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THE INTERIOR GRADIENT ESTIMATE FOR A CLASS OF
MIXED HESSIAN CURVATURE EQUATIONS

JUNDONG ZHOU

ABSTRACT. In this paper, we are concerned with a class of mixed Hes-
sian curvature equations with non-degeneration. By using the maximum
principle and constructing an auxiliary function, we obtain the interior
gradient estimate of (k — 1)-admissible solutions.

1. Introduction

For a function u € C?(B,(0)), the principal curvatures of the graph of u are
the eigenvalues of Weingarten curvature matrix A = {a;; }nxn (see [22]), where

1.1 i = — —
(L) aiy =g WW+1) WW+1)  WW+1)
W = /1 + |Vu|?. In this paper, we study the interior gradient estimate for a

class of mixed Hessian curvature equations

1 < - Uil U Uj U Wik uiujukulukl>
1y )

k—2
(1.2) ok(A) + a(z)or_1(A) = Zal(x)al(A), x € B,(0) C R",
1=0

where

ok(4) = or(N(A)) = > it iy - Aiy, 1< k<n,
1<) <ig < <ipg<n
A(A) denote eigenvalues of the matrix A = {a;; }nxn-

Equation (1.2) are in the form of the linear combinations of the elemen-
tary symmetric functions and include the k-Hessian equations and quotient
equations as special cases. The equations have naturally appeared in many
important geometric problems, for example, so-called Fu-Yau equation [7, §]
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motivated from the study of the Hull-Strominger system in theoretical physics
[17], the special Lagrangian equation introduced by Harvey and Lawson [10].
Indeed, equation (1.2) was already considered by Krylov as an important exam-
ple of an application of the general notion of fully nonlinear elliptic equations
developed by himself in [13]. By using certain concave structure of the ellip-
tic operator, Krylov reduced this equation to the Bellman-type equations and
then applied the general theorems on the Bellman equations to obtain the cru-
cial Cb! a priori estimates and proved the existence of smooth solutions for
a(z) < 0and ay(z) > 0, 0 <[ < k—2. Recently, Guan-Zhang [9] studied equa-
tion (1.2) in the problem of prescribing convex combination of area measures,
which can be viewed as generalization of the equation for Christoffel-Minkowski
problem in convex geometry. In comparison with Krylov’s equations, a key new
feature is that there is no sign requirement for the coefficient function of oj_.
Li-Ren-Wang [16] considered a closed convex hypersurface that satisfies equa-
tion (1.2) for a(z) < 0 and a;(x) >0, 0 <[ < k — 2, established the curvature
estimates of convex solutions for the equations. Later, equation (1.2) has been
extensively studied (see [2—4], etc).

When a(z) = qi(x) =0, 1 <1 < k — 2, equation (1.2) are the so-called
mean curvature equations. The interior gradient estimate of mean curvature
equation has been studied extensively. In the case of two variables, Finn [6]
obtained the interior gradient estimate of the minimal surface equation, while
the high dimensional situation was studied by Bombieri-De Giorgi-Miranda
[1]. For the general mean curvature equations, the estimations were acquired
by Ladyzhenskaya-Ural’tseva [14], Trudinger [20] and Simon [18], respectively.
All their methods were based on test function technique and Sobolev inequality
on the graph. Using the invariance of the equations under rigid motion, the
interior gradient estimates for high order mean curvature equation in Euclidean
space have been gained in [12,15,21]. Applying standard Bernstein technique,
Wang [22] gave a new proof of the interior gradient estimate of mean curvature
equations. Following his idea, Chen-Xu-Zhang [5] established the interior gra-
dient estimate of Hessian quotient curvature equations and Weng [23] obtained
the same result for the Hessian curvature equation in hyperbolic space.

