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GORENSTEIN SEQUENCES OF HIGH SOCLE DEGREES

JUNG PIL PARK AND YONG-SU SHIN'

ABSTRACT. In [4], the authors showed that if an h-vector (ho, hi,. .., he)
with hy = 4e — 4 and h; < hi is a Gorenstein sequence, then h; = h;
for every 1 < ¢ < e—1 and e > 6. In this paper, we show that if an
h-vector (ho,h1,...,he) with hy = 4e — 4, ho = 4e — 3, and h; < hg is a
Gorenstein sequence, then ho = h; for every 2 <i<e—2and e > 7. We
also propose an open question that if an h-vector (ho,h1,...,he) with
h1 = 4e — 4, 46 — 3 < hy < (hl)(l)lii7 and hs < h; is a Gorenstein
sequence, then hg = h; for every 2 <i<e—2 and e > 6.

1. Introduction

We consider a standard graded Artinian algebra A = R/I, where R =
kl[zo,x1,...,2n], I is a homogeneous ideal of R, and k is a field of any char-
acteristic. The h-vector of A is H = (hg,h1,...,h.), where h; = dimg A;
and e is the last index such that dimy A, # 0. The socle of A is the an-
nihilator of the maximal homogeneous ideal m = (Zg,Z1,...,Z,) C A, ie.,
soc(A) ={a € A|a-m=0}. We define a socle vector of s4 = (50, 81,---,5¢)s
where s; = dimy soc(A);. Note that s = he. The integer e is called the socle
degree of A (or of H). If s4 = (0,...,0,s. = s), we say that A is an Artinian
level algebra of type s. Moreover, if s = 1, then A is an Artinian Gorenstein
algebra, and H is a Gorenstein sequence (or Gorenstein h-vector). In this pa-
per, we show that the non-unimodals satisfying certain conditions do not occur
(see Question 1.1).

Recall that an h-vector H = (hg, h1, ..., h.) is defined to be an SI-sequence
if it is symmetric and its first half is differentiable, namely, (ho,h1 — ho,
hy — hi,...,hjg) — hth_l) satisfies Macaulay’s theorem. It is well known
that every Sl-sequence can be a Gorenstein h-vector. By a result of P. Maro-
cia [22] there is a length s smooth punctual scheme Z C P™ having Hilbert
function agreeing with the first half of the SI-sequence. Define 7(Z) the first
degree in which h;(Z) = |Z|. If we get Z, having the Hilbert function in the
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first part of H = (hg, hy, .. .,thj,...), followed by s, s, ..., then we can take
a generic element F in ((Iz);)*, and its annihilator Ann(F) contains the orig-
inal ideal of Z, and have the symmetrized Hilbert function (see [19, Theorem
5.21A, Theorem 5.3], [11], and [22]).

Recall that a sequence of integers is unimodal if it does not strictly in-
crease after a strict decrease. It is known that if a Gorenstein h-vector has a
codimension < 3, then it is unimodal ([10]). Furthermore, there are nonuni-
modal Gorenstein h-vectors of codimension > 5 ([5,7,18]) and it is still un-
known if there exists a nonunimodal Gorenstein sequence of codimension 4
([12,20,24,28]). In [4,26], the authors classified Gorenstein h-vectors of small
socle degree. In particular, in [26], the authors showed that nonunimodal
Gorenstein h-vectors of socle degree 4 (respectively, 5) and codimension r exist
if and only if r > 13 (respectively r > 17). In [4], the authors also considered
Gorenstein h-vectors of general socle degree.

There has been a flurry of papers devoted to classifying possible unimodal
or nonunimodal Artinian Gorenstein sequences (see [1-5,8,11,12,15-20,23,25,
28,30]).

Let n and 7 be positive integers. The i-binomial expansion of n is

= (3 () ),

where n; > n;_1 > --- > 7 > 1. We call ng,n;_1,...,n; the Macaulay coef-
ficients of n(;) (see [9, page 160]). Following [6], we define, for any integers a

and b,
b 7711+b ni,1+b n]+b
(n(i))| =1 . + | . +-o+ | )
a t+a 1—14+a j+a

where we set (an) =0 for m < g or ¢ < 0. We also use a notation (n(i))b

a

instead of (n(i))‘z for convenience.

