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ESTIMATE FOR BILINEAR CALDERON-ZYGMUND
OPERATOR AND ITS COMMUTATOR ON PRODUCT
OF VARIABLE EXPONENT SPACES

GUANGHUI LU AND SHUANGPING TAO

ABSTRACT. The goal of this paper is to establish the boundedness of bi-
linear Calderén-Zygmund operator BT and its commutator [b1, b2, BT
which is generated by b1,ba € BMO(R") (or Ay(R™)) and the BT on
generalized variable exponent Morrey spaces £P<‘)"P(R”). Under assump-
tion that the functions 1 and @2 satisfy certain conditions, the authors
proved that the BT is bounded from product of spaces £P1():#1(R™) x
£P2(),#2(R™) into space L£P()-¥(R™). Furthermore, the boundedness of
commutator [by, b, BT] on spaces LP()(R™) and on spaces £P():%(R")
is also established.

1. Introduction

It is well known that Calderén-Zygmund operators regard as an important
class of integral operators in harmonic analysis, they not only play a key role
in the harmonic analysis (see [5,17,38,42,49]), but also their use is best jus-
tified by the variety of applications in which they appear; for example, see
[2,33]. In 1975, Cofiman and Meyer [6] first introduced the theory of multilin-
ear Calderén-Zygmund integral operators. And its theory was further investi-
gated by Grafakos and Torres in [12]. Since then, the properties of multilinear
Calderén-Zygmund integral operators on various of function spaces are widely
focused. For example, in [3,4], Chen and Fan obtained the boundedeness
of bilinear singular integral operators on product of Lebesgue spaces. Xu in
[48] showed that the multilinear Calderén-Zygmund operator is bounded from
product of spaces LP'(u) x LP2(u) into space LP(u). Lin [28] established the
boundedness of multilinear Calderén-Zygmund operators on product of BMO
spaces, product of LMO spaces and product of A-central BMO spaces. The
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more researches on the multilinear Calderén-Zygmund integral operators on
different kinds of function spaces can be seen [29,31,32,46,47] and their refer-
ences therein.

On the other hand, in recent years, the theory of variable exponent function
spaces is widely focused. They are important not only in the theory as general-
izations of classical function spaces, but also for their applications in the fields
of fluid dynamics and PDEs (see [18,24]). In 1931, Orlicz [37] first obtained the
definition of variable exponent Lebesgue spaces. Since then, the development
of variable exponent Lebesgue spaces becomes very slower. Until 1991, Kovacik
and Rékosnik [27] systematically studied the variable exponent Lebesgue spaces
LPO)(R™) and Sobolev spaces W#P()(R™). Later, the researches associated
with the variable exponent function spaces are widely discussed; for example,
see [7,8,26,41,44]. To research the local behaviour of solutions for the second
order elliptic partial differential equations, Morrey in [35] introduced the def-
inition of Morrey spaces. On the basis of this, the various of definitions for
generalized Morrey spaces on different kinds of function spaces are established
(see [13,34,36]). Moreover, because of the results on Morrey spaces and general-
ized Morrey spaces are comprehensive, many researchers passed to the variable
exponent Morrey spaces and generalized variable exponent Morrey spaces; for
example, Almeida et al. in [1] obtained the boundedness of Hardy-Littlewood
maximal operators and potential operators are bounded on variable Morrey
spaces defined over a bounded open set. In 2010, Guliyev et al. [15] showed
that the Hardy-Littlewood maximal operators, potential operators and singular
integral operators are bounded on generalized variable exponent Morrey spaces
over bounded domains. The more researches about the integral operators on
variable exponent spaces can be seen [9,11,14,16, 19, 20, 30, 39, 40, 43].

Motivated by these results, in this paper, we mainly consider the bound-
edness of bilinear Calderén-Zygmund operator and its commutator associated
with BMO functions on generalized variable exponent Morrey spaces. Before
stating the organization of this article, we first recall some definitions and no-
tations.

Let p(-) : R™ — (0,00) be a measurable function, and set

essinfp(z) =p_ >0, esssup p(r) = py < oo.
TER™ zERP

We denote P(R™) the set of all measurable functions p(:) : R™ — [1, 00) such
that 1 < p_ < p(z) < py < oo, and denote Py(R™) the set of all measurable
functions p(-) : R™ — (0, 00) such that 0 < p_ < p(z) < py < o0, x € R™.

