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MODIFIED CYCLOTOMIC POLYNOMIALS

AE-Kyoung CHA, M1iyEON KwoN, KI1-SuK LEE, AND SEONG-MO YANG

ABSTRACT. Let H be a subgroup of Z7 (the multiplicative group of in-
tegers modulo n) and hi, ha, ..., h; distinct representatives of the cosets
of H in Z},. We now define a polynomial J, g () to be

l
Jnu(@ =[] (x— 3 cﬁjh),
j=1 heH

2mi

where (, = e n is the nth primitive root of unity. Polynomials of such
form generalize the nth cyclotomic polynomial ®,(z) = erz:l (x —¢k)
as Jy, (13(2) = @n(x). While the nth cyclotomic polynomial @, (z) is
irreducible over Q, J,, m(x) is not necessarily irreducible. In this paper,
we determine the subgroups H for which J, g(x) is irreducible over Q.

1. Introduction

27mi

Let n be a positive integer and (,, = e™»
The polynomial

be the nth primitive root of unity.

()= [ (@~ ).

keZr,

where Z;, is the multiplicative group of integers modulo n, is called the nth
cyclotomic polynomial over Q. It is well known (e.g. see [8]) that ®,(z) € Z[x]
with ®@,,(¢,) = 0 and is irreducible over Q.

To generalize the notion of cyclotomic polynomials, let H be a subgroup of
Z¥ and hy, hs, ..., h; distinct representatives of the cosets of H in Z7. We now
define a polynomial J,, g (z) to be

l

Ton(@) =] (w -> Cﬁfh>.

7j=1 heH
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The polynomial J, g(z) is a monic polynomial with integer coefficients.
Particularly, if we take H = {1}, then J, y(z) = ®,(z). While the nth
cyclotomic polynomial ®,,(x) is irreducible over Q, J,, g (x) is not necessarily
irreducible over Q.

This paper aims to determine the subgroups of Z; for which J, g(x) is
irreducible over Q. Some special cases have already been studied. For n =
pip2 - pr, where py,...,p, are distinct primes, Kwon et al. [7] showed that
any polynomial of the form J,, g (z) is irreducible over Q. Shin et al. [9] have
established some criteria on H for the irreducibility of J, g (z) in the case
of n = p"p5?---p&, where o; > 1, adopting Evan’s work in [3]. Diamond
et al. [2] have generalized Evan’s result. In their paper, they determined the
subgroups H of Z; for which the |H| x |H| matrix defined by {q’%C;”m}n’meH
is invertible.

In this paper, we relate the results in Diamond et al.’s paper to the irre-
ducibility of J,, g (z) for an arbitrary positive integer n. We show that the
conditions on H in [2] are equivalent to J, g being irreducible over Q.

To state the main result, we define v := v(n) to be the divisor of n determined
by

]l_[p if 8¢ n,
M vin) = 21Ip if 8]n,
pln

where the products run over distinct primes p which divide n. For examples,
v(22-5%.7) =2-5-7 and v(2°-3-5%) = 2(2-3-5). It follows from a
simple calculation that v(m - n) = v(m) - v(n) whenever m and n are coprime.
Subsequently, we let

(2) Un)={meZ,:m=1 (moduv(n))}.

Hasse [5] has established the important roles of U(n) in describing the structure
of the multiplicative group of integers modulo n. In fact, the relation of H to
U(n), particularly H N U(n), determines the irreduciblity of J,, g as stated in
the following.

Main Result. Let H be a proper subgroup of Z.,. Then the following condi-
tions are equivalent.
(1) Zhen Cn #0.
(i) HNU(n) ={1}.
(iii) {¢": h € H} are linearly independent over Q.

(iv) Dhen Ch# > hen ¢k whenever k ¢ H.
(V) Jn,u(zx) is irreducible over Q.