To my best knowledge, there is no priori interior gradient estimate for the
mixed Hessian curvature equations. Naturally, we want to know how about
the interior gradient estimate of equation (1.2). In this paper, we adapt the
method used in [22] to obtain the interior gradient estimate for equation (1.2).
Recall that the Garding’s cone is defined as

Fk:{)\ERn“}'l(/\) >O,V1§i§]€}.
A function u € C?(B,) is called (k — 1)-admissible if kK = (k1,k2,...,K,) €

I'y_1, where k1, Ka,...,k, are the principal curvatures of the graph of w. In
this paper, we establish the interior gradient estimate as follow.
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Theorem 1.1. Suppose u € C3(B,.(0)) is a (k — 1)-admissible solution of
equation (1.2), with

a(z) € CH(B,(0)),

0 < ax—a(x) € C1(B,(0)),

0 < ay(x) € CY(B.(0)), 0<I<k—3.
Then

[Vu(0)] < exp[C(% + M + 1)2],

where M:%scu and C' is a positive constant depending only onn, k, ||af|c1(B,),

llcullcr(s,) and inf ag_s.
B,

Remark 1.2. In [5], for Hessian quotient curvature equations

o (A)

() ~ @),

the interior gradient estimate was obtained in the admissible set I'y. In this
paper, the admissible set is I'y_1. Obviously, I'y C I'y_;. There are some
terms in the proof of Theorem 1.1, sign of which is not easy to be determined
in I'y,_1. By concavity property of operator, sign of the terms is determined
(see Proposition 2.5 below). Moreover, compared with the proof in [5], there

are some new terms to deal with in the proving of Theorem 1.1 (see Lemma
3.1 below).

(1.3)

2. Preliminary

Let oy (Ali) denote the symmetric function with A; = 0 and oy (A]ij) the
symmetric function with A; = A; = 0. Also denote by o} (A7) the symmetric
function with A deleting the i-th row and i-th column, and oy (A|ij) the sym-
metric function with A deleting the i-th, j-th rows and i-th, j-th columns, for all
1 <4,j < n. For completeness, we define o¢(A) =1 and 0_1(A) = o0_2(A) = 0.

Proposition 2.1 ([11,15]). Let A = (A1,...,Ay) € Ty and k € {1,2,...,n}.
Suppose that
AL 2 A 2 2 A

Then

(2.1) op—1(AIn) > op_1(AIn —1) > -+ > 0,1 (A]1),
(2.2) CFXp - M > op(N), A >0,

(2.3) Op—1(A) > MA2- - Apm1, k>2,

where CF = ﬁlk),

The generalized Newton-MacLaurin inequality is as follow, which will be
used throughout this paper.
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Proposition 2.2 ([19]). For A€ Ty andk>1>0,r>s>0, k>r, 1 > s,
we have

(N/CETFT _ [anN)/Cr] 7
24 ol v
For simplicity, we denote
- (Tk(>\)
Gk(A) - O-kfl()\)v
or(A
(25) GiA) = _aki(l()A)’
o) ’“‘2a 10
G(A) O—kfl()\) e l( )O'kfl()\)
Then equation (1.2) can be rewritten as
_ o) R ald)
G(A) - Ok—l(A) ;al(m)ak_l(/l)
k—2
(2.6) = Gp(A) + Y au(2)Gi(A) = —a().
1=0
Proposition 2.3 ([9]). For A € T'y_1, oy(z) >0, 0 <1<k — 2, the operator
k—2
G\ = Ge(N) + ) au(@)Gi(N)
1=0

is elliptic and concave.

The following proposition plays an important role in our proof. In [2], there
is a similar result, but the admissible set is I'.

Proposition 2.4. Let 0 < ag_2(x) € C(R), 0 < oy(z) € C(N), 0 < I <k -—3.
Assume symmetric matric A = {a;j tnxn satisfies \(A) € T'y_1, where

a1 <0, {aij}te<ij<n is diagonal.

Then

0G4 Z”: 9G(A)

daiy da;;
where ¢y depends on n, k, |a|co) and iIS}lfOzk_Q.
Proof. By direct computations, we get

zn: G  (n—k+1)og_1(A)or-1(A4) — (n — k + 2)ox_2(A)ox(A)
dai; o1 (4)
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=0 -

<n—-k+1—-(n—k+2)

oh_o(A); on(Ad) 2 o(A)
Th_1(A) [ak,l(A) DI )]

Uk_g(A)
U]gfl(A)

(2.7) < C(n, k,|alco)) + C(n, k, |alco@)) |

<n—k+1+n—-k+2)ax)

or—2(A) ] 2
O'k_1(A) ’