For p(-) € P(R™), the variable exponent Lebesgue space LPC)(R™) (see [7])
denotes all real-valued measurable functions f defined on R™ such that, for

some A > 0,
p(z)
/ <f(;)|) dr < oo
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This becomes a Banach function space with respect to the Luxemburg-Nakano
norm

p(z)
(1.1) ||fHLp(-)(Rn) := inf {)\ >0: /n (f.(;:)l) dx < 1}.

Now we recall some classes of variable exponent functions. Let f be a locally
integrable function on R™. Then the Hardy-Littlewood maximal function M f
is defined by

1
(1.2) waﬁwﬁémmm

z€EB
where the supremum is taken over all balls B C R™.

Let B(R™) be the set of all measurable functions p(-) € P(R™) such that
the Hardy-Littlewood maximal operator M is bounded on the space LP()(R").
For p(-) € P(R™), the class of globally log-Holder continuous function p(-) €
LH(R™) regarding as an important subset of B(R™), satisfies the following two
conditions

C 1
x) — < Jz—y| < =,
o) = p)| < oy vl <5
and
I(x)—()\<7c ly| > ||
b P> Togle ) V1= 10

Now we recall the definition of bilinear Calderén-Zygmund operator in [45]
as follows.

Definition 1.1. A kernel K(-,-,-) € LL (R" xR" xR"\{(z,z,z) : € R"}) is
called a bilinear Calderén-Zygmund kernel if it satisfies the following conditions:

(1) for all (z,y1,y2) € R™ x R™ x R™ with x # y; for ¢ € {1,2}, there exists
a positive constant C such that

C
(1.3) |K (2, y1,92)| <

(lz = w1l + |z — g2l )2’
(2) there exist constants 6 > 0 and C' > 0 such that, for all z,z’,y1,y> € R"
with satisfying |z — 2’| < 1 max{|z — y1], |z — yal},

|z —a'|° ,
(e il + Jo— sl

(3) there exist constants 6 > 0 and C' > 0 such that, for all z,y1,y],y2 € R"
with satisfying |y1 — y1] < %max{|x —u1l, |z — y2l},

(14) ‘K(m7y1ay2) - K(x/aylayQ)‘ < C

1 — il _
(==l +1z — g7
(4) there exist constants 6 > 0 and C' > 0 such that, for all z,y;, yo, v, € R™
with satisfying |y2 — v5] < %max{|ac -l |z — 2|},

(15) |K(‘T7y17y2)7K(xay/17y2)| SC

lyo — yb°

1.6 K(z,y1,y2) — K(z,9y1,y5)| < C .
( ) | ( Y1 y2) ( Y1 y2)| (|x—y1|+\x—y2\)2”+5
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Let L (R™) be the space of all L>°(R"™) functions with compact support.
A bilinear operator BT is called a bilinear Calderén-Zygmund operator with
kernel K satisfying (1.3), (1.4), (1.5) and (1.6) if, for all f1, fo € LS°(R™) and

r €R™\ (supp(fl) (supp(f2) ),

(1.7) BT(f1, f2)(x) :/n o K(z,y1,y2) f1(y1) f2(y2)dy1dya.

Given by, by € LL _(R™), the commutator [by,be, BT| generated by the BT
and bl,bg

[b1, b2, BT|(f1, fo)(w) = bi(2)b2(x) BT (f1, fo)(w) — b1 (z) BT (f1,b2f2)(7)
(18) — bg([L‘)BT(blfl, fg)({E) + BT(blfl, bgfg)(x)

Also, the commutators [by, BT] and [be, BT] are, respectively, defined by
(1.9) [b1, BT|(f1, f2)(x) = b1(x) BT (f1, f2)(x) — BT (b1 f1, f2) (),

(1.10) [b2, BT|(f1, f2)(x) = ba(2) BT (f1, f2)(x) — BT(f1,b2f2)(x).

Next, we need to recall the following inequality introduced in [9], that is, for
any ¢ € R" and p(-) € LH(R™) [ P(R™), there exists some positive constant
C such that

(1.11) X B2,y ()l L) (mny < Crfr(er),
where
[ Tt
p(I,T)— p(r;o)7 r> 1.
The following definition of generalized variable exponent Morrey space is

from [15].

