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GROTHENDIECK GROUP FOR SEQUENCES

XUAN YU

ABSTRACT. For any category with a distinguished collection of sequences,
such as m-exangulated category, category of N-complexes and category
of precomplexes, we consider its Grothendieck group and similar results
of Bergh-Thaule for n-angulated categories [1] are proven. A classifica-
tion result of dense complete subcategories is given and we give a formal
definition of K-groups for these categories following Grayson’s algebraic
approach of K-theory for exact categories [4].

1. Introduction

Algebraic K-theory, developed by Quillen, Waldhausen (among others), are
homotopy groups of a space (or spectra) to a given category. In particular, the
Ky group of K-theory, i.e., the Grothendieck group, is one of the most funda-
mental and studied among all K-groups. For example, a famous classification
theorem of Thomason states that there is a one-to-one correspondence between
dense triangulated subcategories of a triangulated category and subgroups of
its Grothendieck group. Later, Matsui gave an analogous result for exact cate-
gories with a (co)generator [9] and a long list of similar classification results via
the Grothendieck group were proved to hold for various categories appeared in
higher homological algebra.

Higher homological algebra and higher dimensional Auslander-Reiten the-
ory attract lots of attention in recent years, partly because of the fundamental
role the theory of n-cluster tilting subcategories of exact and triangulated cate-
gories plays. The theory of (n+2)-angulated categories [3] and n-abelian/exact
categories [8] were introduced and the above classification result is generalized
to (n 4 2)-angulated categories in [1].

Moreover, a simultaneous generalization of exact categories and triangu-
lated categories called extriangulated categories is introduced by Nakaoka-
Palu [10] so many similar results can be unified and extended to the extri-
angulated setting. Further, the higher version of extriangulated categories,
the n-exangulated categories, was defined by Herschend-Liu-Nakaoka [7] as a
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unification of (n + 2)-angulated and n-abelian/exact categories. The dense
classification theorem via Grothendieck group was extended to n-exangulated
categories by Haugland in [6].

The aforementioned categories all comes with a distinguished collection of
sequences form by morphisms in the underlying categories, for example, con-
flations in exact categories, distinguished triangles in triangulated categories,
conflations in extriangulated categories, n — 3 sequences in n-angulated cate-
gories, etc. and the classification results are in fact formal consequences of the
following common properties of the distinguished collections: let C be a cate-
gory with a zero object, together with a collection of length (n + 1) sequences

F={X°= X' = ... 5 X" X? objects of C}
satisfying the following properties:
(1)0=0—---—=0€eF;

(2) ifA%BEC,then0—>-~-—>Ai>B—>O—>---—>0belongsto]:,

with A = B placed anywhere in the sequence;
(3) the direct sum of any two sequences in F also belongs to F.

The first purpose of the current paper is to write down the common properties
and results shared by all such categories and provide proofs all at once. We
call the category (C,F) a category of n-sequences and this is merely a working
language for all aforementioned (and possible other) categories with similar
distinguished collections (for example, category of N-complexes and category of
precomplexes altogether). We do not claim this obvious collection of categories
to have any other interesting properties, at least not in the current paper.

A sequence in F is called good and the morphisms differentials (although
the morphisms don’t need to form a complex). We only consider categories of
n-sequences unless state otherwise so we will simply refer to these categories as
n-categories and denote it by C (notice that our n-category is different from the
notion of n-category in higher category theory). An exact functor F : C — D
of n-categories is a functor that takes zero object to zero object and good
sequences of C to good sequences of D.

Several existing results of above categories in (higher) homological algebra
only hold for categories where n is an odd integer because of the lack of an
explicit description of an inverse element in the Grothendieck group. In fact the
Grothendieck group can be obtained as a group completion of a corresponding
monoid so there is a description of inverse elements but this naive description
will not help in the classification so results in the current paper also require n
to be an odd integer.

Finally, in the last section, we take Grayson’s algebraic description of K-
groups [4] as our definition of K-groups for n-categories. Notice that Grayson’s
approach is the first complete, pure algebraic description of the K-theory of
exact categories. We study basic properties of these K-groups and prove the
even Additivity Theorem for K-groups of these categories where n is an odd
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integer following the idea of Harris [5]. An integer n > 1 is fixed throughout
this paper.

2. Grothendieck group

The Grothendieck group of an n-category is defined and studied following
ideas of Bergh-Thaule [1]. As usual, we only talk about small categories in
this paper as we are discussing about the Grothendieck group. Any pointed
category C comes with two trivial n-category structures, F to be the collection
of all n-sequences or F contains the minimal n-sequences generated from all
three conditions. These two structures are not necessarily the same. For ex-
ample, a classical module category with the collection of short exact sequences
is abelian (hence a category of 1-sequences) and it contains the minimal 1-
sequences structure. However, not all 1-sequences are short exact so the two
1-sequences structures are not the same. The Grothendieck group of the first
n-structure is trivial as long as Home (X, Y) # () for any objects X,Y € C.