Let A = (a22,...,any). Since ai; < 0, then o,_1(A[l) = Jk,l(X) > o-1(4) >
0. Notice that

or(A) = ajop_1(A[1) Zaljak 2(A[15) + o (A]1).
Jj=2
Hence, from (2.7) and Proposition 2.2, we obtain
PYe 071 (V) = o2 (Vo) + ];2 a3;[oF_y(N7) = or—1(\l)or—2(A)]
dayy or_1(4)

k—2 aH&)ozmfazme)okfl(X)fi

0
oi_lm—ok o o, 720 Aoy A)—al 1(Nor-1(N)
+ Z Uk 1(A)
a,%_m aH@ — p—s(Nor—1())
1% 0}571(14)
013—2(14)
Ul%—l(A>

Vv

\
2
£
=

v

C(n, k) + iréfozk_gC’(n, k)

(2.8)

V
S
\'M
S
8’53

This ends the proof. O
We obtain the following proposition by concavity property of operator.

Proposition 2.5. Let symmetric matric A = {ai; }nxn satisfy N(A) € T_1,
where

a1 <0, {ai;j}o<ij<n is diagonal.
Then

Z 8(11 a1i§0~
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Proof. Let
A ={aijtnxn, B="{bijtnxn, C={cij}nxn,
where
0, i=1,5>2, ayj, i=1,j>2,
bijz 0, :>2,5=1, Cij = § Qil, 1>2,7=1,
aij, otherwise, 0, otherwise.

For 2 < m <k — 1, we can compute

Om (B +1tC) = 0 (A) + (1 = 17) D a};0m-2(A[li) > 0, (A) > 0, t € [-1,1],
i=2
which implies
AB+tC) € Tg_1.
Considering
f(t) =GB +1tC), te[-1,1],
we have f(—1) = f(1). It follows from Proposition 2.3 that f(t) = G(B + tC)
is concave with regard to t € [—1,1]. Then

f(=1)=0, f(1)<0

Direct calculations yield

0> /(1) = — 2[%—2(A|1Z)0k—10(;4) IAC;k—?,(AUZ)Uk(A)
k-1
Z_: Uk 3(A|1i)oi(A) — o1—2(A|Lli)or_1(A) | o
o7 (A) i
1=1 k—1
n Uk(f?)‘)) k=2 n ( Ul(A)))
Ok—1 Ok 1
= QZ D, — 2220&[ D, ——1;
=0 i=2
(2.9) = 22 8a1 ah—.
This ends the proof. O

3. Proof of Theorem 1.1

In this section, we give a proof of Theorem 1.1, which follows the idea of
[19]. In fact, the calculations are more complicated.

Proof. Consider the auxiliary function
o(2,€) = p(a)g(u)log(ue(x)),
where

plx) =1 —[z?, g(u) = M(M +u— 1nf u), M = oscu.

T
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Suppose ¢ attains its maximum at x = zg € B, and £ = e;. By rotating the

coordinate es,...,e,, we can assume that
(3.1) ui(zo) = |Vul(zo) > e, {us(20)}2<ij<n is diagonal,
and

Ugp 2 U33 2> **+ = Upp.
Then the function
(32) p(x) =log p(x) + log g(u) + log log uy

attains its local maximum at xg € B,.. In the following, all the calculations are
done at zy. Direct calculation gives

%Uu %Um ﬁuln
U2l gl e 0
(33) A= {aij}an =
ﬁunl 0 e %unn
Hence
L oG
W3 aa’117 - j -
1 0G
(34) G,LJ _ 3G _ 6G aCLk[ _ W@ali’ > 27 ] = ].,
8uij 8akl 8uij 1 6G .
W (9a~’ =7 Z 27
0 , otherwise.