Definition 1.2. Let p(-) € P1(R™) and ¢ be a positive measurable function on
R™ x (0,00). Then the generalized variable exponent Morrey space Ep(')"P(R”)
is defined by

1 lL2re oy = {f € EO®™M : | fllerresm) < oo},

where
1
Fllzocro@mny = sup =0 @) £l o .,
£l o0 mmy e oy I £l L) (B(w,r))
1 — x,Tr
(1.12) = sup  ———1 %" Ixpin Fllieo @ny-

z€ER™ r>0 W<x7 T)

Remark 1.3. (1) If we take ¢(z,7) = r— %) in (1.12), then the general-
ized variable exponent Morrey space Ep(‘)’“"(R") is just the variable exponent
Lebesgue space LP() (R™).
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(2) If we take o(x,r) = 6 with 0 < A < n, then the generalized variable
exponent Morrey space £1’(')’“"(R") is just the variable exponent Morrey space
MPOA(R™) introduced by Almeida et al. in [1].

(3) If we take p(-) = const and p(z,r) = ront in (1.12), then the generalized
variable exponent Morrey space £P():#(R™) is just the classical Morrey space
LPAR™) (see [35]).

(4) If we take p(-) = const in (1.12), then the generalized variable expo-
nent Morrey space £P()#(R") is just the generalized Morrey space L£P#(R™)
introduced in [36].

It is position to state the organization of this paper as follows. Section 2
provides some lemmas about the Holder inequality and the space BMO on
variable exponent spaces. Under assumption that the functions ¢; (i = 1,2)
satisfy certain conditions, the authors prove that the BT is bounded from the
product of spaces £P1():#1(R™) x £P2():#2(R™) into space £P():#(R™) in Section
3. In Section 4, the authors prove that the commutator [by,be, BT generated
by b1,b € BMO(R") and the BT is bounded from the product of spaces
L1101 (R™) x £P2():#2(R™) into space LP()#(R™), where ﬁ = ﬁ + ﬁ
and ¢ = H?:l @i. In Section 5, the boundedness of commutator [b1,bs, BT
generated by b1,by € A(R") and BT on the space LP()(R") and on the space
LP0)%(R™) is also established.

Finally, we make some conventions on notation. Throughout the paper,
C represents a positive constant being independent of the main parameters
involved, but it may be different from line to line. For a p-measurable set
E, xg denotes its characteristic function. For any variable exponent p(-), we
denote by p’(+) its conjugate index, i.e., ﬁ + ﬁ =1

2. Preliminaries

To prove the main results of this paper, in this section, we need to recall
some necessary lemmas, see [7,22,23,27], respectively.

Lemma 2.1. If p(-) € B(R"), there exists a constant C' > 0 such that, for all
balls B C R,

CHB| < lIxsll ooy @) lIXBl Lo ) gny < C|B.

Lemma 2.2. If p(-) € P(R™), then, for all f € LP)(R™) and g € LF'O)(R™),
the following Holder inequality

[ 1#@g(@)de < Cflomelloll v e
holds.
1 1

Lemma 2.3. Let p(-),p1(-),p2(-) € P(R™) with satisfying flgﬂ) =@ T
Then there exists a positive constant C' being independent of functions f and g
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such that, for all f € LP*()(R™) and g € LP>C)(R™),

1£9llLrer@ny < ClflLeror @n) 91 Lp2c) (my-

Lemma 2.4. If b € BMO(R"), then there exists a positive constant C such
that, for all p(-) € P(R™) and i,j € Z with j > i,

_ 1
CHbllsmo@ny < sup ——————|[(b — bp)xBll Lro) &)
B: ball ||XBHLP(')(]R”)
(2.1) < ClbllBmorn)
and
(2.2) (b= bB,)xB; | Lre) ®ny < C(F — DIbllBMo@n) X B; | Lo &),

where B; represents a ball with the same center to B and radius 2° times of B.