The key ingredients in this paper are two important theorems, so called,
Macaulay’s theorem [21] and Green’s theorems [14]. Together with these two
theorems, we often use another theorem of Migliore, Nagel, and Zanello, namely,
if an h-vector H = (hg, h1,. .., h.) is a Gorenstein sequence, then

(1.1) hisr 2 (h)emiy| g + (hidemi| (o

for 1 <4 < § ([25]). It is a nice formula to determine if an h-vector is a Goren-
stein sequence, though there are infinite series of non-Gorenstein sequences
having the lower bound in equation (1.1) (see [3,8]). Macaulay’s theorem
[21] and Green’s theorem [14] play an important role in the study of Hilbert
functions of standard graded Gorenstein algebras. In particular, Macaulay’s
theorem regulates the possible growth of the Hilbert function from one degree
to the next, and Green’s theorem regulates the possible Hilbert functions of
the restriction modulo a general linear form.
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In [4], the authors considered interesting Gorenstein h-vectors of higher socle
degree using Macaulay’s theorem, Green’s theorem, and Gotzmann’s theorem
[13], namely, if H = (hg, h1,...,he) with h; = 4e —4, ¢ > 6, and h; < hy for
1 <i < e—1,is a Gorenstein sequence, then hy = h; for such . Moreover,
they constructed nonunimodal Gorenstein sequences H = (hg, h1, ..., h.) with
hi=4e—3,h;=hy=4e —4,fore>6and 2 <i<e—2.

Here, we have an open question as follows.

Question 1.1. Let H = (hg, h1,...,he) with by = he—y = 4e — 4, 4e — 3 <
hay < (hl)(l)m%, hi <hgfor2<i<e—2ande>6.1Ish; =hy forsuch ¢ if H
is a Gorenstein h-vector?

In this paper, we give a complete answer to Question 1.1 when ho = 4e — 3
with e > 7. In other words, we show that non-unimodal Gorenstein sequences
satisfying the conditions in Question 1.1 don’t exist. However, it is still open
when hy = 4e — 3 and e = 6. In Section 2, we introduce some preliminary
definitions, and notations. In Section 3, we introduce the main theorem of this
paper and the proofs of Question 1.1 for two cases. In particular, we consider a
Gorenstein h-vector of socle degree 12 in Subsection 3.1 and another Gorenstein
h-vectors of high socle degrees e > 16 in Subsection 3.2. For the other cases of
Question 1.1 when hy =4e — 3, 7 < e < 15, and e # 12, we show all proofs in
the Appendix.

Acknowledgement. The authors are grateful to the reviewer for their meticu-
lous comments and suggestions on this paper, which are helpful to substantially
improve the original paper.

2. Preliminaries

First, we recall the results of Macaulay’s theorem and Green’s hyperplane
restriction theorem ([14,21]) which provide the upper bound for the Hilbert
function of the quotient of a given graded algebra (not necessarily Artinian).

Theorem 2.1 ([14,21]). Let hy be the entry of degree d of the Hilbert function
of R/I and let £; be the degree d entry of the Hilbert function of R/(I, L) where
L is a general linear form of R. Then, we have the following inequalities.

(a) Macaulay’s Theorem: hat1 < ((ha)a)) ’E

(b) Green’s Hyperplane Restriction Theorem: £4 < ((hd)(d)) _(1).
Lemma 2.2 ([25, Proposition 8)). If (1,7, ha,...,r, 1) is a Gorenstein h-vector,
then (1,7 +1,ha+1,...,7+ 1,1) is also a Gorenstein h-vector.