Differentiating the auxiliary function ¢, we get

Pi | Yi U1
(3:5) v p g uloguy

which shows

u
(3.6) no_ (A
uloguy p g
(3.7) Wi Piiso
uiloguy 0

In the following, we always assume

uy (o) > €07

otherwise the proof is done. Then we get

v

u1(z0)p(w0)

v
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Therefore, by (3.3), (3.6) and (3.8), we have

1 1 29p1 +pg'ur g
ayp = W’Ull = W(Ullogﬂq)( — T — %ul)
1 1 g
(39) S —ﬁ(ﬁh Oqu)@Ul < 0.
Taking the second derivative to the auxiliary function ¢ gives
_ Pij _ PiPi | 9ij _ 9id; U4; 1 U1UT5
3.10 =9 g _ - (1 .
(3.10) ¢y P p? + g g2 + uiloguy ( logu; ) u?loguy
Since G is elliptic, it follows from (3.5) that
0> G
el LR R Y e’y LI My 2 ) Liths
p p g g u1loguy logu; ” uylogu;

(3.11) = A+B.

We divide the lower estimation of (3.11) into two steps.
Step 1. Prove

, k=2 o
(3.12) A > (_Wip_%%) Z §i+% [—a(m)—&—Z(k—l)al(a:)% .
i=1 1=0

Observe that

(3.13) A——fZG”+2G“plgu JFQZGM”z L uy + G”u”
p = P g Py

To estimate the term A, we note that

2 oG 1 oG 1 2
14 - = =
(3 ) Z 6@11 W3 Z aan h Wp Z 80’“
! 0G 1 |p1|¢ dr uy
1 oGPy > o - IPIY, s 2T W .
(3.15) “ p gt Tan WP gu - MpW3Z@a”

By Proposition 2.5 and (3.7), we deduce

pi g ui g
2 G“—— =2
Z b Z 5’@1Z VV2 uyloguy g

n /
(3.16) =2 R S

By direct computation, we have

G k—2

Gijuij = aTijaij = Gk(A) — (k‘ —1- Z)Gl
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B k2 o1(A)
(3.17) = —a(z) + ;(/f - Z)al(x)m,
which implies
g ij g g -— ai(A)
(3.18) LGy ==l + ;(k = Don(@) Z =

Putting (3.14), (3.15), (3.16) and (3.18) into (3.13), we find (3.12), which fin-
ishes the proof of Step 1.
Step 2. Prove

o1(4)
Bz Z ullogul ox—1(A)

uqlogu, VV2 g — ox—1(A)
co  ulloguy oG
1
(3.19) + 128M2 W3 Z dag;

Differentiating equation (2.6) in the direction e; shows

3G aaij o 8G 81111 Z 8G 8alz Z 8G 8«1“

Oa;; 0z Oay1 O0x1 Oay; 0x1 Oa;; 011
k—2
o1(A)
;(al)lgkfl(fl)

=0
(3.20) = — (o)1
[

From (3.3), we obtain (as in

n

0 1 3 2u
(3.21) M i - ol - Zukh

dr, W3 w5 T WL + W)

(3 22) aau 1 2 U1 U1

. = —= U114 u u U1 — T T U11U4

axl W2 117 — W4 11%1 — W2(1+W) 17 U4 W3(1+W) 11%41,
Oay; 1 2uq 5

3.23 = 177 Wii T Tie 1 s Ui
( ) axl Wu 1= W3u11u W2(1+W)u1
Therefore,

oG 1 oG 1 "L 0G 1
G juijl a W3 T3 U111 22 8 W2 U141 + a Wuul

oG 8@11 oG 3U1 9 oG 8&12
— — 2
3a11 8131 + 6a11 [W 5“’11 W W3(1+ W) 1 + W Zuk1:| + Z ﬁah (91’1
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2uq (51 Ui
+ QZ Day; [ TUL1UL; T+ muliuii + Wulluil]

0G da; 2uy 2
(3.24) + Z D, 02, Z Ba [ 3 U11 Ui + V{/Q(l_‘_muu}

Using (3.17), (3.20) and (3.24), we have
k—2

gy — o M_a unw [ =2 Da a(A)