2.1. Grothendieck group

As pointed out in [2, Definition 1.1.3.1], one can define the Grothendieck
group of any given small category C together with a collection of diagrams
¢ = ¢ = ¢ in C. Usual properties like [0] = 0, [4] = [B] if A and B
are isomorphic and any object of Ky(C) is represented as a difference of two
elements [A] — [B], all hold if the collection satisfies certain conditions.

Definition 2.1. Given an n-category C, let F'(C) be the free abelian group on
the set of isomorphism classes (X) of objects X € C. For any good sequence
X*: X% — ... - X"t € F| the Euler relation in F(C) is

X(X*) = (XO) = (X1) +(XP) — o+ (1) X,
Let R(C) be the subgroup of F(C) generated by the following set of elements
{x(X*®): X* a good sequence} if n is odd,
{{(0)} U{x(X?®): X* a good sequence} if n is even.

The Grothendieck group Ko(C) of C is the quotient group F(C)/R(C). Given
an object X € C, the residue class in Ky(C) is denoted by [X].

Definition 2.2. Let C be an n-category, an additive function from C to an
abelian group G is a function f from the objects of C to G such that

FXO) = F(XYH + F(XH) = ()" TL(X™) =0 if nis odd,
f(0) = va(Xo) - f(Xl) + f(XQ) — (—1)n+1f(X"+1) =0 ifniseven

for any good sequence X — X! — ... — X"+l in C.
Note that Ky(C) is abelian (See Proposition 2.4(2)) and the function ¢ :
C — Ky(C) where X — [X] is by definition an additive function.
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Proposition 2.3 (Universal property). The Grothendieck group Ko(C) satis-
fies the following universal property: for any additive function ¢ : C — G, there
is a unique morphism of abelian groups 0 : Ko(C) — G such that 8 o ¢ = 1),
i.e., the following diagram holds:

P

C
7
o -
73
P 316

Ko(C)

G

Proof. First of all, define a map
0:F(C)— G

(X) = 9(X)
and extended by linearity.

This is a well-defined map. Indeed, suppose (X) = (Y) in F(C), ie., X =Y
in C, there is a good sequence X Y5020, 50 Y(X)=¢(Y) (¥ is
an additive function). Thus 6 induces a map on Ko(C): for any good sequence
X0 = X' = .o o X" we have 0((X0) — (X1) 4 - 4 (=1)"FL(XH) =
P(XO) — (X ) + -+ (=1)" (X)) = 0 (again, because v is an additive
function). Denote the induced map on Ky(C) by 6 : Ko(C) — G and it is clear
from the definition that the diagram commutes.

Uniqueness is immediate: suppose 6’ also makes the diagram commute (8’ o

@ =), then
0'([X]) = 0"(0(X)) = (0" 0 )(X) = (X) = (0o ) (X) =0([X]). O

We have the following proposition.

Proposition 2.4. Let C be an n-category and Ko(C) its Grothendieck group.
(1) The element [0] is the zero element in Ko(C).
(2) If X and Y are objects in C, then [X @ Y] = [X] + [Y].
(3) Ewvery element in Ko(C) is of the form [X]—[Y] for some objects X,Y €
C.

Proof. (1) If n is even, then [0] = 0 by definition. If n is odd, notice that we
have a good sequence
0—=0—---—=0-=0

with odd number of zeros. The Euler relation of this sequence gives [0] = 0 in
Ko (C).

(2) The direct sum of good sequences

X=->X—-0=20—---—=0,

0-Y—->Y—>0—---—0
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results to the good sequence
X=>X0pY—=>Y—=0—---—=0

so it immediate gives [X & Y] = [X] 4+ [Y].
(3) Let x be an element in Ko(C). If z = 0, then = [0] by (1) and we

are done as [0] = [X] — [X] for any X. If x is nonzero, then there are non-
negative integers aq,...,a,,b1,...,b; and objects Xi,...,X,,Y1,...,Y; such
that « = a1[Xq] + -+ + a,[X,] — 1i[Y3] — -+ — &[Y;] as the Grothendieck

group is the free abelian group generated by isomorphism classes of objects in
C. Therefore by (2), we can combine these summands into z = [X{* & - @
Xp] - @Y. O

2.2. Basic properties of the Grothendieck group

Results we are about to prove are slight generalizations of those discussed
in Bergh-Thaule [1]. Once we proved everything, similar results follow imme-
diately for n-categories.

Definition 2.5. C an n-category, define relations ~; on the set of objects (one
for each i, between 0 and n + 1) to be: for any two objects X, Y € C, X ~; YV
if there are two good sequences

Ao s XA = o AT

A . s Y@ A - ..o AT

for some objects A°, ..., AL,

Note that if X 2 Y, we have X ~; Y because of the good sequences
0—>~--—>X5>Y—>~-~—>O,

0= =2Y=>Y—...=0

Also, recall for any commutative monoid S, elements of its group completion
G(S) are equivalence classes of pairs (s, s’) with s,s" € S and the equivalence
relation is defined to be (s,s") ~ (t,¢') if and only if there is some u € S
such that s+t +u = s +t+u in S. Denote the equivalence class of (s, s’) by
[(s,5")] and the group structure of G(S) is defined by the rule [(s, s")]+[(t,t')] =
[(s+ s, t+t)].

