 1)} N A(wy,n) we see that n <
|7 —wq| < 2w Ry, |7 —w| > n — ¢1. Therefore, from Lemma 3.1, we have
(W (r) — W(wy)| = 1 or for w € A(wy,n) |¥(r) — ¥(w)| = |7 —w|"". Then,
applying Lemma 3.4, we get:

(@) = [ LGl
B [0(r) — U(w)"Y | 0(r) — W(w)|?
(60) < TLE/ |d77—|+€ =< nq71+5;
e, = w|?

J3(z) = nyte.

From (56)-(60) and (27), for v > 0, we have:

'YTH)\Jr Qs
61 A, (2) < | P, n » 2€0(0), g
(61) (z) <l II,,{ w3t L)

2.1.2. If v < 0, analogously, we have:

’ [ W(r) = W (wy)| 7 |dr|
I(EY ) —
( (B, )) —</Ella1171 | o’ ()| 2|\I/(T)—‘I’(w)‘q
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T — w1|77(>\*€)(q*1)
= |d|
‘/Ellall,l |7- _ w1|()‘*1+5)(qf2) |7_ o w‘()\Jrs)q

< pATIH @D+ (=D +dO+e) e pLL
< pA- e (@=2)+h(a—1)+ad(A+e) -1,
I(E};}hl) =< nhﬂrpil“, Ve > 0.
|dr|
)= [
) B o (W ()|772 W (7) = W ()00

(I(ER,

</ jr|
BR | - wl|(/\—1+8)(q—2)+[v(q—1)+q](k+5)

= n(’\_1+5)(q_2)+h(q_1)+q](>‘+5)mesE};}hl

< pA-1te)(a=2)+Ir(a-D)+a (A te) -1,

2]

[y+2]x-1
I(ER 5) <n —» %, Ve>0.

[0 (7) — W(w)| " Jdr|
0 (1) |72 [ (1) — T (w)|?

(B2 )" < /

12
Era

Ir — w1|77(/\76)(q71)
d
/E}%,l Ir — wl|(>\—1+6)(q—2) T — w‘()\+6)q |dr]
< pA-1He)(a=2+Iv(e- D+ (Ate) -1,

[v+2]A—1
P

I(ER 1) <n *e Ve > 0.

/ |d7|
B [9(7)[ T2 W () = Wy )OI

(I(EBR 2)" <

|d7|
= B2 |7 — g [0 PG D)
< pA—1te(a=2)+Ir(a- D+ (A te) -1,

[Y+2]A—1

I(ER 5)<n » %, Ve>0.

300 |9 (r) = W(wy)| " Jdr] jdr|
()" < [ <[

-2
E11331,1 |\I},(T)‘q |\II(T) - \I/(’w)|q 11%31,1 ‘7_ _ U)‘E |7_ o w|(1+€)q
|dT] .
= ns/ — < nf +e.
By, |r— w1 ’

J3(z) < v e



BERNSTEIN-WALSH TYPE INEQUALITIES FOR DERIVATIVES... 65

So, for v < 0, from (27), we have:

2t2 Ny

; Q(6)
62 A2 <Pl T, FEEOL S,
(62) @< ||,,{ e eom)

2.2. Let 0 < A< 1.
2.2.1. If 4 > 0, applying Lemma 3.4 to (55), we obtain:

6 () < [ l47]

BY Ir — w1|(/\—1+6)(q—2) T — wl[w(q—1)+q](>\+e)

< pA 1)@=+ e +dAte) e s pLL
1,

=< n(/\*1+6)(q*2)+[7(q*1)+q}(>\+6)*1;
2]a—1

I(Ezl%llg) <n » " (y+2)A>1, Ve > 0.

|dT|
_ w1|(/\*1+€)(q*2) T — w1|[’7(f1*1)+’ﬂ(>\+5)

6 (1ER) < [

P
< pAT 1@+ e D+d (o) e pLL
1,
= n(>\71+€)(q*2)+[7(q*1)+q}(>\+8)*1;
[y+2]x—-1

I(ER ;) <n—» 5 (y+2)A>1, Ve > 0.

|d7]
g |2 [ B DRI
7]
" Jop |7 =P A0

©) e < [

12 _
Ry,1 |T

—1)+g A+ (A1) (2—¢)—1
< phle=D+dA+A-1)(2-g)—1+e,
[w+2]>\*1+

IER ) =n" 7 " (y+2A>1, Ve > 0.

(66)
dr|
I(E12 )q</ |
(I(ER2) BR L, [U(7)|17 2 W (7) — W (w7
. / |dr]
Eflfl ‘T _ wll(/\—1+8)(q—2) ‘T _ wl|(/\—1+8)(q—2)+[v(q—1)+q](/\+5)

< @ DHHA-DE=O- 14 [y 1) 4 g A > 1;

[y+2Ix—

12 71_;'_
I(ER o) <n" 7 5, (y+2)A>1, Ve >0.