Guy = l;( l>10k_1(A) (@)1+ 77 [ ( )+l§<k 1)( l>ok_1(A)}
oG 2U1

+aal[vw“?l e Z“M}*Zaa T

Ul U1
( ) + Z 8&11 |: Ullul +W2(1 + W)ul U +W3<1 + W) Ui1u 1:|

By direct computation, we get

_ (1 2 )Giju”ulj

loguy’ u?loguy
L+ 5221 0G 2 9G uiiu 0G u?
3.96 _ ogu1 11 11U14 %14
(3.26) u2loguy [8&11 W3 Z Oay; W2 Z Oay; W
Putting (3.2 ) and (3.26) into B, one obtains
B_ (o)1 au(4)
— uiloguy og—1(A)
k—2
(o) Ui P11 o1(A)
_ A\ oM pr Gy E_1 o
uiloguy W2 ( p - ) ) o)+ g( )(al)kal(A)
oG [2uy , 2u1 2 | udy 1
dayy [W5 it W31+ W) Zukl logul)W3 u2logu,
ui(2W +1) _ uif o
+ 22 dar; [W4 T ) " ey et
2 | uriuy; 1
— (1
(1+ logul) w2 ]u%logul
203 2 171 1
2 S W U W -
(827)  + Z i [WQ 1+ W) - (1 loguq ) W] u2loguy

Providing that wu;(xg) is large enough, we can get

2u2 2 1
2 L S T S
(3.28) ) U iogay) 7
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It follows from (3.28) that

k—2
()1 au(A)
Bz lz;ullogul ox—1(A)
C e wm o[ N o1(A)
e Wz(p +9)| -ate)+ k-l 0

2 Z U1 WUiq
logu1 aah W21+ W)

2 u?y oG
3.29 — — (1 .
( ) + |:W2 ( + 10g‘u1 ):| WBU%IOg’U,l 6&11

Let T := {2 < i < nla; > 0}. Recall that a;; < 0 and A(A) € Tj_;.
Therefore, either o;(A) > 0 or o, (A) < 0 at point z5. We will discuss into two
cases.

Case 1. If o, > 0, then using Proposition 2.1 and Proposition 2.5, we
estimate

2u

(3. 30)
Z ulzuu
2 17
_ zn: |:0'k2(A|1i)0'k1(A) - O’kfg(A‘li)Uk(A)
i=2 0]%71(‘4)
Uk 3 A‘ll)o’l(A) — O'l,Q(A|1Z')O'k,1(A) . L
+ Z 0_271(14) Ai1UI U4
- O'k_Q(A|].Z)O'k_1(A) — Jk_g(A‘li)(fk(A)
- Z{ o7 1 (4)
i€’ k=1
Of— 3 A‘ll)o’l(A) — 0172(A|1Z')0k,1(14) L%z
+ Za 02,1(14) Qs W
k—
Q0 f— Q(Alll Uk 1 a”O'k 3 A|1Z> (A):| u%i
> — i
ZEZT{ Uk ; Uk 1(A) w
> _Z{ h2ags - appor—1( kz_: CF3agy - aklklgl(A):|U%i
ieT k—l( — oi_1(4) w
Z |:C’C 20'k 1(A|1 Of— 1 z_: 20'k 2(14‘1 O’I(A)] i@
o1 (4) oh_1(4) =

> _ {C§:2k(nk+1) or—1(A[1 )ak 1(A )(A‘T)k—Q(AH)Uk(A)
n oi
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(k=1)(n—1) oj—2(A|1)oy(A )—Ul 1(ADor—1(A)] o= 3
+Zal n(k—1-1) o2_,(A) ZZW
LI
> 71
> —C(n, k) Z W aall
u2 2
Z 7C(n7k) 110g Ui |vp| 8G

w P> daiy’
Case 2. If 04 (A) < 0, then using the equation (2.6), we have

O'k,Q(A) < 1
or—1(A4) info—

(3.31) (o).

From (2.7), (2.8) and (3.31), we obtain

C(n, k,|alcos, ) = Z aa aan

. 01 (A)
>
> C(n,k’,l}IglrfOék_Q)[U ) +

Hence,
é ;T(iu”u“, _ z {Uk 2(A[li)oy— 1U(k )1(A0>k_3(A|1i)ak(A)
N Z )k Alz)oz(Aa)z1?2)2(A|1¢)ak_1(14)]aﬂuuuﬁ
. _; {ak_z(/ﬂlz)ak_la(gl_)lea)k_g(A|li)ak(A)
N ’“i () Jk—s(Ali)Ul(Aa)z1(2;)2(A|1i)0k_1(A) ] . %
= ; [C’kjj?) -+ o) Cs:gcf:_.l.(.zl;_lk_l] UW%’
- a2 2285
(3.32) > — C(n,k,|aloos,), i]grfakz)u%l%gj“l IV;I2 aii'
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By using (3.9) and (3.28), we have