Proposition 2.6 (cf. [1, Proposition 2.3]). Let C be an n-category. Then

(1) The relation defined above is an equivalence relation.

(2) The set m; of equivalence classes {X }; of objects in C forms a commu-
tative monoid with addition {X}; + {Y} = {X ®Y};.

(3) Denote the group completion of w; by G(m;), then the groups G(m;) and
Ky(C) are isomorphic.
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Proof. (1) X ~; X and X ~; Y = Y ~; X are clear. For the condition:
X~ YandY ~; Z = X ~; Z, note that X ~; Y means there are objects
A° ... A" and good sequences

A S X @A o AL

AP S Y @A AL
Similarly, Y ~; Z means there are objects B, ..., B"T! and good sequences
B%...-Yo®B — ... B

B> ...5ZeB — ... 5 B

Take the direct sum of the 1st and the 3rd, and similarly direct sum of the 2nd
and the 4th sequences we get:

A’eB’ - ... s (XepAY)e (Y®B)— ... = A" g B!
=A"9B' - ... 2 XA oY®B)— ... A" g B!
and
A’eB ... 5 (YA (ZoB) —» - — A" @ Bt
= ApB’ .. 5 Zo (A @Y ®B) = - - A"l g B!

and this shows X ~; Z.

(2) The addition {X}; + {Y}; := {X @ Y}, is well-defined. Indeed, for
X~ X andY ~; Y/, we have X Y ~; X' &Y’ if we re-group the above
two good sequences in the following way:

ApB 5 ... 5 (XA (Y®B) —» ... = A" g Bnt!
=ApB' - ... 5 (XaY)eA'@®B) = ... - ATl g B!

and
AeB = s> X oA)e (Y ®B) - - A o B!
=AeB’ . 5> X aY)eA@®B)— - = A" g BT

The part that 7; is a commutative monoid is immediate.
(3) First, we will show that the Euler relations hold for the monoid ;. This
is a slight modification of Bergh-Thaule’s proof. For any good sequence

X0 5 xt 5.5 xnfl

we can obtain two good sequences

XOﬁ@XkﬁGBXk—%.-H @ Xkﬁ@Xk_) @ Xk—>-"—>®Xk—>X"H7

k<1 k<2 k<i—1 odd k>i+1 k>n

X'-Pxr-Pxto o PxXr-Px- P xo o Pxtoxnt

k<1 k<2 k<i—1 even k>i+1 k>n
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by following: suppose ¢ is odd and n is also odd (these assumptions are only
needed so that we have a more convenient way to phrase the argument), con-
sider following good sequences:

0=-X">X*"-0—0—>0—-+—0—>0—---—0—>0 * =0
0—0—-X">X*"—->0—>0—>-—>0—>0—>---—>0—>0 *=1
0—0—-0-X">X"—>0—-+—0—>0—---—=0—>0 *=0,2
0—0—-0—-0—X"—-X*>...—-~0—>0—--—=0—>0 *=1,3
0—0—0——-X"—-X"—->0—0—>0—---—0—0 x=0,2,4,...,i—3
0—0—0—-—-0—X"->X"—->0—>0—--—0—0

X0 X1 X2 5. .5 X725 Xi-l o Xty Xitlo Xit2 o .. 5 XY s Xntl

0—>0—>0—> '+ —->0—>0—>X*">X*—50—>-.—>0—>0 *=1i+2,1+4,...,n
0—0—-0—-++—->0—0—0—X"—X"—>...—>0—0 *=1+3,1+5,...,n+1
0—0—0—-++—0—>0—0—0—--- = X">X"—0 x=n+ 1.

The direct sum of above gives

k<1 k<2 k<i—1 odd k>i4+1 k>n
Similarly, the direct sum of the following good sequences

X*>X*"~>0—0—--->0>=0>=0>0>--->0=0=0 * =0
0=-X*">X*->0—--->0>0>0=0>--->0=0>=0 * =1

0—0—=X*">X*>-->0>0>0>0>--->0=0>0 *=0,2
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0=0=0>0>->X">X*"—->0—0—->--—=>0—0—0 *=1,3,...,1—2

O}(]>O>(]>~>0~>X*>X(*z)~>(]~>~>()‘>[)‘>0 *+=0,2,...,0—1

*=1+1,14+3,....,n+1

0-0>=0>0>-—-0—-0—0—X*>-.-=>=0—0—0 *=14+2,0+4,...,n
00>0>0>-—>0—>0—>0—>0—>--->X*">X*>0 * =1
00>0>0>+-—>0—>0—0—>0—>---—>0— X*>X* *=n+1

results to
X -Px-Pxi--- PxX-Pxt- P x> Pxtoxt
k<1 k<2 k<i—1 even k>it1 k>n
The only difference of the above two direct sums is the ith term and by defini-
tion this means exactly (X' @ X3 @ --) ~; (X°® X2 @ ---) hence
{XI@X3@~-~},;:{X0®X269~-~}7;
S {X'L+H {4+ = X+ {XP
S (X% (X +H X - (X =0
so the Euler relation holds for any good sequence.
It remains to prove that K¢(C) and G(m;) are isomorphic groups. Notice