3. BT on space LP()¥(R™)
The main theorem of this section is stated as follows.

Theorem 3.1. Let p1(-),p2(-) € B(R™), p(-) € Py with 0 < pg < p— such that
p(-)/po € B(R"), ﬁ = p%() + p%() and 910('7 )= 9?1('7 )+ 9;02('7 *). Suppose
that the bilinear Calderdn-Zygmund operator BT is defined as in (1.7), and
i+ R™ x (0,00) are positive measurable functions with i = {1,2}. If there
exists some constant C' > 0 such that, for any x € R™ and r > 0,

(3.1)

nf o 0, (2,5)
= il ) e (x,r), i=1,2
. tem(%t) t = wilZ,T), — L4

and denote o(x,r) = p1(x,r)pa(z,T), then
||BT(f17f2)||LP(-),¢(Rn) < C”fl”gpl(-),m(]Rn)||f2||£v2(-)~¢2(]Rn)»
where f; € LPiC)¥i(R™), i =1,2.

To prove the above theorem, we need to recall the following two lemmas, see
[15,21], respectively.

Lemma 3.2. Let p(-) € LHR")(P(R™). Suppose that supv(z) < oo and
inf[n 4+ v(z)p(x)] > 0. Then

(3.2) [z — '|V(x)XB(a:,r)(')||LP(~) < Cprv@+0@n) g e R™ and 1 > 0.

Lemma 3.3. Let p1(-),p2(:) € B(R™), p(-) € Py with 0 < p. < p_ such that
(p(-)/p«) € B(R™) and satisfy % = ﬁ—‘_p%()' Suppose that BT is defined as
in (1.7). Then there exists a constant C' > 0 such that, for all f; € LPi()(R"),
i=1,2,

BT (f1, f2)llLer @ny < Cllfilloror @y

where C' does not depend on x and r.

Foll pacr .
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Proof of Theorem 3.1. Without loss of generality, we set B = B(x,r) be a ball
centered at x and radius r. And decompose functions f; as

fi = IH+ 1° = fiXBeor + fiXgn\ B(z,2r) i=1,2.
Then, via (1.7), (1.12) and the Minkowski inequality, write

—0,(xz,r)
sup  ———1r P XB(a,r) BT (f1, f2)ll o) (e
zER™,r>0 @(x,r) H B(a,r) ( 1 )”L (R™)
1 0
< sup ISR PY BT (f{, f3)ll v n
zeRn >0 ©(T,7) | B(z,r) (fi, )z (R™)
1 —0p(2,7) 1
+ sup X B,y BT (f15 137 v mn
ceRn >0 P(T,7) I B(x,r) (1, ) (Rn)
1
+ sup

—0p(2,7) BT(f® 1
r x,Tr ) . n
zern,r>0 (2, 7) IXB (BT (fi fQ)HLP()(R )

—_

+ sup
zER™,r>0 o(x,r)

=: Dy + D2 + D3 + Dy.

—Op (1) HXB(LT)BT(ffO’ f2oo) ”L”(')(R")

Notice that pi(-),p2(-) € B(R™), and p(-) € Py satisfies (p(-)/po)" € B(R™)
for some 0 < pg < p—. Then, by applying Lemma 3.3 and (1.12), we have

D, = —0p(z,7) , BT 1 1 o .
1 zensahl,lko @(x,r)r IXB (2, BT (f15 f2)llLre) mny
1
S C sup 77"701)(%7")”)(3 x,r le r1 () (R ||XB x,r f2|| p2(-) (Rn
zeRn,r>0 P(T,7) (@r) /L O R IAB(@,r) J20 Lr2 () (Rn)
<O s o el @ e e
- Sup - N T,T OR®RMN) ™ 7N z,r ) (Rn
zeRn >0 P1(2,7) XB(r) J1lLrO @) wa(z, 1) XB(z,r)J2llLr2() (R")

S O”fl Hﬁpl(-%«m (R™) ||f2 ngz(-)w:z (Rm)+

To estimate Dg, we first consider |BT(f], fs°)(y)| with y € B(x,r). By
(1.3), Lemma 2.2 and (3.2), we can deduce that

IBT( 1))
[ [ el el e)landz

|f1(z)]1f5° (= )\
C ledZQ
/n /n < m_yzl)

<c /B o Bl /}R REEC I

"\ B(z,2r) [T — 22|*"

IN

IN

< C||XB($,2T)f1 ||LP1('>(]R") XB(z,2r) ||LP’1(')(]Rn)
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x/ |x—zQ|2"+ﬁf2(zQ)|(/ tﬁldt>dz2
R"\ B(z,2r) |z — 22|

< C||XB(I,2T‘)f1 ||LP1(‘)(]R") HXB(OL‘,QT') ||LIJ'1(')(Rn)