2u? 2 u?, oG 1 wllogu; OG
3.33 — — (1 > .
(3.33) (1+ ) Wiuloguy day; — 64M?2 W3 dayy

W2
Suppose ¢(zg) is large enough so that

loguy

uflogu;  |Vp|?
W31+ W) p2

1 ulloguy
128M2 W3
Otherwise, if

(3.34) > 2C(n, k, |a|co(B, ), iélfak_g)

uilogu;  |[Vpl?
W3(1+Ww) p*

1 u?loguy
128M2 W3

we have

<2C(n, k, |a\CO(Br),ié1fak,2)

pHog?uy (z0) < pPuy(zo) < PPW < C2M?r2,
Then

log| V| (0) < —L70) o) log V(o) < o

p(0)g(0

and the proof is complete. Inserting (3.30), (3.32), (3.33) and (3.34) into (3.29)

and using Proposition 2.4, we obtain (3.19), which finishes the proof of Step 2.
It follows from (3.12) and (3.19) that

k-2 k—2
()1 ou(A) ui p1 { oi(A)
0> ———| —a(z) + k—0)(q)—F——=
Bl uiloguy ox—1(A) W2 p (z) ;( ) l)ak_l(A)
1 g { ou(4) } (@1
+ == | —alr)+ k-1 —
W2 g (z) 1:0( A )o'k_l(A) uiloguy
co  wujlogur 2 Ar wup " 0G
(8:35)  + {128M2 w3 Wp Mp W3] ; dai;

Using (3.35) and Lemma 3.1 below, we see that

02>

co  ufloguy 2 4r wy 1 1 up T
T T AT + + —=—.
128M2 W3 Wp  MpWs3 W2M ~ wujlogu;  WZ2p
Then

p(xo)loguy (zo) < C(M? + Mr + Mr? + M?r? 4+ M?r) < C(M + Mr+ r>2.
Hence
_9(z0) _
p(0)g(0)

We thus complete the proof. O

M
log|Vu/(0) < plao)log|Vul(z) < C(== + M +1)".

Lemma 3.1. Let
a(z) € Cl(Br(O))7
0< Oék,Q(CC) € Cl(BT(O))7
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Then
k—2 k-2
()1 oi(A) Uy Pl[ 1(4)
— | - + E—D(a
—o ullogul O'k_l(A) W2 ( ) lz:;( )( l)O'k_l(A)
1 g/[ o1(A) } (o)1
+ —==| —alz)+ k—1)(x —
W2 g ( ) ;( )( l)ak—l(A) ullogul
1 1 u1 r
3.36) > —C
( ) 2 [WQM + ullogul ] ﬁau
where C' depends on n, k, ||al|co,), llaullcr(s,) and ijrglfak_g.
Proof. From direct computation, we obtain
3 (e i) _MM{_ )+ S0k — D)) -2A)
P ullogul Ok 1(A) W2 p 1:0 Uk 1(4)
k—2
1
1 ) + (@)
W2 g 1:0  ugloguy
> —Cn, K, ladleacs,y, loaller o) | pamr + moa + g
= Y ) CO(BT)v l CI(BT) W2M u110gu1 W2 p

k—2 k—2
1 a1(A) uy T a1 (A) ]
3.37 + + — —.
( ) ullogul ; kal(A) I/V2 Z Of— 1(A)
To get the desired estimate, we need to get a lower bound for Zz 1 gﬁ.
Proposition 2.2 and the straightforward computation, we have
zn: 8G _ Zn: Jk_l(A‘i)Jk_l - O’k_Q(A|i)Jk
=1 aaii i=1 o—ifl
k—2 n . .
ox—2(Ali)o; — o1—1(Ali)ok—1
+ (o] 3
1=0 i=1 Tk—1
n—k+1 =2 l Ok—20
S nok+l (1= —1 Y — 4 9) T2
> A +Zaz - )(n—k+2) o7
1=0
—k+1
(3.38) > %

We will discuss into two cases.