that there is a well-defined map {—}; : C — m; where X — {X};, (X 2Y =
{X}; ={Y}:), compose this with the structure map of group completion:

l:m — G(m)
{X}i = [({X},0)].
The resulting composition is an additive function as
[({X°}, 0)] + [({X2}, 0)] + - = [({X 1}, 0)] + [({ X7}, 0] + -
Indeed, LHS = [({X°};+{X?};+---,0)] = [{X }i+{X3}i+---,0)] = RHS,
where the middle equality is exactly the Euler relation, that is,
{Xo}i + {XQ}l + = {Xl}l + {X3}l + -

for any good sequence X° — ... — X"+1 Therefore, there is a unique group
homomorphism g : Ky(C) — G(m;) by Proposition 2.3.
Define a map

U T — K()(C)
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{X}i = [X].

It is well-defined and a monoid homomorphism. Indeed, for {A}; = {A’};, we
have good sequences

X0 s A X 5. 5 XL
X0 5. . sAeX .. 5 X0
then in Ky(C), Euler relations of the above two good sequences result to
[Ad X =[A @ X = [A] = [4]).
It’s a monoid homomorphism because I'({A}; + {B};) =U/({A® B};) = [A®
B] = [A] + [B] and I'({0}:) = [0].
Consider the abelian group Ky(C) and monoid homomorphism ', there is a
unique group homomorphism h : G(m;) = Ky(C) by the universal property of

group completion.
In the following commutative diagram:

C‘>{_}7 7Ti4>l G(‘ﬂ'l)
I'h

\ \i
Ko(C)

by the universal property (Proposition 2.3), we deduce that hg = 1. Similarly,
from the following commutative diagram

N\ Ko(C)
lg
G(ms)
we deduce that gh = 1 so G(7;) and K((C) are isomorphic. O

Corollary 2.7 (cf. [1, Corollary 2.4]). Let C be an n-category. Then the fol-
lowing are equivalent:

(1) [X]=[({X1}i, {X2}i)] = [({(Ya }i, {Yo}i)] = [Y] in Ko(C).

(2) There exist objects U, ... , Ut and good sequences in C
Ul ... X190 U! —» ... 5 U™,
Ul ... s YieX,aUl— ... 5 UL
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Proof. (1) = (2): Given [({X1}i,{X2}:)] = [({Y1}4i, {Y2}i)], then by defini-
tion, there is an object {C'}; € m; such that in 7,
{Xiti +{Ya}i +{C}i = {1} + {Xa}i +{C},
ie.,
{XieoY,oClh =12 Xo®C}
so by definition, there are objects UY,...,U"Y, U, Ut ..., U™ € C and
good sequences

U= ... o Xi0Y0CoU — --- = U™
U= ... s VieXsoCoU—--- - UL
Now define U* :=U & C.
(2) = (1): Given two good sequences as above
U= . > X0Y0U — ... - U
U= ... s VeX,oU! - ... 5 UL
In the proof of Proposition 2.6(3), we show that the Euler relation with respect
to {—}; holds for any good sequence, therefore
U -+ (-D{X10Y,0 U} + -+ (1)U}, =0,
(U =+ ()i e Xe0 U} + -+ (-1)"TH{U" 1}, =0
= {XjoYoaU},={VioX0U'},
= {Xi}i +{Yo}i + {U'}; = (i} + {X2} + {U'};
hence [({X1}i, {Xo}i)] = [({Ya}i, {Y2}a)]- O

3. Classification of dense subcategories

Let C be an n-category. Then a full additive subcategory G of C is an n-
generator (resp. n-cogenerator) of C if for each object A € C, there is a good
sequence

A-sG - =G, = A
(resp. A= Gy — -+ =G, = A

in C with G; € G for all i. This definition obviously comes from the one
in [6] which is in turn motivated by the one in [9,11]. A trivial example of
an n-(co)generator is given by choosing G to be the entire category C. Also,
categories with enough projectives or injectives provide natural examples of
n-(co)generators. The notion of projective/injective objects and what it means
for an n-category to have enough projective/injective objects have an obvious
extension to m-categories. Indeed, an object P is projective if for any good
sequence X o, Xy ==X, n, Xn+1 and morphism f : P — X, 44,
there exists a morphism g : P — X,, such that d, o g = f and C is said to
has enough projectives if for each object A € C, there exists a good sequence
A'—- P, — .- —= P, — Ain C with P; projective for all 1.
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The subcategories to be classified are following:

Definition 3.1. Let S be a full subcategory of C. Then it’s

(1) dense in C if each object in C is a direct summand of an object of S.
(2) complete if given any good sequence in C with n+ 1 objects in S, then
so is the last object.

One checks directly that Haugland’s arguments [6] work for n-categories so
the classification result follows immediately.