<[Te(f o= 2 2 e )t
2r {z2:2r<|z—22|<t}

S C||XB(m,2r)f1 ||LP1(‘)(R")

XB(z,2r) ||Lp’1(-)(]Rn)

1 oo 3y
X W . t B 1||XB(I,t)f2||LP2(]Rn)||‘LE — | +BXB(m,t)(‘)||Lp/2(Rn)dt
< CHXB(I,Zr)fl”Lm(«)(Rn) XB(z,2r)||Lp’l(.)(Rn)
! ~ P —n4f+—2—
“TB(z.2r)| t ﬁ ! P n t p2(‘") dt
B(z,2r)] / X Bt f2l o2 ()
< Clixae.n filliro @ IxB@2n |l oo @)
1 *
“ 1B, 2r)] a p2(1}’t)71 z p2 (- n dt7
[B(@,2r)] /s, X B0 Fll o2 @y

further, from (1.11), (1.12), Lemma 2.1, Lemma 2.3 and (3.1), it then follows
that

Dy = 001Xy BT 5% | oo s
2 Ieﬁiggw <p(m,7“)r IXB(2m BT (f1, [35) v (mm)
1
<C —Op(z,7) z.2r p1 () (R™ x,2r (-
S Ieﬂz}}gw @(x,r)r ||XB( ,2 )leL 1O(R )”XB( ,2 )||L AOK )
1 < o (mi)—
X HXB(zaT)HLP()(R”)W 5 t 01)2( ,t) 1HXB($7t)f2||Lp2()(Rn)dt
1
< C - _QP($7T) .27 s, z.r p( n
SC s IXB20) | Lot ) gy X B ) [ L2 )

xrepl(z,r)/ t_e”l(“”t)_lHXB(z,t)fl||LP1<‘>(R")dt
2r

1 *
“B(x.2r)]| 0l p2 () (rrydt
B(w,2r)[ oy X80 foll o2 @y
< 70:0(177,) 4 . n
>~ CIEHSQE},I:?)“>O SO(.’L', 7,1)74 ||XB($’2T)HLPI(')(R”')||XB(ZE,T)||LP( )(IR )

0y, (2,7) o1z, t) g (@t)—1
o e 1 gy At
' /2r 4101(1',0 ||XB($7t)f1||L 1) (Rm)

% 1 oogpl(xat)
|B({ZZ,27‘)| 2r 902(xﬂt)

¢ 02Dy By Foll poa ) rnydt

1
< C||f1 ||LP1(-M’1 (R™) Hf2||LP2(-)-,<p2(Rn) sup

L e
zER™,r>0 (p(l‘, ’I")
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1
X HXB($727“) ||Lp/1(')(]Rn) ”XB(JC,T) ”LM‘)(]{@)W

XT@“”’”/ Mdt/ Mdt

1
= C”fl ||»Cp1(')*‘f’1 (R™) HfZ”[,Pz(')-,cpz (R™) €§Up>0 m
x 'Il’r 5

r_ep(w,r)
X m ||XB(I,27-) ||LP/1(‘)(Rn) HXB(@(;Q’,-) ||Lp1(.)(Rn)

X HXB(z,r) ||LP2(~) (Rn)T0p1 (m’r)(pl (3;7 ’I“)(pg (3;, 7«)

< Ol f1ll zorrer @y [ F2ll 222 ey »

where we have used the following fact (see [15])

(3.3) IXB @ fllLre @y < re,,(x,r)/ t_ep(x’t)_l||XB(z,t)f||Lp<~>(Rn)dt.
2r

With an argument similar to that used in the estimate of Do, it is easy to
obtain that
DS < C”fl ||LP1('),¢1 (R™)

Now let us estimate Dy. For any y € B(x,r), by applying (1.3), (1.7), (1.12),
Lemma 2.2 and (3.2), we obtain that

[BT(f7°, £2°) ()]

f2||£p2(')1¥’2(]Rn).