In Section 2, we gather some properties of J, mg(x) and characterize the
irreducibility of J, g (x) over Q in view of Galois group of Q((,) over Q. In
Section 3, we connect H NU(n) to Y, . ¢!, which is known as a Gauss sum



MODIFIED CYCLOTOMIC POLYNOMIALS 1513

associated with H. In Section 4, we discuss the relation between H N U(n)
and the linear independence of {¢" : h € H} over Q. Lastly, we put together
the results from Sections 2-4 to give a complete proof of the main theorem in
Section 5. _

Throughout the paper, n denotes a positive integer and (,, = e*t is the nth
primitive root of unity. Following the conventional notations, Q, Q[z], Q(¢,),
and Gal(Q(¢,)/Q) denote the field of rational numbers, the polynomial ring
over Q, and the simple extension field of Q containing (,, and the Galois group
of Q(¢n) over Q, respectively.

2. Polynomials J,, g (x)

In this section, we show that J,, g(x) belongs to Z[x]. We also characterize
the irreducible polynomials J, y(z) in view of the Galois group of Q((,) over
Q, which is the set of all isomorphisms of Q((,) that fix Q pointwise.

It is well known (e.g. see [1]) that Z¥ = Gal(Q(¢,)/Q) via the mapping

k € 7k v op € Gal(Q(¢,)/Q) satistying ox(¢,) = ¢¥. Thus Gal(Q((,)/Q) =
{ok : k € Z} equipped with group operation o, 0 0; = ;. For the remaining
paper, o denotes the isomorphism on Q(¢,) defined as such.

Theorem 2.1. Let H be a subgroup of Z7 and hy, ha, ..., h; be distinct repre-
sentatives of the cosets of H in Z,. Then J,, u(z) = H§:1 (x — > heH Cﬁjh) €
Q[z]. Furthermore, Jp u(x) € Z[x].

Proof. We first note that >, _; Chit = DtenH ¢t. This means that J,, () is
determined by cosets of H and not by the coset representatives hq, ha, ..., ;. In
regard to the cosets, J,, g (z) can be written as J,, g () = H;Zl (x—ZteHj ¢t),
where H;, j=1,...,1 are the cosets of H in Z;,.

Foreach k € Z}, {kH; : j=1,...,1} ={H; : j =1,...,1l}. Consequently,
we have

l l

(o2 6)) =T (=~ 3 o)

j=1 teH; j=1 teH,
l l
=[[@-> ¢) =1@E-> ¢
j=1 tekH; j=1 tcH;

We have just showed that the coefficients of J, g (x) are invariant over all
oy € Gal(Q(¢)/Q). Therefore, J,, y(z) € Q[x].

To see J, g(z) € Z[x], note that each coeflicient of J,, g (z) is of the form
co +c1Gp + -+ et with ¢; € Z. We shall show that any rational number
of such form must be an integer.

Suppose cg +c1(p + -+ e, = g € Q, where ¢; € Z. Define a polynomial
P(z) as P(x) = co+c1x+- - -+ cpa™. Clearly, P(z) € Z[z] by its construction.
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Dividing P(z) by the nth cyclotomic polynomial @, (z) = [[yez (x — (%) €
Z[z], we get

3) P(z) = Q(z)®n () + R(z),

where R(x) € Z[z] of degree less than ¢(n). Here ¢(n) is the Euler’s totient
function. By substituting x with ¢, in the equation (3), we have ¢ = R(({,)
equivalently R((,) — ¢ = 0. This implies that R(x) — ¢ is a polynomial in Q[z]
with ¢, as its zero. Since @, (x) is the minimal polynomial of (, over Q (i.e.,
the monic irreducible polynomial over Q with ¢, as its zero), we can conclude
that R(x) — ¢ is the zero polynomial, implying ¢ = R(0). Since R(z) € Z[x],
q € Z. This completes the proof. O

Let hq,...,h be the distinct representatives of the cosets of H in Z; and
h l
N= 2 hen Cn- Then we can express J, () as Jou(z) = [[;, (x —on,(n)),
where 0y, denotes the isomorphism in Gal(Q(¢,)/Q) satisfying o, (¢n) = CZ" .
In what follows, we characterize the irreducible polynomials of the form
JIn, i (x) with respect to oy (n) for o € Gal(Q(¢,)/Q).

Theorem 2.2. Let H be a proper subgroup of 2 and hi(= 1),ha,..., h; be
distinct representatives of the cosets of H in Zy,. Supposen =3,y ¢h. Then
the following conditions are equivalent.