Theorem 3.2. Let C be an n-category with n is an odd integer, G an n-
(co)generator and S a dense complete subcategory. Then there is a one-to-one
correspondence

subgroups of Ko(C) containing H I dense complete subcategories of C containing G
95 <g

Ht {AeC:[A e H}

([A] € Ko(C): A€ S) S,

where Hg = ([G] € Ko(C) : G € G) is the subgroup of Ko(C) generated by
elements whose representations belongs to G.

Define a relation ~ on the set of isomorphism classes of objects in C by
(A) ~ (B) if and only if A® S4 = B @ Sg for some objects S4,Sp € S. It is
easy to see that this is an equivalence relation and denote by Gs the quotient
of the isomorphism classes of objects in C by ~. Elements in Gs are denoted

by {A}.
Lemma 3.3.
(1) An object A € C is contained in S if and only if {A} = {0} in Gs.
(2) Gs is an abelian group with addition {A} + {B} := {A ® B} and the
identity element is {0}.
(3) There is a well-defined group isomorphism
Ko(C)/9(S) = Gs

[A] +9(5) — {A}
In particular, A € C is contained in S if and only if [A] € g(S).
Proof. Tt is straightforward to check that ~ is an equivalence relation.

(1) If A € S, then {A} = {0} as we have A@0 =X 0& A for 0,4 € S.
Conversely, we have A @ S4 = S for some S4,Sy € S so there is the following
good sequence

A—-ABSy—>5S4—-0—=---=0

with the last n + 1 terms objects in S. Therefore A € S as S is complete.
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(2) Again, it’s straightforward to show that + is a well-defined operation
and + is commutative, associative with the {0} being the identity element.
For any A € C, there is an object A’ € C such that A® A’ € S (as S is dense),
therefore {A} 4+ {A’} = {0} and this means {A’} is the inverse of {A}.

(3) First, ¢ : Ko(C) — Gs [4] — {A} is well-defined as it sends Euler
relations to zero. Indeed, for any good sequence Xy — X3 — -+ = X,,41 in
C, we can form a new good sequence

n+1 n+1 n+1
XoPXiox)-PXiox) - > @PXoX]) > Xn 0 X,
=1 1=2 i=n

with X/ objects in C that makes X;® X! € Sand X = X¢@X|®Xo® - OX, 11
exactly like Haugland in [6, Lemma 5.4]. From this sequence we conclude that
X eSso

{0} = {X} = {Xo} +{X1} + {Xo} + - + {Xpp1}
={Xo} —{Xu} +{Xo} = +{Xyt1} in Gs

so ¢ is well-defined.

It’s obvious that ¢ is a surjection so the only thing left is to show Ker(p) =
9(S). Tt is immediate that g(S) C Ker(y) by (1). Notice that every element in
K(C) is of the form [X]—[Y] for some objects X,Y € C by Proposition 2.4(3).
Since G is an n-generator, there is a good sequence Y/ - Gy — -+ - G, = Y
inC with G; € Gso [Y] = —[Y']|+[G1] — [Ga]+ - — [Gn-1] + [Gr] as n is odd.
Therefore any element can be written as

(X] = [Y] = [X]+[Y'] = [Gi] + [Ga] = -+ + [Gn1] =[G
= XY G dG1® - DGpr 1] - [G1OG3D - & Gy
=: [4] - [G],

where A € C and G € G.

Now, for any element [A] — [G] € Ker(y), we have {0} = ¢([4] — [G]) =
{4} —{G} = {4} as G € G C § and this means A € S as well, hence
[A] - [G] € 9(S).

This gives the isomorphism Ky(C)/g(S) = Gs. O

Now we are ready to prove Theorem 3.2.

Proof. By definition g(S) is a subgroup containing Hg and G C f(H). To see
that f(H) is a dense subcategory containing G, notice that there is a good
sequence A’ - G; = -+ = G, — A for any A € C and this implies that

[A® Al = [G1] — [Go]+ - — [Gn-1] + [G,] € H as n is odd. For completeness
of f(H), we have [Xo] — [X1] + -+ + (—=1)""}[X,,41] = 0 € H for any good
sequence Xy — --- — X, 41 so any n + 1 terms in this equation implies that

the last one must also be an element in H.
The inclusions gf(H) C H and S C fg(S) hold by definition so we only
need to show the inverse directions. For gf(H) D H, take [A] — [G] € H (see
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the proof of (3) of last lemma), we have [A] € H as [4] = ([4] — [G]) + [G]
and both [A] — [G] and [G] are elements of H and this implies that [A] — [G]
belongs to the subgroup generated by elements [X]| with [X] € H.

For S C fg¢(S), choose an element A € fg(S), that is, [A] € g(S) so (3) of
the above lemma tells us that A € S. g

Therefore all Thomason type dense subcategories classification results are
formal consequence of the distinguished collection of good sequences for n-
categories with n an odd integer together with the existence of an n-(co)genera-
tor G. In particular, for the category of N-complexes and precomplexes, 0
is always a (co)generator so there are similar classification results for these
categories as well. Recall that for an additive category C and a fixed integer
N > 2, an N-complex X*® is a diagram

d i d 1 d
..._>XZ_>X’+1_>...

with X% € C and dV = 0. A precomplex is nothing but a sequence of objects
connected by morphisms of the underlying category.