Lemma 2.3 ([29]). Let A = R/I be an Artinian Gorenstein algebra, and let
L ¢ I be a linear form of R. Then the h-vector of A can be written as

H:= (h07h17"'7he) = (]-abl +€1,~~'7be—1 +£e—1;be = 1)7

where
b:(bl,bg,...,be_l,be) with blibeil



74 J. P. PARK AND Y. S. SHIN

is the h-vector of R/(I : L)(1) (with the indices shifted by 1), which is a Goren-
stein algebra, and

gz(fo,él,...,ge_l) with 60:1
is the h-vector of R/(I,L).

Notation. With notation as in Lemma 2.3, we shall simply call the following
diagram

ho hl h2 e he—l he
(2.1) b by o+ be_i be
by Ly by -0 Loy

the decomposition of the Hilbert function H. Moreover, we denote an h-vector
(b1,b1,...,b.) by b and an h-vector (o, 1,02, ...,¢._1) by £ for the rest of this
paper.

3. Gorenstein sequences

In this section, we introduce the main theorem (Theorem 3.18) of this paper
and prove two cases of socle degrees e = 12 and e > 16 only. For the rest of
the cases, when 7 < e < 15 and e # 12, we arrange the statements (Proposi-
tions 3.10~3.17) only in Subsection 3.3 and place the proofs in [27, Appendix]
because these cases can be proved using analogous ideas and methods with the
decomposition tricks in equation (2.1) for Gorenstein sequences.

3.1. A Gorenstein sequence of socle degree 12

Before we prove Proposition 3.4, we introduce the following 3 lemmas first.

Lemma 3.1. Suppose that an h-vector H = (hg, h1,...,he) of socle degree e
with h1 = 4e — 2 satisfies one of the following.

(1) 1y >ha+2 ande>9, or
(2) hi1 > ho > hz and e > 10.

Then H is not a Gorenstein sequence.

Proof. Assume that there exists a Gorenstein Artinian algebra R/I with Hilbert
function H.

(1) We suppose that the Hilbert function H is of the form
H=(1,4e—2,4e—4—a,...,de —4 —a,de —2,1).

Note that for e > 9,

== ()« () () () ()= (0D« (08
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By Green’s theorem, ¢._1 < 4. So the decomposition of H is of the

form
(e—1)-st
H : 1 4¢-2 4e—4—a --- 4e — 2 1
b 1 4e—6+a -+ de—64+a 1
L 1 4e—-3 2—-a—a --- 14—«

Then {5 < 2 and ¢y < £._1, that is, £ is not an O-sequence.
(2) If hy > ha+2, then by (1) it holds. So we suppose that hy = 4e—3 > hs,
and the decomposition of H is

(e—1)-st

H : 1 4¢e—2 4e—-3 4e — 4 4e — 3 e —2 1
b 1 4e—6 4e—3-—-p -+ 4e—3—0 4e—6 1
£ 1 4e—3 3 5—1 8 4

If 8 <4, then /3 <3 and f3 =8—1< 3 ={._o. In other words,
£ is not an O-sequence. If 8 > 5, then by (1) b is not a Gorenstein
sequence.

This completes the proof. O

Lemma 3.2. The h-vector
(e—1)-st
H = (1,41,41,40, hs,...,h7,40,41, 41 1)
with hy < 39 and e > 11 is not a Gorenstein sequence.

Proof. Suppose there exists a Gorenstein Artinian algebra with Hilbert function
H. First, if e > 12, then by equation (1.1), hg > 40, and so H is not a Gorestein
sequence. So we assume that e = 11. By Green’s theorem, /g < 6, {9 < 5, and
f19 < 4. The decomposition of H is

10-th

H : 1 41 41 40 39—-a e 39—a 40 41 41
b : 1 41—210 41—69 40_£8 39—67—(1 40—58 41—[9 41—(10 1
4 1 40 610 fg -1 68 —a—1 - 87 68 fg 410

If b9 < 4, then ¢3 = fg — 1 < 3 and 3 = g —1 < fy. So £ is not an
O-sequence, i.e., g = 5. Moreover, if a > 0, then ¢4, = ls —a — 1 < 4, and
ly = ls —a —1 < lg, that is, £ is not an O-sequence. Hence we rewrite the
decomposition of H as