(1) Jpu(x)= Hé‘:l (z — on,(n)) is irreducible over Q.
(ii) on;(n), 3 =1,...,1, are distinct.
(iil) n # or(n) whenever k ¢ H.

Proof. Tt is known (see [4,6]) that Q((,) is a finite normal extension of Q.
It means that for any o € Q((,), the minimal polynomial of o over Q (i.e.,
the monic irreducible polynomial in Q[z] that has « as its zero) splits into
non-repeated linear factors in Q(¢,).

Suppose P(z) is the minimal polynomial of 1 over Q. Then P(o(n)) = 0 for
any o € Gal(Q(¢,)/Q) (see [4]) and P(z) has no repeated zeros. As a result,
each (m — o, (77)) divides P(x). Moreover, o4,(n), j = 1,...,1, are distinct if
and only if J, g(x) = Hé‘:1 (z — on,(n)) divides P(z), which is equivalent to
JIn,m(x) = P(z) since J,, g(x) € Q[z] with n as its zero. We just have showed
(i) & (ii).

To show (ii) < (iii), we first suppose that o5, (), j = 1,...,1, are distinct.
If k ¢ H, then k € h;H for some hj # 1 and so kH = h;H. This implies that
or(n) = on,(n) #n. Conversely, we assume that 7 # oy (1) whenever k ¢ H.
Contrary to the statement (i), suppose that o, (n) = on,(n) but h; # hy.
Then, by applying the inverse of o,; to the equation, we get n = oy, (oh,(m) =
Thiih (1), where h; is the multiplicative inverse of h; modulo n. Since h; and

hj are representatives of distinct cosets of H, h}hk ¢ H. This contradicts to
(iii). O
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3. U(n) and the Gauss sum

In this section, we review some important properties of U(n) which are
defined in (2). The results in this section are not new and can be found in
several literatures (e.g. [2] and [5]). While we do not wish to recap already
established results, there are important components of which we shall make
considerable use. For that reason, we present the proofs that are relevant to
the later arguments.

If n = p® is a prime power with p # 2, the order of Z¥, p(n) = p*~1(p—1),
is decomposed into two coprime factors p — 1 and p®~!. Therefore, Z7 is the
direct product of the two cyclic subgroups L(n) and U(n) of orders p — 1 and
p®~ 1, respectively. Since Z7 is cyclic, such decomposition is unique and they
consist of all elements whose orders divide p — 1 and p®~!, respectively. In

other words, U(n) = {u € Z* : v?" ' =1 (mod n)} and
(4) Lin)={l€Z:1"*=1 (modn)}.

Hasse [5] obtained the explicit representations for L(n) and U(n) from the
homomorphisms of Zj,.

Theorem 3.1 (Hasse [5]). Let n = p® be a prime power with p # 2. Then
Z} = L(n) x U(n) is the direct product of the two cyclic subgroups L(n) and
U(n) of orders p — 1 and p®~!, respectively. Those subgroups can be expressed
explicitly as L(n) ={l € Z} : | = a?” (mod n) for a € Z:} and U(n) = {u €
Z :u=1 (mod p)}, as defined in (2).

Proof. As we discussed previously, the implicit representations for the sub-
groups in question are L(n) = {l € Z% : [P"1 =1 (mod n)} and U(n) = {u €
Y/ w* =1 (mod n)}. To express the subgroups explicitly, we consider the

mapping 7 : Z!, — 77, defined by 7(a) = a?”’ (mod n). Then 7 is a homomor-
phism of Z with the kernel of 7, ker(7) = U(n), and hence Z} /U(n) = 7(Z).
Since Z7 is cyclic, the subgroup of order p—1 is unique and thus L(n) = 7(Z).
On the other hand, the mapping p : Z;, — Z;, defined by (a) = a (mod p) pro-
vides a homomorphism of Z;, onto Zy with ker(u) = {a € Z;, : a =1 (mod p)}.
Since the order of Z%, denoted by |Z3|, is p — 1, we find that |ker(u)| = p*~'.
Since Z7, is cyclic, by virtue of uniqueness we obtain U(n) = {a € Z} : a =1
(mod p)}. O

For n > 1, let v(n) and U(n) be defined as in (1) and (2), respectively. Then,
the assertion regarding U(n) in Theorem 3.1 still holds for the general case:
U(n) is a cyclic subgroup of Z}, of order n/v(n).