4. Grayson’s algebraic K-theory

Grayson’s recent approach to algebraic K-theory [4] defines all K-groups of
an exact category as the Grothendieck group of the associated exact category of
acyclic binary multicomplexes modulo relationships coming from “short exact
sequences” and diagonal acyclic binary multicomplexes. Therefore, if there is a
well-defined notion of Ky for a category with a “good” collection of diagrams,
one can apply Grayson’s construction in defining all K-groups for any such
category.

We use Grayson’s construction to give a definition of K-groups for n-categor-
ies and prove a naive even Additive Theorem at the end of this section.

Definition 4.1. Let C be an n-category, denote the category of bounded se-
quences of C by SC. Objects of SC are ordinary sequences of C and morphisms
are componentwise morphisms in C that make the obvious squares commute.

One can make SC into an n-category by declaring a sequence S — S! —
- — S0+ to be good if SY — S} — - — S is good in C, for any k.
It’s easy to see that the sequence 0 — --- — 0, is good and two sequences
A, and B, are isomorphic: A, % B, if fi is an isomorphism for each k,
so condition (2) of Definition 2.1 is true. Finally, the direct sum of two good
sequences
B I . S
I SN
in SC is good as the direct sum of

Sp— S — o= Sp
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R B N S
is good in C, for each k.
Definition 4.2. A bounded acyclic sequence, in an n-category C is a bounded
sequence N, whose differentials factor through good sequences of C. That is,

the differentials factor as

d;
>N —————> N, >

/

/

Zi—1

such that each Z;_; e N;_1 Z;_o 1is a good sequence

of C.

Definition 4.3. A binary sequence in C is a sequence with two independent
differentials. More precisely, a binary sequence is a triple (N,,d,d’) such that
(N,d) and (N, d’') are sequences in C. We call a binary sequence acyclic if each
of the sequences (N, d) and (N, d’) is acyclic in C. A morphism between binary
sequences is a morphism between the underlying graded objects that commutes
with both differentials. A good sequence (of binary sequences) is a sequence of
composable sequences of such morphisms that is good componentwise.

For C an n-category, SC the category of bounded sequences, denote by S4C
the category of bounded acyclic sequences. Similarly, we denote the category of
bounded binary sequences by BC and the category of bounded binary acyclic
sequences BIC. We proved before that SC is an n-category, similar results also
hold for the other three categories (with similar collections of good sequences).
Take the category SIC for example, we have

(1) 06 — 0y — -+ — 0, is good as long as the zero sequence 0, is acyclic
(i.e., an object of SC). Indeed, we can factor it as

0

/

0
with 0 - 0 — -+ — 0 a good sequence in C.
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(2) is straightforward.
(3) Given two acyclic sequences

SO Sl . S:L+17

T T} e T+t
in S9C. Notice that the direct sum of acyclic sequences is also acyclic. Indeed,
given

d; d;
~~>S;"—>S;‘_1>~- ~~->Ti*—>Ti*_1>~~-

/ /

/ /

* %
Z7 Zity
with
* * *
Zifl e Sifl Zi72 )
1£3 * 1%
Zi—l T Ti—l > Zi—2

good sequences in C, the direct sum of these two good sequences is good in C.
Hence

SoT1! - SleT! ... = Sttt g Tt
is an object of SC. It is acyclic because

SpeTy = SteTE— = ST a1yt

is good (as the direct summand is).
Similarly, one can prove the same result for BC and BYC.

Definition 4.4. There is a diagonal functor A : SC — BC, sending (N, d) to
(Ne,d,d). A binary sequence that is in the image of A is also called diagonal.
The diagonal functor is split by the top and bottom functors T, L : BC — SC;
it is clear that A, T, L are all exact.

Since BC is an n-category, we can iteratively define an n-category (B?)™C =
Bi1BY ... BiC for each m > 0. The objects of this category are bounded acyclic
binary sequences of bounded acyclic binary sequences - -- of objects of C. It is
clear that the following is an equivalent definition of (B?)™C.

Definition 4.5. The n-category (B?)™C of bounded acyclic binary multise-
quences of dimension m in C is defined as follows. A bounded acyclic binary
multisequence of dimension m is a bounded (i.e., only finitely many non-zero),
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Z-graded collection of objects of C together with a pair of acyclic differen-
tials (in each direction) such that any pair of differentials in different directions
commute. A morphism ¢ : N — N’ between such binary multisequences is a
Z™-graded collection of morphisms of C that commutes with all of the differ-
entials of N and N’. A good sequences in (B%)™( is a composable pair of such
morphisms that is good componentwise.

In addition to (B9)™C, for each m > 1 we have an n-category S9(B%)™~'C of
bounded acyclic sequences of objects of (B?)™~!C. For each i with 1 <i <m
there is a diagonal functor A; : S9(BY)™~1C — (BY)™C that consists of “dou-
bling up” the differential of the (non-binary) acyclic sequence and regarding
it as direction 7 in the resulting acyclic binary multisequence. Any object of
(B%)™C that is in the image of one of these A, is called diagonal. The diagonal
binary multisequences are those that have d* = d' for at least one i.