By
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n 1
Case 1. If U‘Zf < (Z GG:)H, then we have

1 = dag;
Ok—2 1 (o 6G
< <C f
Ok—1 igfakfz (kal *) (leleos,), m %2 Z 8au

r

Case 2. If ;7 > (> é}aaci)m, then, it follows from Proposition 2.2 that

[

I\
-

Ok —

2 < Cn,k )

Ok—1

For 0 <1 <k — 2, it follows from Proposition 2.2 that
k—1
Ok—2 > k-1 (Cn )k—%—l ( 1 )T
o1 n—k+2" C} Ok_1
Hence, we have, in Case 1,

< O(n k) (2221

Ok—1 Ok—1
k‘—l—l
(Tl k | (&% |CO(B ),mfozk 2 Z aa“ E—1
0G
(339) (n k? |a |CO(B ),mfak 2 Z aa”
and in Case 2,
a1 Ok—2\k—1-1
< C(n,k
Ok—1 ( )(01%1)
k 1
cln. Z aau
.40 k)
(3.40) C(n, Z 3%
By (3.37), (3.39) and (3.40), we get (3.36). The proof is complete. O

Acknowledgments. The author would like to thank prof. Chuan-Qiang Chen
for a simpler proof for Lemma 3.1.

References

(1] E. Bombieri, E. De Giorgi, and M. Miranda, Una maggiorazione a priori relativa alle
ipersuperfici minimali non parametriche, Arch. Rational Mech. Anal. 32 (1969), 255—
267. https://doi.org/10.1007/BF00281503

[2] C. Chen, L. Chen, X. Mei, and N. Xiang, Neumann problem for a class of fully nonlinear
equations, arXiv:2003.05323 2020.

[3] L. Chen and Y. He, Fully nonlinear equations of Krylov type on Riemannian manifolds
with negative curvature, arXiv:2006.02325v1.


https://doi.org/10.1007/BF00281503

68

(4]

[5]

[6]

[7]

(8]

[9]
(10]

(11]

(12]
13]

(14]

(15]

(16]

(17]

(18]

(19]

20]
(21]
(22]

23]

J. ZHOU

L. Chen, A. Shang, and Q. Tu, A class of prescribed Weingarten curvature equations
in Euclidean space, Comm. Partial Differential Equations 46 (2021), no. 7, 1326-1343.
https://doi.org/10.1080/03605302.2021.1873369

C. Chen, L. Xu, and D. Zhang, The interior gradient estimate of prescribed Hessian
quotient curvature equations, Manuscripta Math. 153 (2017), no. 1-2, 159-171. https:
//doi.org/10.1007/s00229-016-0877-4

R. Finn, On equations of minimal surface type, Ann. of Math. (2) 60 (1954), 397-416.
https://doi.org/10.2307/1969841

J.-X. Fu and S.-T. Yau, A Monge-Ampeére-type equation motivated by string theory,
Comm. Anal. Geom. 15 (2007), no. 1, 29-75. http://projecteuclid.org/euclid.cag/
1175790904

J.-X. Fuand S.-T. Yau, The theory of superstring with flux on non-Kdhler manifolds and
the complex Monge-Ampére equation, J. Differential Geom. 78 (2008), no. 3, 369-428.
http://projecteuclid.org/euclid. jdg/1207834550

P. Guan and X. Zhang, A class of curvature type equations, Pure Appl. Math. Q. 17
(2021), no. 3, 865-907. https://doi.org/10.4310/PAMQ.2021.v17.n3.2a2

R. Harvey and H. B. Lawson, Jr., Calibrated geometries, Acta Math. 148 (1982), 47-157.
https://doi.org/10.1007/BF02392726

G. Huisken and C. Sinestrari, Convexity estimates for mean curvature flow and sin-
gularities of mean convex surfaces, Acta Math. 183 (1999), no. 1, 45-70. https:
//doi.org/10.1007/BF02392946

N. J. Korevaar, A priori interior gradient bounds for solutions to elliptic Weingarten
equations, Ann. Inst. H. Poincaré Anal. Non Linéaire 4 (1987), no. 5, 405-421.