If n = 2 or 22, then v(n) = 2 and thus U(n) = Z*. If n = 2% « > 3, then
v(n) =4 and so U(n) = {1 +4k : k=0,...,2°"2 — 1} has order 2%~2. Hasse
showed in [5] that U(n) is a cyclic group generated by 1 + 22. Therefore, the
claim is true when n = p® is any prime power, including p = 2.
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@1, 02

For the case n = pi'py® - -pY", where p; < py < --- < p, are distinct
primes, we have Z; = Z;al X - ~Z;a,. via the mapping
1 s

m+— (m (mod pi), ..., m (mod pZ7)).

Since u = 1 (mod v(n)) if and only if u = 1 (mod v(p;’)), j = 1,...,r, the
mapping restricted to U(n) induces an isomorphism from U(n) onto U(pJ*) x

- x U(pg). Recall that each U(p;”) is a cyclic group of order p;? /v(p;’) and
p;’s are distinct primes. Hence, U(n) is cyclic of order H(p] 7/v(p] ) = o]
5 0(g102) = v(q1)v(g2) when (g1, 42) = 1.

The group U(n) has been considered as a multiplicative subgroup of ZX. It
also has an additive structure that we can take advantage of. The set U(n) is a
coset of the additive subgroup {m € Z,, : m =0 (mod v(n))} of Z,, where Z,,
denotes the ring of integers modulo n. Due to this additive property in U(n),
any subgroup H of Z* containing a nontrivial element of U(n) has the Gauss
sum nullified.

Theorem 3.2 (Diamond et al. [2]). Let H be a subgroup of Z. If HNU(n) #
{13}, then > (" =0.

heH

Proof. Let d = |H NU(n)| with d > 1, where | - | denotes the number of
elements in the given set. Since H NU(n) is a subgroup of U(n), d is a divisor

of [U(n)| = 50> and then  is a multiple of v(n) since & = Wv(n). We
now let K ={meZ;:m= 1 (mod %)}; then

K:{171+(%),1+2(%),...,1+(d—1)(%)}.

Since % is a multiple of v(n), it is clear that K is a subgroup of U(n) with

|K| = d. Since U(n) is cyclic and thus contains exactly one subgroup of order

d, we get K = HNU(n). Let hy,ha,...,hin denote distinct representatives
d

of the cosets of K in H. We then have

S-y(xa)

m\g

heH 7j=1 keK
o
B (ZChj(lH(g)))
- n
j=1 \ =0
| H| |H|

Il
[+
i;“

S (ot - <d;ﬂf‘>>_
<l_o(§" >) ;C< - :

since ((h7 )4 = (W™ =1 and d > 1. O

<.
Il
-
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Theorem 3.2 implies that HNU (n) = {1} is a necessary condition for J,, i ()
to be irreducible over Q. In the following section, we shall see if it is sufficient
for the irreducibility of J,, g ().

4. U(n) and linear independence of {¢" : h € H} over Q

In this section, we gather some properties of a subgroup H C Z; satisfying
HnNU(n) = {1}. We then relate the condition H NU(n) = {1} to the linear
independence of {¢” : h € H} over Q, which allows us to prove the irreducibility
of J, g(z) in the later section.

Lemma 4.1. Let H be a subgroup of Z?, satisfying HNU(n) = {1}. Then the
following statements hold.
(i) |H| divides ¢(v(n)).
(i) h*®) =1 (mod n) for each h € H.
(iii) If n = p® is a power of odd prime, then H C L(n), where L(n) is
defined in (4).

Proof. Throughout the proof, v(n) and U(n) are denoted by v and U, respec-
tively. Define a map 7 : ZF — Z! by 7(k) = k (mod v). Then 7 is a homomor-
phism with ker(7) = U. Thus H N U = {1} implies that the homomorphism 7
restricted to H is one-to-one, equivalently H 2 7(H). Since 7(H) is a subgroup
of Z¥, |7(H)| is a divisor of ¢(v) and thus (7(h))?®) = 7(h#®)) = 1 (mod v)
for each h € H. Since H and 7(H) are isomorphic, (i) and (ii) follow.