Now we formally take Grayson’s presentation of the algebraic K-theory of ex-
act categories to be the definition of algebraic K-groups for n-categories. Note
that the Grothendieck group K defined below agrees with the Grothendieck
group of n-categories discussed in previous sections (which is in turn a gener-
alization of the Grothendieck group of n-angulated categories [1]).

Definition 4.6. For C an n-category and m > 0, the abelian group K,,C is
presented as follows. There is one generator for each bounded acyclic binary
multisequence of dimension m, and for X* : X — ... — X"+ 3 good sequence
in (B?)™C, there are relations:

(1) x(X*) when n is odd or {{0)} U x(X*®) when n is even.
(2) [T]=0if T is a diagonal acyclic binary multisequence.

Observe that if we only consider the first relation, this is then exactly the
Grothendieck group of the category (B?)™C. That is, K,,C is a quotient group
of the Grothendieck group of the n-category (B?)™C. Denote by T7* the sub-
group of Ko(B%)™C generated by the classes of the diagonal binary multise-
quences in (BY)™C. Then we may write K,,,C = Ko(B9)™C/T".

4.1. Even additivity theorem

We start by presenting the necessary materials needed for the even additivity
theorem.

Definition 4.7. Let B be an n-category. Then an n-subcategory A of B is a full
subcategory (containing the zero object) with the collection of good sequences
being all the good sequences in B whose entries are objects of A.

Suppose B is an n-category, A,C and X2, X4, ... n-subcategories of B (the
sequence ends with X if n is even, or X"~ 1 if n is odd). Then the even exten-
sion category E(A, X" () is the category whose objects are good sequences
of B of the form

A-X'5 ... X" > C
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with A € A,C € C, X" € X" (i.e., X' is an object of X for all even
index ¢ and this convention will also be applied in the remaining of the arti-

cle) and morphisms are commuting rectangles. Denote the above object by
(A, Xever ().

Lemma 4.8. £°7°" = (A, XV C) is an n-category, with Fgeven being the
collection of sequences of the form

(A07Xeven,0’00) & (Al’Xeven,l,Cl) L . f_"> (An-ﬁ—l’Xeven,n-ﬁ—l’Cn-‘rl)’

where
AO fo Al fl " An+1
X0 f° Xl R i ximtl
)
CO e Cl I fn Cm+1

good sequences in A, X' (i even) and C.

Proof. (1) 0 € A, X",C and 0 = (0 — - -- — 0) is good in B, so 0, € £V*™ and
O¢ — -+ — 04 € Fgeven as the sequences 0 — --- — 0 are good.
(2) Suppose

o

(A7 Xeven’ C) (14/7 (X/)even, C/) .

C = ol
XEU&’?’L = (X/)even
A = A

Then

o

0.*>...H(wa'evenvc)H(A/’(X/)even’cl)*)”_*)o.
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IR

0 C c’ 0
H_EHXeveni(xl)evenﬁ._'ﬁ'“
0 : A———s A : 0

all squares commute and this is a good sequence in £ as the required sequences
are good in A, XY™ and C.

(3) The direct sum of two good sequences in is good as the required
sequences are direct sums of good sequences in A, X<V and C. O

661)6?7,

Remark 4.9. One can impose an n-category structure on £°Y" by defining a
sequence to be good if some components are good. The reason for considering
the n-category structure as defined in Lemma 4.8 will become clear in proofs
of the following.

Later n will be assume to be an odd integer, so for the classic case (i.e.,
n = 1), the good (i.e., exact) structure on £°Y*" we defined here is not the
classic definition for extension category of exact categories (classically, the exact
structure on extension categories is a sequence exact at all spots). However,
as the reader will see in the proof of Theorem 4.13, the requirement of being
good (i.e., exact) in the middle (n = 1 spot) is not necessary in proving the
even additive theorem.

We now start the discussion for the even additivity theorem.

Lemma 4.10. Let F : C — D be an exact functor of n-categories. Then there
s an induced group homomorphism

F, : KoC = G(n%) = G(nP) = KyD
[({ X1} { X2 })] = [({F(X1) b, {F(X2) }i)]-

Proof. Use the definition of ~; and equality in the group completion G(7;) to
obtain two good sequences, apply F' to these sequences. O

Lemma 4.11. Let B be an n-category with n an odd integer, A, X" C n-
subcategories of B, then for any A € A, X" € X" C € C, there is a good
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sequence

A 1 2 3 4 5 6 v o n—2 n—-1 n C

A=AP X2 > X2 X4 > X4 X0 X0 ... Xl X1 0 O

Proof. Given A € A, X" ¢ x<ve" (C € C, we have following good sequences

A 1 2 3 4 5 6 -+ mn—2 n—-1 n C
A-A—-0—-0—-0—-0—-0—-+—0—>0—>0—-0
0>X2>X?+>0—-0—->0—->0—>-+—>0—>0—>0—->0
0—~0—-0—-+X*>X*">0—-0—>—>0—>=0—=0->0
0—-0—->0—->0—-0—->X>X0s... >0—>0—>0—>0
0—-0—->0—-0—-0—>0—>0—>-->X"1sX"150-0
0—-~0—-0—-0—-0—-0—-0—-—0—>0—-=C>C

the direct sum of all above sequences is the desired sequence so it is indeed a
good sequence and therefore an object of the category £¢ve™. O