10-th
H : 1 41 41 40 39 e 39 40 41 41
b 1 41—-4y9 36 40—4g --- 39—47 40—40g 36 41 —/{10 1
f : 1 40 €10 4 fs —1 R 67 68 5 610

(1) Suppose £19 < 2. Then (¢2,43) = (¢10,43) = (< 2,4), i.e., £ is not an
O-sequence.
(2) Assume £19 = 3. Then (bs, b3) = (38,36), and so, by Lemma 3.1, b is

not a Gorenstein sequence.
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(3) Assume l1g = 4. If by < 5, then £y, = g—1 < 4, and so £y = lg—1 < ls.
Thus £ is not an O-sequence. If fg = 6, then (bs, b3, by) = (37,36, 34),

i.e., by [4, Lemma 3.8], b is not a Gorenstein sequence.
This completes the proof. O

Lemma 3.3. The h-vector
10-th
H = (1,41, 40, 40, 39, 37, 37, 39,40, 40, 41 ,1)
is not a Gorenstein sequence.

Proof. Suppose there exists a Gorenstein Artinian algebra with Hilbert function
H. By Green’s theorem, {5 < 8, {7 < 8, lg < 6, {9 < 5, and f19 < 4. The
decomposition of H is

10-th

H : 1 4 40 40 39 37 37 39 40 40 41
b 1 41 -1y 40—40y 40—0lg 39—40; 37—0ls 39—0; 40—0sg 40—1Lly 41 —1{yp 1
¢ 1 40 flp—1 ly lg—1 47 -2 L U7 lg—1 Ly Lo

Since {5 = {7 — 2 > 6, we have £y > 8, i.e., {7 = 8, and so {5 = 7. Moreover,
lo = l10—1 > 3, and thus £1g = 4. It follows that {3 = lg =4 and {4, = lg—1 =
5. Hence we have (bs, b3, by) = (37,36,34), and so by [4, Lemma 3.8], b is not
a Gorenstein sequence. This completes the proof. O

Proposition 3.4 (¢ = 12). Let H = (hg, h1, ho, ..., h1o, h11, h12) be a sym-
metric sequence with
hi =44, hy =45 and h; < hy for all i > 3.

Then H is a Gorenstein sequence if and only if h; = hg = 45 for every 2 <i <
10.

Proof. Suppose there is an Artinian Gorenstein algebra R/I with Hilbert func-
tion H. From equation (1.1), there are 55 possible nonunimodal h-vectors
(see [27, Appendix]). We shall show that all 55-cases cannot be Gorenstein
sequences.

We shall prove this by 4-cases for (hs, hs), namely,

(hs, hy) = (44,44), (44,45), (45, 44), (45, 45).
By Green’s theorem, we have
f10 <5 and fq1; <A4.
(1) We first consider the case (hs, hg) = (44, 44), i.e.,
H = (1,44,45,44, 44, hs, hg, h7,44,44,45,44, 1).
Note that fg < 8, g < 5, 19 < 5, and ¢1; < 4.

Assume the decomposition of H is

H : 1 4 45 44 44 hs he hr 44 44 45 44 1
b 1 44—ty 45—l 44—0Cy — — — Ad—ls 44—0ly 45—l 44— 1

Y4 1 43 1+ 611 Zlg -1 fg - - - Zg Zg ZIO le
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Since ¢ is an O-sequence, we have

ly="01p—1>4, ie., {p=>5, (by Green’stheorem f1p <5), and
by =1Fg>5, so lg=25, (since 19 = 5).
Hence the decomposition of H is
H : 1 4 45 44 44 42 41 42 44 44 45 44 1
b 1 44—-417 40 39 — — — 44—/lg 39 40 44—/111 1
4 1 43 1 + 611 4 5 - - - fg 5 5 £11
Since £ is an O-sequence, one can see that /o = £11+1 > 3, i.e., {11 > 2.
(a) If £1; = 2, then (bg,bs) = (42,40). By equation (1.1), b is not a
Gorenstein sequence (see also Lemma 3.1(1)).
(b) If ¢1; = 3, then (bq, b3, bs) = (41,40,39). By [4, Lemma 3.8(b)], b
is not a Gorenstein sequence.
(c) If 11 = 4, then (bq, b3, bs) = (40,40, 39). By [4, Proposition 3.14],
b is not a Gorenstein sequence.
(2) We consider the case (hs, hy) = (44,45), i.e.,
H = (1,44, 45,44, 45, hs, hg, hr, 45, 44,45, 44, 1).