For 7 € ER and w € {7 : |7 —wi| < c1(Ry — 1)} N A(wy,n) we see that n <
|7 —wy| < 27Ry, |7 —w| > n — ¢;. Therefore, from Lemma 3.1, we have
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1U(7) — U(uwy)| = 1 or |¥(r) — U(w)| = |7 —w|'t for w € A(wl,n). Then,
applying Lemma 3.4, we get:

e 9 (r) = ()| 7 jdr|
(J2(Z)) K/E ) |\I//(7—)|q_2|\11(7)—‘11(w)|q

13
Ry,

. / |dr]
(67) B, 7 —w||r — w9

|d| -1
< TLE/ _— =< nd +e.
Ezl?ll,l |T_w|q e 7

J3(2) < nrte.

For ~ >0, from (63)-(67) and (27), we have:

12 Nie
v Q(d)
68 An(z) < ||Pal 4 " » 0L p A >, Ve >0
(68) (2) <l IIP{ it e (v+2)A=
2.2.2. If v < 0, analogously, we have:
U(r) — W(w)| 7Y Jdr
ey < [ OB
B, W) () = Y(w)

|7_ _ ,w1|*7()\*5)(qfl)
/ O—1+e)(a-2) Goraya 1471
Bifya |7 —wi T —w[T
=< n()\_1+E)(q_2)+[7(q_1)+q]()\+€)m€SE11%1171
< pA- 1) @=2)+h(a-D)+ad(A+e) -1,

[’Y+2]>\*1+

IER ) =<n 7 T (y+2A2>1, Ve >0.

/ |dr]
B, [W(7)[ T2 W (7) — W (wy )@

(I(Ezl:all,z))q =

</ jr|

BR |- wl|(/\—1+8)(q—2)+[v(q—1)+q](k+5)
=< n(’\_1+5)(q_2)+[7(q_1)+q1(’\+5)mesE};}M
< pA-1te)(a=2)+Iy(a- D+l (Ate) -1,

[y+2]A—1

I(BR ) =n 7 T, (y+2)A>1, Ve > 0.

—y(g—1
gy < [ U0 g 0 o
5 —2
' B |97 (T) — Y (w)|?
T — w1|77(>\*€)(q*1)
=< |dT|
/E}%J Ir — w1|(>\*1+8)(qf2) T — w‘()\JrE)q
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= n(>\—1+6)(q—2)+[v(q—1)+q}(>\+a)—1;

I(Ell:i,l) = “[W+2’]’A71+€, (v+2)A>1, Ve > 0;
dr|
I(E12 ) q = / |
( B2 ) E}:fla |\If’('r)|q72 |\I/(’r) _ \I,(wl)"v(qfl)Jrq

|d7|
S r =y OGRS
< O -2+ ha- D (ko) -1,

[y+2]x-1

I(ER ) <n » 5 (y+2A>1, V= > 0.
—v(g—1)
3,7} [W(7) = W(wy)| ™ |dr]| |dr|
(72(2) .</ () |12 ¢ = e (1te)q
ER |’ ()| |W (1) — ¥(w)] EY | |7 —w|® |7 — w
|dT| 4
< na/ S bl Y +6;
L

J3(z) < nvte
So, for v < 0, we have:
42

12 Nte 0
69 ATL =< Pn n 2 ’ z€ ~ ’
(69) () = ”p{ nrte, z € Q(0),

Therefore, for any 7> —2, 0 < A < 1, p < 2, from (68) and (69) we get:

(Y+2)A>1, Ve > 0.

2 Npe

; Q)
70 A, (2) < ||P, ne oo 2E€:24H0)
() A< ||p{ PR Ry

Combining (35), (41), (48), (54), (61), (62), (68) and (70), for any p > 1,
v > —2, and for all sufficiently small € > 0, we obtain:

3
An(2) = Z A}z,k
k=1

(Y+2)A > 1, Ve > 0.

71 42
(71) anHf, J5 <A<, 2 €0(9),
<[Pl - netE, ﬁ <A<2, zeQ9),
1, otherwise.