= / / K (y, 21, 22) |1 F7° (201 £5° (22) [d21d 2
2 o0

<cIl o — 2l P i z)] ( / tﬁldt> dz
i=1 7 R™"\B(z,2r) o
2 oo

= CH/ (/ |z - Zi|_n+ﬂ|fi(zi)|dzi>t_B_ldt
i=172r {zi:2r<|z—2z;|<t}
2 oo

<CILf ([ lo-al il )it
=1 2r B(:E,t)

2 oo
< CH/ t_B_l||XB(1:,t)fiHLPq,(')(Rn)|||-’L' — 'I_n+5||Lp;(A)(B($’t))dt
i=172r
2
oo —B—-1 —n+ﬁ+0p(($1t)
< CH t ||XB(J;,t)fiHLPi(-)(Rn)t i dt
i=1727

2 o0
< CH/ t_em(m’t)_l||XB(9:,t)fi||Lp7¢(~)(Rn)dt
i=172r
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2
o 1 — T 7 .T,t
< CH/Z N D gy fill oo ey (t ) a

2
< CH Ifill Los s myspi(,7),

i=1
further, from (1.11), (1.12) and (3.1), we have
Dy = sup ! r ) N B BT (L2, £5°) | 1ot ey
zER™ r>0 90(3377")
2 —0p(z,r)
p1(x, r)pa(z, r)r—"r
< C i pi()Pq (R 5 x,r p(- n
< };[1||f | Lrir.0i m ) o(o7) X B(,m |l Lre) @)

P00 oy (2, 7)o, )0 )

2
1
< C f i ()% (R™ sup
7];[1 || Z”LP iR )welR”’,r>0 gO(JZ,’/‘)

S CHfl ||[,p1(-)1<;’1 (R™) f2||,cpz(‘)»w2 (R7)+

Which, combing the estimates of D1, Dy and D3, the proof of Theorem 3.1 is
finished. O

4. [by, by, BT] associated with BMO function on space £P():¥(R™)

Before stating the main theorem of this section, we first recall the definition
of bounded mean oscillation spaces (= BMO), see [10] or [25].

Definition 4.1. A real value function f € L{ _(R") is said to be the space
BMO(R") if

1
(4.1) 1/ lesto@n) = sup — / F(@) — fulde,
z€EB |B| B

where the supremum is taken over all balls in R™, and fp represents the mean
value of f on ball B, that is,

1
o= [ fd.
1Bl J
It is now position to state the main theorem as follows.

Theorem 4.2. Let by,by € BMO(R"), pi(-),p2(-) € B(R™), p(-) € Po with
0 < po < p— such that p(-)/po € BR"), ﬁ = mil(-) + p%(_) and 0,(-,-) =
Op, (+,+) + Opy (-, +). Suppose that the bilinear Calderdn-Zygmund operator BT
is defined as in (1.7), and @; : R™ x (0,00) is a positive measurable function
with i = {1,2}. If there exists a constant C' > 0 such that, for any x € R™ and
r > 0, the following inequalities

: . 0, (x,8)
oo " essslrg wi(x,s)stri dt
(4.2) / <1 +1n ) ASAS — < Cyi(z,r)
- r

tapi (z,t) t
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hold, and @(z,r) = p1(z,r)pa(z, 1), then

2
[[[b1, b2, BT](f1, f2)||LP(')v‘P(IR") < CH HbiHBMO(]R“) ||fi||£Pi('),w (R™)»

i=1

where f; € LPC)¥i(R™), §=1,2.

To prove the above theorem, we need the following lemma introduced in
[21].
Lemma 4.3. Let by,by € BMO(R"), p1(-),p2(-) € B(R"), p(-) € Py with 0 <
ps < p_ such that (p(-)/p.)" € B(R™) and satisfy ﬁ = p%(_) + p%(_). Suppose
that BT is defined as in (1.7). Then there exists a constant C > 0 such that,
for all f; € LP«C)(R™), i = 1,2,

2
b1, b2, BT](f1, f2)ll o ey < C T IbillBroen)
=1

fi||£1’i(‘)»¢i (R™)>»

where C does not depend on x and r.

Proof of Theorem 4.2. Let B = B(z,r) be a ball centered at  and radius r.
And decompose f; as

fi=IH+ 10 = fiXB@en + fixen\B@2r, i=1,2.
Then, by applying (1.8), (1.12) and the Monkowski inequality, we have

—_—7r P T b ,b ,BT y p(- n
) SE,E)«>0 @, X B (2, (b1, b2 1(f1 F2) e ey

1 -0
< su r p(z,7) o b 7b ,BT 17 1 o0
- CEGR",IT)‘>O (p(x7/]") ||XB( ) )[ 1,2 ](fl fQ)HL ()(R )
1 —0p(2,1) 1
+ su — x,r o b 7b ,BT , 00 . .
$€R",Ii‘>0 Sp(x’/,’) ||XB( s )[ 1,92 ](fl f2 )”LP()(]R )
Lt |
+ su E— A o b ,b ,BT oo’ o) (R
xeRngw o(z,r) IXB(@.r[b1; b2 JC5 f2) et ey
! —Upla,T 0o foo
+ sup rOp (2, )||><B(gcvr)[b1,b2,BT](f1 IS e m)

zER™,r>0 (p(l‘,’l")
= E1+EQ+E3+E4.