Given finitely many n-categories A, X< and C, we can make the product
category A x X" x C into an n-category by declaring good sequences to be
sequences of the form A% x Xevem0 x 00 — ... - Antl x Xeven,ntl o Ontl
where A% — ... — A+l xevenO ...y xevenntl gnd 00 — ... — Ol
are good sequences in A, X" and C. Notice that here we denote objects of
A X X x C as A x X" x C to distinguish them from objects of £V
discussed before. From now on, n denotes an odd integer.

Lemma 4.12. The functors ¢ : EV" — A X XV x C, where one sends
(A= X' = ... 5 X" = C) to Ax X" x C and 1) : Ax XU x C — £even
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that maps A x X" xC to (A= AP X? 5 X? -5 ... =5 X" - (C = 0)
are exact functors of n-categories.

Theorem 4.13 (Even additivity). For B an n-category, A, X", C n-sub-
categories of B. Moreover, we require that the composition of any two consecu-
tive maps of any good sequence is zero. Then K,,E¢"" = K, A x K, X" x
K,,C for any m > 0.

Proof. First, the theorem holds for m = 0: Ky£*" = Ky A x KogX*" x KoC.
The maps @, induce maps of the Grothendieck groups. We obviously have

po1 =1s0 @, is a left inverse of 9. Thus it suffices to show that 1, o, = 1.

d° d* dn—? d" .
Forevery E: A~ X! 25 ... = X" 25 (C in £°Y°" we have

so we need to show
[E]:[(A%AEBXQ%X2_>..._>X'@—1_>C_>C)]

in Kp&evem.

This relation follows from the fundamental relation of Ky, given that the
following are both good sequences (commutativity is straightforward, they are
good as the even spots and two boundary sequences are good)

0—>C—>C—>0>--->0 0—>C—>C—>0>--->0
1 1

0—C——=C—0>--->0 00— X"—(C—0>--->0
0 0

0—x"1Lxn1lo0>...50 0=Xn1Lyrlo0~...50
d 1

0—X"1 X" 150>...50 0>x"2L xn1.0> =0

0— X2 1> X2 50>-..>0 0—>X2 25 X2 > 0>--->0
1 dt 1

A=A X2 X2 >0>--->0 A—d(;Xli>X2‘>0>...>0

1 1 4

A—I>A4>O—>O>~->U A—I>A4>0‘>0>~-~>0

LS s ¢op(E) =Ll =-0—---=0 S E-Ll-0—-- =0
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The commutativity of the right diagram is because the composition of any two
consecutive maps of E is zero and it is representing a good sequence in £¢V¢"
as the even components are given by isomorphisms 0 — XV L xeven
0 — --- — 0. Therefore we have KoE*"™ = KgA x KqX°v" x KoC.

Now, for any m > 0, (BY)™A, (B?)™X* and (B?)™C are subcategories with
good collections of (B?)™B. Define the mth extension category
(Eevem)m (A, xevenr C) = £ ((BY)™A, (B1)™Xx v (B1)™C) and we have
(Eeven)ym = (BI)MEVE™ because any binary multisequence of good sequences
is the same as a good sequence of binary multisequences, just like the (bi-
nary multicomplexes) situation as Harris’s proof of Theorem 2.9 [5]. This
implies that Ky(£v™)™ = Ky(B?)™A x Ko(BY)™mX " x Ko(B%)™C as be-
fore. Similarly, under the identification of (£°7¢™)™ and (B%)™£V*", a binary
multisequence in (B?)™E" is diagonal in a direction if and only if its con-
stituent binary multisequences in (BY)™A, (B?)™ X", and (B9)™C are also
diagonal in the same direction; and if A" € (B7)™A, X" € (B?)™XV*" and
C" € (B?)™C are diagonal, then so are the binary multisequences correspond-
ingto A" - A =200 =0=C—=Cand0— - — (X?*)
(X2?%) = 0 — .-+ — 0 (with the second (X?¥)" placed at position 2k), so
1) preserves diagonal binary multisequences and this means the isomorphism
Ky(&evem)y™ = Ko(B1)™A x Ko(B1)™Xeve" x Ko(B?)™C restricts to an iso-
morphism Tfen = T} X THeven x T, Passing to the quotient groups finishes
the proof. O

Corollary 4.14. The even additive theorem holds for K groups of n-exangul-
ated categories, where n is odd.

Proof. The condition that the composition of any two consecutive maps of a
good sequence is zero is automatic for n-exangulated categories as any distin-
guished n-exangle is a complex satisfying some other conditions. O

Remark 4.15. Our additive theorem does not hold for the category of N-
complexes and precomplexes as the technical assumption of zero composition
for good sequences in Theorem 4.13 fails.
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