Now, let us estimate B, (z). For this, first of all, replacing the variable
7 = ®(¢) and according to Lemma 3.4, we obtain:

|d¢| (W' (7)| |d7|
B,(z) = 7 = W (r) — T(w)?
( ) /LR1 ‘C _ Z| /|7-|_R1 |‘I’(7’) - \Il(w)l

(72) _ / 7 — w1 |
{Irl=Riyna, [T — w0+
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(|7 —1)~° |d7|
+ —~ 2(1+¢)
(rl=Ru}n &, [T —wl
=: B, (2) + Bj(2).
Let us set:
F:={{r:|r|=Ri}NA: |7 —wi| > |7 —w|},
F2 = ({T . |T| = Rl} N Al)\Fl

Under this notations we have:
Bi(z) = / |7 — w7 17E |dr] +/ |7 — w A1 F |dr]
" mo T —w[2Fe) T — w20+
1) A1 ldr| ldr| .
(E) / |7'7w|;—(>\*5) +/ ‘walz\-Jrl#»sa lf >\ Z 17
Fy Fy

=< 1 A—1l—¢
|d7| |dT| .
/ [F—w[2OFe) 3 Fi-< +{= r—w[2CFe) A<,
Fy n Fa

{ nAe A > 1,
=<

e ifa<t, o0

_1\—¢
B2(2) :/ {rl = V=" Jdr]| 1)2(17““' < n'te, Ve > 0.
(=R} A, |7 —w[2(1=9)
So, from (72), we have:
nMel 2 e Q(0),
(73) By (z) < { nite 2 e Q(), Ve > 0.

Now, combining (23), (24), (71), (73), we obtain:

Pl ()] < [o(x)"H | —2— / P, dc] P, (z ldc
7 (2)] < [2(2) [d(Z,LRl) [ moEgemelf s
-~ nVTJrj Ate, ﬁ <\A<2, z€ 53(6),
1 |®(2)| nete 5 <A<2, 2 eQ(9),
< m ||Pn||p 1, otherwise,
sy LRy n>\+a, ZEQ(5),

+|(I>(z)|2(n+1) Gn(p, /\,E){ e 5 c @(6)

where G,,(p, \, €) defined as in (14). Therefore, we complete the proof of The-
orem 2.2. (I

4.2. Proof of Theorem 2.4

Proof. Suppose that G € Cy()\) for some 0 < XA < 2 and h(z) be defined as
in (1) for [ = 1. For an arbitrary point 2 € L and R = 1 + e¢n~!, by Cauchy
integral formula, we have:

P =5 [ PO
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Then,
1 P, (O|dc] 1 dc
P 5 [ O < e o [ AEL
20 Jon 1C— 2| 27 eCn Lr |¢ — 2|
According to (4) and [15, Theorem 1.1], we get:
|d¢]
@ PO Pl [ 5 < tmr Pl - Sul2)
Ln ¢ — 2|
where p
Sn(z)::/ |<|2726L,
Lr [¢ — 2|
and .
e+7)-X ~
n 7 , if 2+479)-A>1,
Hn,1 = (nlnn)%, it 249)-A=1,
nv, it 24+79)-A<1,

5 :=max{0,~}, N = max {1, A} +e.
It remains for us to estimate of S,,(z). For this, first of all, replacing the variable
7 = ®((), and according to Lemma 3.4, we obtain:

d ' (7)| |dr
Sn(z):/ ICIQZ/ ['(7)] | |2
Lr |¢ — 2| rl=r [¥(1) — ¥(w)]
(75) _ |7 —wi A0 |dr | L[ (=1 dr]
= o, |7__w|2(,\+5) M, |7._w|2(1+e)
= Svlz(z) + STQL(Z>7

where we set: My := {t: |t| = R} N Ay; My := {t: |t| = R} N Ay. Under this
notations, for all z € L, we have:

\ (l)A—l—E/ |d7-|
_ —1—¢ d n [7—w|2(3—)
S}l(z)z/ 7 — d7| My

My

|7- — w|2()\+5) |d|
W?
My

pMe A > 1,
= { e ifa<t, o0
(76) Slz) <nE 0< A <2, Ve 0.
—1)~¢|d
(77) S%(2) = (Il = D" ldr| <n'te Ve > 0.
" My |7 — w2179

So, from (75)-(77), for all z € L we have:

(78) Sp(z) <0, Ve > 0.
Combining (74) with (78) we complete the proof. O
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4.3. Proof of Theorem 2.9

Proof. The sharpness of Theorem 2.4 is obtained as follows:
a) Let h*(2) = 1. If Qn(2) := Z?:o(j +1)27, Gt = B(0,1) = {z: 2] < 1}
and p = 2, then Q,(z) := >."_,j(j 4+ 1)z7!, and in this case, we have:

nn+1)2n+1) m(n+1)(n+2)

1Qlloe = T 1 Qul ) = |

Then,

1
Q0o > W”Q 1Qnll 4, -

b) Let h*(z) # 1. In this case, the sharpness is seen from the following two
facts:

bl) For an arbitrary polynomial P, € p,, the following well known exact
Bernstein inequalities holds:

Palloe < 1Pl -

b2) For all polynomial P, € g, and v > —1, the exact estimate holds
([12, Theorem 2.1; Remark 2.2 ]):

1Pl < csn® [ Prlly - O
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