Note that fg <9, g <5, 19 <5, and /11 < 4.
Assume the decomposition of H is

H : 1 4 45 44 45 hs he hy 45 44 45 44 1
b : 1 44—611 45—[10 44—[9 - - - 45_€8 44—169 45—[10 44—[11 1
f N 1 43 1 + 611 flg —1 59 + 1 - - - ZS fg flg 511

Since ¢ is an O-sequence and {15 — 1 = £3 < {19, we have

b3 =F19g—1>4, ie., f19=25, (by Green’s theorem ¢19 < 5), and
ly=0ly+1>5 so lg>4, ie,lyg=2>5, (sincel19=25).

But, then (¢5,¢4) = (4,6) is not an O-sequence.
(3) We consider the case (hs, hy) = (45,44), i.e.,

H = (1,44, 45,45, 44, hs, he, hy, 44,45, 45,44, 1).

Note that 68 < 8, fg § 6, 610 S 5, and 611 < 4.
Assume the decomposition of H is

H : 1 4 45 45 44 hs he hy 44 45 45 44 1
b : 1 44—%11 45—((10 45—(9 - - - 44—@8 45—;@9 45—@10 44—E11 1
V4 1 43 1+ 611 510 ég -1 - - - 88 29 ‘elU le

Since £ is an O-sequence and fg — 1 = £4 < £y, we have

ly=40y—1>5 e, ¥€y=06, (by Green’stheorem {9 <6), and
@10 = 4, 5.

H : 1 4 45 45 44 hs he hr 44 45 45 44 1
b : 1 44—(11 45—610 39 - - - 44—28 39 45—€10 44—611 1
{ 1 43 1 + 511 510 5 - - - és 6 610 ell

(a) If 419 = 4, i.e., by = 41, then by equation (1.1), (bs,bs) = (41, 39)
is not a Gorenstein sequence.
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(b) Let 610 = 5.
(i) If 417 <1, then by = f1; +1 <2 < 5 =4y, ie., £ is not an

O-sequence.

(ii) If 11, = 2, then by Lemma 3.1, (ba,bs) = (42,40) is not a
Gorenstein sequence.

(iii) If £1; = 3, then by [4, Lemma 3.8], (b2, b3, bs) = (41,40, 39)
is not a Gorenstein sequence.

(iv) Suppose £1; = 4. Then by [4, Proposition 3.14], (bg, b3, b4) =
(40,40, 39) is not a Gorenstein sequence.

(4) We consider the case (hs, hy) = (45,45), i.e.,

H = (1,44,45,45,45, hs, he, hr, 45,45, 45,44, 1).

Note that Eg S 9, fg S 6, 610 S 5, and 611 S 4.
(a) Suppose 42 < hs < 44. Then the decomposition of H is

H : 1 4 45 45 45 hs he hy 45 45 45 4 1
b 1 440 45—10yy 45—0y  45—Ly  — — 45—y 45—ly 45—y 44—0 1
- 1 43 1+0 lo lo  hs+ls—45 — — 15 A I I

Since £ is an O-sequence and hs < 44, we get that hs + g — 45 <
ls — 1, and so we have

hs +0g —45>6, {fg>51—hs>7, ie., ¥(3=17,89, and
ly = gg > 5, i.e., ég = 5,6

(i) Assume f9 = 5. Since by = 45 — lg < 38, we have (bg, b5) =
(40, < 38). However, by equation (1.1), so b is not a Goren-
stein sequence.