In particular, if n = p® is a power of odd prime, it follows from (ii) that
HNU = {1} implies h”?~1 =1 (mod p*). Thus, h € L(n) for any h € H. The
proof is completed. (Il

To describe what the condition H N U(n) = {1} says about {¢" : h € H},
we begin with the case n = p®, where p is an odd prime. For the case n = p®,
it follows from Lemma 4.1(iii) that L(n) is the maximum subgroup satisfying
HNU(n)={1}. Thus, it is reasonable to start with L(n).

Theorem 4.2. Suppose that n = p® is a power of odd prime. Then {¢": h €
L(n)} are linearly independent over Q((pm), where (py, is an mth primitive root
of unity and (m,n) = 1.

Proof. For each h € L(p®), there exist integers q(h),r(h) such that h = q(h)p+
r(h) and 0 < r(h) < p. Moreover, the correspondence h — r(h) is bijective
from L(p®) to {1,...,p—1} as follows. If r(hy) = r(ha), then hy = he (mod p).
By multiplying both sides by the multiplicative inverse h; of h; modulo p?,
we have 1 = hoh; (mod p). This implies hohy € U(p®) N L(p®) since hy
and hy are in L(p®). Since U(p®) N L(p®) = {1}, hohy = 1 (mod p®) and
thus he = hy (mod p*). We have just showed that h +— r(h) is one-to-one.
But |L(p®)| = p — 1 by Theorem 3.1 and r(h) # 0 since (h,p) = 1. Thus
{r(h) : h € L)} = {L,2,...,p— 1}
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We now suppose, contrary to the statement, that there are ¢; € Q((y,), but
not all zero, such that ZheL(n) c¢j¢h = 0. Then

0= > cich= > cdMam=c, Y et
heL(n) heL(n) heL(n)
where g(h) and r(h) are the quotient and the remainder after diving h by p as
defined at the start of the proof.
Let P(2) = > e cj(ggi)l 2"(M=1 Then P(z) is a nonzero polynomial in
Q(Cpo-1,Gm)[x] with degree strictly less than p — 1 and P((,) = 0. However,

[Q(Gpe s Gm) = Q] = @(p®)ip(m) and [Q(Cpe1,Gm) = Q] = (p*~)p(m), where
[F': Q] denotes the degree of the extension field F' over Q. This implies that

[Q(&pers Gm) : Q(Cpa-1,Cm)] = £(")  which is p — 1 if & = 1 and p otherwise.

e(p—1)?
Thus a nonzero polynomial in Q((ye-1,(m)[x] that vanishes at ¢, must have
degree at least p — 1: this leads to a contradiction. ([l

The following is an immediate consequence from Theorem 4.2.

Corollary 4.3. Let n = p® be a prime power. If H is a subgroup of Z;,
satisfying H N U(n) = {1}, then {¢" : h € H} are linearly independent over
Q(¢m), where G, is an mth primitive root of unity and (m,n) = 1.

Proof. If n = p® with p > 2, then H C L(n) by Lemma 4.1. In Theorem 4.2,
we have showed {¢" : h € L(n)} are linearly independent over Q((,,). Thus, it
is clear that {¢" : h € H} are linearly independent over Q((y,).

To complete the proof, we only need to deal with the case n =2%. If a =1
or 2, then U(n) = Z and hence H NU(n) = {1} implies H = {1}; it is
trivial. We now suppose that n = 2% and « > 3. In this case, it follows from
Lemma 4.1 that H NU(n) = {1} = |H| divides ¢(4) = 2. Hence, H = {1}
or {1,a} for some a € Z} of order 2. If H = {1}, it is obvious as before. For
the latter case H = {1,a}, we can assume 1 < a < m. Suppose not: that
is, {Cn, ¢2} are linearly dependent over Q((,). Then (2! € Q((m). Since
[Q(CmsCn) = Q(¢m)] = @(n), the minimal polynomial of ¢, over Q((,) has
degree equal to p(n). Hence (271 € Q((,,) implies that a — 1 is a multiple
of p(n) = 227! and so a = 271 + 1, which is in U(n). This contradicts to
HnU((n)={1}. O

In what follows, we deal with the general case when n is an arbitrary positive
integer. The arguments presented here are credited to Diamond et al. in [2].