N. V. Krylov, On the general notion of fully nonlinear second-order elliptic equations,
Trans. Amer. Math. Soc. 347 (1995), no. 3, 857-895. https://doi.org/10.2307/2154876
O. A. Ladyzhenskaya and N. N. Ural’tseva, Local estimates for gradients of solutions
of non-uniformly elliptic and parabolic equations, Comm. Pure Appl. Math. 23 (1970),
677-703. https://doi.org/10.1002/cpa.3160230409

Y. Y. Li, Interior gradient estimates for solutions of certain fully nonlinear elliptic
equations, J. Differential Equations 90 (1991), no. 1, 172-185. https://doi.org/10.
1016/0022-0396(91)90166-7

C. Li, C. Ren, and Z. Wang, Curvature estimates for convexr solutions of some fully
nonlinear Hessian-type equations, Calc. Var. Partial Differential Equations 58 (2019),
no. 6, Paper No. 188, 32 pp. https://doi.org/10.1007/s00526-019-1623-z

D. H. Phong, S. Picard, and X. Zhang, On estimates for the Fu-Yau generalization of
a Strominger system, J. Reine Angew. Math. 751 (2019), 243-274. https://doi.org/
10.1515/crelle-2016-0052

L. Simon, Interior gradient bounds for non-uniformly elliptic equations, Indiana Univ.
Math. J. 25 (1976), no. 9, 821-855. https://doi.org/10.1512/iumj.1976.25.25066

J. Spruck, Geometric aspects of the theory of fully nonlinear elliptic equations, in Global
theory of minimal surfaces, 283-309, Clay Math. Proc., 2, Amer. Math. Soc., Providence,
RI, 2005.

N. S. Trudinger, Gradient estimates and mean curvature, Math. Z. 131 (1973), 165-175.
https://doi.org/10.1007/BF01187224

N. S. Trudinger, The Dirichlet problem for the prescribed curvature equations, Arch. Ra-
tional Mech. Anal. 111 (1990), no. 2, 153-179. https://doi.org/10.1007/BF00375406
X.-J. Wang, Interior gradient estimates for mean curvature equations, Math. Z. 228
(1998), no. 1, 73-81. https://doi.org/10.1007/PL00004604

L. Weng, The interior gradient estimate for some nonlinear curvature equations, Com-
mun. Pure Appl. Anal. 18 (2019), no. 4, 1601-1612. https://doi.org/10.3934/cpaa.
2019076


https://doi.org/10.1080/03605302.2021.1873369
https://doi.org/10.1007/s00229-016-0877-4
https://doi.org/10.1007/s00229-016-0877-4
https://doi.org/10.2307/1969841
http://projecteuclid.org/euclid.cag/1175790904
http://projecteuclid.org/euclid.cag/1175790904
http://projecteuclid.org/euclid.jdg/1207834550
https://doi.org/10.4310/PAMQ.2021.v17.n3.a2
https://doi.org/10.1007/BF02392726
https://doi.org/10.1007/BF02392946
https://doi.org/10.1007/BF02392946
https://doi.org/10.2307/2154876
https://doi.org/10.1002/cpa.3160230409
https://doi.org/10.1016/0022-0396(91)90166-7
https://doi.org/10.1016/0022-0396(91)90166-7
https://doi.org/10.1007/s00526-019-1623-z
https://doi.org/10.1515/crelle-2016-0052
https://doi.org/10.1515/crelle-2016-0052
https://doi.org/10.1512/iumj.1976.25.25066
https://doi.org/10.1007/BF01187224
https://doi.org/10.1007/BF00375406
https://doi.org/10.1007/PL00004604
https://doi.org/10.3934/cpaa.2019076
https://doi.org/10.3934/cpaa.2019076

THE INTERIOR GRADIENT ESTIMATE

JUNDONG ZHOU

SCHOOL OF MATHEMATICAL SCIENCES

UNIVERSITY OF SCIENCE AND TECHNOLOGY OF CHINA
HeFrEr 230026, ANHUI, P. R. CHINA

AND

SCHOOL OF MATHEMATICS AND STATISTICS

FuvyaNG NORMAL UNIVERSITY

Fuyanc 236037, Anuul, P. R. CHINA

Email address: zhou109@mail.ustc.edu.cn

69