(ii) If ¢y = 6 and ¢5 = 8,9, then by = 39 and by = 45 — ¢g < 37.
But, by equation (1.1), b is not a Gorenstein sequence.

(iii) Assume ¢9 = 6 and fg = 7. Since £ is an O-sequence, one
can see that 5 = hs — 38 > 6. Hence hs; = 44. Moreover,
by equation (1.1), bg = 45 — ¢19 > 40, i.e., {10 = 5. Hence
the decomposition of H is

H : 1 4 45 45 45 44 hg 44 45 45 45 44 1
b 1 44—4¢1; 40 39 38 — — 38 39 40 44—/, 1
¢ 1 43 1+/411 5 6 6 — - 7 6 5 l11
(A) If 411 < 2, then (¢2,43) = (< 3,5) is not an O-sequence.
(B) If 11 = 3, then [4, Lemma 3.8] (b2, b3, bs) = (41,40, 39)
is not a Gorenstein sequence.
(C) If ¢1; = 4, then by [4, Proposition 3.14], b is not a
Gorenstein sequence as well.
(b) We now consider the case with hy = 45, i.e.,

H = (1,44,45,45,45,45, 44, 45, 45,45, 45, 44, 1).
Note that 57 S 97 68 < 9, gg < 6, 610 < 5, and 611 < 4.
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Assume the decomposition of H is

H : 1 4 45 45 45 45 44 45 45 45 45 44 1
b 1 44—40y 45—10y 45—10g 45—lg 45—l; 45—1l; 45—Vlg 45—Vly 45—Vlyg 44—1{1;; 1

{1 43 1444 l10 Ly I bz —1 U7 lg Ly Lo l11

Since ¢ is an O-sequence, we see that

by =111 +12>3, {7 =8,9,
by =l >4, lg =6,7,8,9,
64 = Eg > 5, i.e., gg = 5, 6,
45 = fg > 6, and ElO = 4, 5, and
lo=10r —1>T1, (= 2,3,4.
(i) Let £1; = 2, i.e., by = 42. Then the decomposition of H is
H : 1 4 45 45 45 45 44 45 45 45 45 44 1
b 1 42 45—l 45—ly 45—0s 45—0; 45— 0; 45—fs 45—fy 45—y 42 1
0 1 43 3 (19 Ly g =1 U7 g Ly lio 2
(A) If 419 = 4, then (be, b3, bs) = (42,41, < 40) by Lemma
3.1(b), b is not a Gorenstein sequence.
(B) If 419 = 5, then (ba,b3) = (42,40), i.e., by Lemma
3.1(a), b is not a Gorenstein sequence as well.
(ii) Let ¢1; = 3, i.e., bo = 41. Then the decomposition of H is
H : 1 4 45 45 45 45 44 45 45 45 45 44 1
b 1 41 45—ty 45—y 45—0s 45— 0; A5—(; 45—fy 45—Ly 45—fp 41 1
l 1 43 4 L1 Ly lg lr—1 U7 lg Ly l1o 3
(A) Let (69,610) = (5,4) Then (bg,b3,b4,b5) = (41,41,407
< 39), and thus, by Lemma 3.2, b is not a Gorenstein
sequence.
(B) Now assume ({g, 19) = (6,4). Then (¢19,%9) = (¢3,44)
= (4,6) is not an O-sequence.
(C) So we assume that (€9, ¢19) = (5,5).
(D) Let (€77£8) = (8,6) Then (bg,b3,b4,b5,b6) = (41,40,
40,39, 37). By Lemma 3.3, b is not a Gorenstein se-
quence.
(E) If (47,05) = (9,6), then ({5, 0s) = (b5, 47 — 1) = (6,8) is
not an O-sequence.
(F) If g > 7, then (byg,b5) = (40, < 38), and so by equa-
tion (1.1), b is not a Gorenstein sequence.
(G) If (69,610) = (6,5)7 then (bg,bg,b4) = (41,40,39), and
so, by [4, Lemma 3.8], b is not a Gorenstein sequence.
(iii) If ¢17 = 4, then the decomposition of H is
H : 1 4 45 45 45 45 44 45 45 45 45 44 1
b 1 40 45—fyg 45— 0y 45—0s 45— 0; 45—0; 45—fy 45— Ly 45—f1p 40 1
¢ 1 43 5 lio Ly lg lz—1 l7 lg Ly l10 4