Lemma 4.4. Let H be a subgroup of Z; and (n be an mth primitive root
of unity with (m,n) = 1. Then {¢" : h € H} are linearly independent over
Q(¢m) if and only if {¢C*" : h € HY} are linearly independent over Q(() for
any k € Zy,.

Proof. This can be shown by sending a given set through the Galois isomor-
phism oy, of Q(¢m, ¢n) over Q((y) such that o (¢n) = G and 04(¢,) = ¢k O
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Lemma 4.5. Let n = mp®, where (m,p) =1 and p is the largest prime factor
of n with p > 2. Let the mappings 7 and 75 be the canonical homomorphisms
of Zy, to Ly, and Zy., respectively. That is, 71(t) =t (mod m) and T2(t) =t
(mod p®). If H is a subgroup of Z7 satisfying H NU(n) = {1}, then the
followings hold.

(i) 2(H) C L(p®).

(i) f K ={k € H: k=1 (modp*)}, then K ~ 7(K) and 7 (K) N

U(m) = {1}.

Proof. By Lemma 4.1, H N U(n) = {1} implies h#(*(™) =1 (mod n) for each
h € H. Consequently, mo(h?(*(™)) = (75(h))¥*(™) = 1 (mod p®). On the
other hand, (72(h))?®") =1 (mod p®) by Euler’s Theorem. Thus, the order of
T2(h) modulo p® is a common factor of p(v(n)) and ¢(p®). Since p is the largest
prime factor of n with p > 2, (¢(v(m)),p) = 1 and thus (p(v(n)), p(p®)) =
(p — 1)(¢(v(m)),p*~') = p— 1. This implies that the order of 75(h) modulo
p® divides p — 1. As a result, 72(h) € L(p*) for each h € H.

For (ii), we note that K is a subgroup of H as K = H Nker(rz). The
first assertion in (ii) follows from ker(m;) N K = {1}. For the second assertion,
suppose t € 71(K) N U(m). Then, for some k € K, ¢ = k (mod m) and
t =1 (mod v(m)). Since t = k (mod m) implies t = k (mod v(m)), we have
k =1 (mod v(m)). On the other hand, ¥ = 1 (mod p®) by the definition
of K. Consequently, ¥ = 1 (mod v(p®)). Since (v(m),v(p®)) =1, k =1
(mod v(mp®)), implying k € U(n). Recalling K is a subgroup of H, we can
assert that k¥ = 1 (mod n). Thus k = 1 (mod m). As a result, t = k = 1
(mod m). O

Theorem 4.6. Let H be a subgroup of Z; satisfying HNU(n) = {1}. Then
{¢h . h € H} are linearly independent over Q.

(0%

Proof. By Corollary 4.3, it is true if n = p® is a power of prime. For the sake
of induction on r, assume that the statement holds for n = p{* --- p/'" 7", where
p1 < p2 < -+ < pr—1 are distinct primes. We then claim that it is also true for
n=p - p&, where p; < p2 < --- < p, are distinct primes.

Let n = p{* -+ - p%r, where p; < p2 < --- < p, are distinct primes and r > 1.
We denote q; = p{* ---po77" and g2 = p®. Suppose D oheH cn¢ = 0, where
cn € Q.

Since (q1,q2) = 1, there exist integers = and y such that z¢g; = 1 (mod ¢2)
and yg2 = 1 (mod ¢;). Let the mappings 71 and 75 be canonical homomor-
phisms of Z} to Z; and Z;,, respectively, as before. That is, 7 (t) = ¢
(mod ¢1) and 72(t) = t (mod ¢2). Then, each t € Z* can be expressed as
t =yqm(t) + zq1m2(t) (mod n). As a result,

Z Chd«f — Z chggln(h)q:;z(h).

heH heH
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We now let K = {h € H : h =1 (mod ¢2)}. Then K is a subgroup of
H. If we let hq,...,h; be the representatives of the cosets of K in H, then
h € h K = 15(h) = 12(h;). Therefore,