(A) Let (€g,%10) = (5,4). If ¢g = 6, then, by the proof
of Proposition 3.14, (ba,bs, by, bs) = (40,41,40,39) is
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not a Gorenstein sequence. If ¢g > 7, then by equa-
tion (1.1), (bg,bs,bs,b5) = (40,41,40,< 38) is not a
Gorenstein sequence.

(B) Let (¢9,¢19) = (5,5). Since fg > 6, we get that (bs, by,
bs) = (40,40, < 39), i.e., by [4, Proposition 3.14] b is
not a Gorenstein sequence.

(C) Let (fg,glo) = (6,4) Then (bg,b37b4) = (40,41,39),
and by equation (1.1), b is not a Gorenstein sequence
(see also Proposition 3.14).

(D) Let (69,610) = (6,5) Then (bQ,bg,b4) = (40,40,39),
and by [4, Proposition 3.14], b is not a Gorenstein se-
quence.

This completes the proof. ([
3.2. Gorenstein sequences of socle degrees > 16
We first introduce the following lemma.

Lemma 3.5. Let e > 20. Then for every 3 <i < < —1,

it —2i\ 1
4@—3<<e ;+ >—<62 Z):Q(i+2)(2e—3i+1).

In particular, the binomial expansion of 4e — 3 in degree (e — i) is of the form

(31) (de —3)(es = (egz_j:1>++(kzl)+(’;j)++<z>

wheree — 21 < k<e—1i+1.

Proof. Define a function
1
fe(i) = (4e — 3) — 5(1 +2)(2e—3i+1)

1
5(32'2 — (2e — 5)i — 8).
Note that for 3 <i < §—1, fc(i) has the maximum value at i = 3and i = £ —1.
Moreover, for e > 20,
fe(3)=17—e<0,

fE-1) = 1(—e2 + 22e — 40) < 0.

2 8
Hence we obtain the binomial expansion of 4¢ — 3 in degree (e — i) as in equa-
tion (3.1). This completes the proof. O

Proposition 3.6. For e > 16, if an O-sequence of socle degree e of the form

(1,4de — 4,4e — 3, hg, ..., he_3,de — 3,4e — 4, 1)
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is a Gorenstein sequence and
— —(e—21
hiv1 = (Bi)(e—p)| "1 + (hi)(e—i)|fgef2i)fl)
for3§i§§—1, then
hi =4e—3
for every3 <i<e-—2.

Proof. By a simple calculation, one can easily show that it holds for 16 < i <
19. So we suppose that e > 20. By Lemma 3.5, the binomial expansion of
(4e — 3) in degree (e — i) with 3 <4 < § — 1 is of the form

Me—@@i):(egitl)+~~+<kzl>+<z:1>+“.+(:)7

where e —2i <k <e—1i+ 1. Hence, for 3<: < § —1,

—(e—21)

-1
hiv1 = (4e = 3)(c—i) |,1 + (de = 3)(e—i) }7(3721'71)
—7+1 kE+1 k—1
e—1 k k—1 m)|_,
e—i+1 k41 k—1 m\ |72
+ )+ + +ot
e—1 k k—1 m) | (e—2i-1)

= [(egitl>+---+(k']:1)+(k—m)—(e—i—k+1)}
+(e—i—k+1)

(e () 62 ()

=4de — 3,

-1

as we wished. O

We now introduce a simple way to construct a Gorenstein algebra having
certain unimodal h-vectors (see [19] for details).

Theorem 3.7 ([19, Theorem 5.21A, Theorem 5.3]). If Z = {p1,...,ps} is a
finite set of reduced points in P™, then Z is an annihilating scheme for f if and
only if f has an additive decomposition

Featll el
where Ly, is the linear form corresponding to ;.