Z Chd; = Z ch CyTl(h 9”2 ) Lo 4 Z CyTl(h)C$T2(h)

heH heh K hem K
= ( Yo Cyn(h)><;cfz(h1) T ( > chggﬁ(h))gsm(hz)
2 1
heh1 K heh K
By Lemma 4.5, {r2(h;) : j = 1,...,1} C L(g2). It then follows from Theo-
rem 4.3 that {(g2 (h) CqQ(hl)} are linearly independent over Q(¢,,). So are

{¢g? hl), e C(ff(hl)} by Lemma 4.4. We then have
Z i = 0= Z Chfgfl(h) =0foreach j=1,...,L
heH heh, K
Since K = 71(K) and 71 (K) NU(q1) = {1} by Lemma 4.5, the assumption
that the statement holds for g1 = p{* - - - p;"7" allows us to assert that {CTl(h) :
h € K} are linearly independent over Q. So are {Cyn(h) :h € hK} =
{(}{T (h)ma(h) . o K} by Lemma 4.4. Therefore,
Zchdf =0= Z ChCé’lTl(h) =0foreachj=1,...,1=c,=0Vh € H.
heH heh; K

This completes the proof. (I

5. Equivalent conditions for the irreducibility of J, m(x)

In this section, we give the equivalent conditions for J, g (z) being irre-
ducible over Q.

Lemma 5.1. For a subgroup H of Z;,, let M = {m € Z; : Y .y ¢h =
S hen Sy, Then M satisfies the following properties.

(i) M is a subgroup of Z; that includes H.

(i) Xmen Gn' = % Dhen G-
Proof. We prove this by associating each a € Z} to its corresponding field

isomorphism o, € Gal(Q(¢,)/Q) satisfying 04((,) = (2. Suppose that a,b €
M. Then

Zczbh—aa<§j<2h> —aa<zg’;> S ="k

heH heH heH heH heH

zczh:aa(zcs) =aa(z<sh) v

heH heH heH heH

where a is the multiplicative inverse of a modulo n. This proves that M is a
subgroup of Z;,. Furthermore, if 2" € H, then H = H and so ),y ¢h =
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ZheH Cf{/h. Hence H is contained in M. We now let mq,...,m; be distinct
representatives of the cosets of H in M. Then [ = ‘lj\}f‘l and
l
> <$=Z{Z<;,Tjh}=l2<2-
meM i=1 \heH heH d

Theorem 5.2. Let H be a proper subgroup of Z},. Then the following condi-
tions are equivalent.
(i) Chem i # 0.
(i) HNU(n) = {1}.
(111) {¢h:he HY} are lmearly independent over Q.
)
) J

ZheHC # > new CF whenever k ¢ H.

v () is irreducible over Q.

Proof. We first show that (i), (ii), and (iii) are equivalent.

(i) = (ii): Contrary to the statement, suppose that H NU(n) # {1}. Then,
by Theorem 3.2, Y, ¢* = 0, contradicting to (i).

(ii) = (iii): See Theorem 4.6.

(iii) = (i): It is obvious by the definition of linear independence.

This completes the proof of (i)<(ii)<(iii).

(iv) & (v): See Theorem 2.2.

(v) = (i): Contrary to the statement, suppose Y,y ¢ = 0. Then

Yo =0a(d ¢h) =0

heHd heH

for each a € Z and so J,, y(z) = 2¢, d = ||%ﬂ‘ > 1, contradicting to (v).

(i) = (v): Contrary to the Statement, suppose that J,, g (x) is not irreducible
over Q. By the equivalence (iv) < (v), there exists a € Z,, but not in H, such
that >, ¢4 = > ,ci " Then {¢¥ : k € HUaH} are linearly dependent
over Q. Let M ={m € Z} : >, .y (" =3, ('} By Lemma 5.1, M is a

subgroup of Z; containing H and aH with > ., (" = 1M > her Gt Since

[H]
M includes H U aH, {{* : m € M} are linearly dependent over Q and thus
ZmeM ¢ = 0 by the equivalence (i)« (iii). It contradicts to > ., (' =
\H| ZhEH Ch #0. O
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