Corollary 3.8. Let H = (hg,hy,...,he) be an Sl-sequence. Then H is a
Gorenstein h-vector.
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Proof. Let s = max{h;} and 7 be the first degree in which h; = |Z]. Assume
Z ={p1,...,ps} is a finite set of reduced s-points in the projective space P™
with n = h; — 1 such that the Hilbert function of Z is

H; : 1 hy --- hT — .
Note that this is always possible since an Sl-sequence is a differentiable O-
sequence.
Define

f=aatld + ot
where Ly, is the linear form corresponding to p;. By Theorem 3.7, we see that
the Hilbert function of R/Ann(f) is H, as we wished. O

The following corollary is immediate from Corollary 3.8. We omit the proof.

Corollary 3.9. If H = (1,4e —4,4e — 3,...,4e — 3,4e — 4,1) is a symmetric
h-vector with

h2 = hi =4e—3
fori=2,...;e—2and e > 17, then H is a Gorenstein h-vector.

3.3. The main theorem

We shall state the following propositions for the cases of socle degrees 7 <
e <15 and e # 12. Their proofs will be in the Appendix in [27].

Proposition 3.10 (e = 7). Let H = (hg, h1,ha, ..., hg, hy) be a Gorenstein
sequence. Assume

hi1 =24, ho =25, and h; < hs foralli> 3.
Then H is a Gorenstein sequence if and only if h; = he for 2 <i <5.
Proposition 3.11 (e =8). Let H = (hg, h1, ho, ..., h7,hg). Assume
h1 =28, he=29, and h; <hs foralli> 3.
Then H is a Gorenstein sequence if and only if h; = ho =29 for 2 < i <6.
Proposition 3.12 (e =9). Let H = (hg, h1, ho, ..., h7, hs, hg). Assume
h1 =32, ho=33, and h; < hs foralli> 3.
Then H is a Gorenstein sequence if and only if h; = ho = 33 for 2 <i < 7.
Proposition 3.13 (e = 10). Let H = (hg, h1, ha, ..., hs, hg, h1g). Assume
hi1 =36, ho =37, and h; < hs foralli> 3.
Then H is a Gorenstein sequence if and only if h; = hy for every 2 <i < 8.
Proposition 3.14 (e = 11). Let H = (hg, h1, ha, ..., hg, h1o, h11). Assume
hy =40, ho =41, and h; < hs foralli> 3.
Then H is a Gorenstein sequence if and only if h; = hy for every 2 <i < 9.
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PI'OpOSitiOl’l 3.15 (6 = 13). Let H = (ho, hl, h27 ey hlla h12, h13). Assume
hy =48, ho =49, and h; < hs foralli> 3.
Then H is a Gorenstein sequence if and only if h; = hy for every 2 < i < 11.

PI‘OpOSitiOIl 3.16 (6 = 14). Let H = (ho, hl, hg, ey h117 hlg, h13, h14). As-
sume

hl = 52, hg = 53, and hl § hg fOT 2 S ) S 12.
Then H is a Gorenstein sequence if and only if h; = hy for every 2 <i < 12.

Proposition 3.17 (e = 15). Let H = (hg, h1, ha, ..., his, h14, h15). Assume
hi =56, hgy =57, and h; < hg for2<i<13.
Then H is a Gorenstein sequence if and only if h; = hy for every 2 < i < 13.

We now introduce the main theorem in this paper.
Theorem 3.18. For e > 7, if an O-sequence
H=(1,4e —4,4e — 3,h3, ..., he_o,4e — 3,4e — 4,1)
with h; < 4e — 3 for 2 <i<e—2 is a Gorenstein h-vector, then
h; = hy =4e—3
for such 1.

Proof. (1) For 7 < e < 15, see Propositions 3.10, 3.11, 3.12, 3.13, 3.14, 3.4,
3.15, 3.16, 3.17.
(2) For e > 16, see Proposition 3.6. O
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