From (1.11), (1.12) and Lemma 4.3, it then follows that
1

E, — —0p(x,r) bi.bo. BT 1 1 . .
r= W oy X B2, b1, b2, BT](f1, f2)ll Loe) (mmy
< Clb b 1 —0p(x,r)
< Cllb1llBmo®n) llb2]lBMO®r) — SUP "

zeR™ r>0 QD(I', T)

X HXB(m,r)fl HLPl(‘)(R") ||XB(x,r)f2||LP2(-)(]Rn)
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< C|lb1|lBmo®n) b2 |lBMORn)  SUP ———— @ ) (2, 7)o, )
zeR™ r>0 QO(J?, T)

1

Op(xz,r) _ ~ =0, (z,r)
X ! p1() (RN
r wl(x,r)r IXB(.r) fillLer o @my
1 —0p., (z,7)
X P2 E . "
902(1.77,.)7“ ||XB(w,r)f2||LP2()(R )

< Clb1llBmo@n) b2 lBMo®n) (| f1ll 2ra 101 ey [ f2ll 202 () -

To estimate Ea, we first consider |[by, be, BT|(f1, £5°)(y)| with y € B(z, ).
By applying (1.3), (1.12), Lemma 2.2, (2.1), Fubini’s theorem, Lemma 3.2,
(3.3) and (4.2), we obtain

b1, bs, BTI(f £5°)(0)]
[ K@) - b enlbat) = bala) 15 Gl (o)ldrdes
b1(y) — b1(21)[|b2(y) — ba(22)|| f1(21)]] f2(22)]
C dzidz
/B(x,QT) /"\B(m,Qr) |: i ‘y B Z|:| 2n 1U%2
) ba(y) — b (22) | fo(22)

n\ B(x,2r) ly — 22|?"

IN

IN

dZQ

< C/B(:z:,Qr) b1(y) — bl(zl)||fl(21)|d21/R
< C<|bl(?/> - (bl)QBl/ f1(21)]d2y
B(z,2r)

+ /B(ﬂ%%) b1(21) — (b1)23||f1(zl)dzl>

1 |b2(y) — ba(22)]|f2(22)]

_ dZQ
|B(,2r)| Jrr\B(x,2r) |z — 22|

< O<|b1(y) - (b1)23|||XB(I,2T)f1HLPl(‘)(R") XB(I,QT‘)”LP&(‘)(Rn)

+ ||XB(I,2T)f1||LP1(')(RTL)||XB(.T,2T) (bl() - (bl)ZB)”Lp’l(-)(Rn))

1

|f2(2’2)|
“ 1Bz, 2r)|

<|bz(y) — (b1)28] I

Re\B(a,2r) [T — 22|™

Jr/ |b2(22) — (b2)23||f2(22)|d22
R\ B(z,2r) |z — 22|

< Clixs.2n fillLroy @ IXBG@20) | o1 0 @y <|b1”BMO(R") +1b1(y) — (b1)2B|)
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1

. |B(x,2r)] ['bQ(y) — (b2)2B] |z — 22| 7" | f2(22)|d22

R7\B(z,2r)

o0 1
+ [ (/ @@ﬂ—@mewmmgnHM]
2r {z2:2r<|z—22|<t} 3

< ClixB(e.2r) f1ll Lo ®e) X B(2.2r) ||Lp’1<~>(Rn) <|b1”BMO(R") +101(y) — (51)23|)

1

X 1Bz, 2r)] [|b2(y) = (b2)25] |z — 22| 7" fo(22)|d22

R™\ B(z,2r)

o 1
100~ Gl [ 1faeliin) e
2r B(z,t) 13

o 1
+Lr(4@”mwﬁ—@m@omummgwﬂw]

< ClixB(e.2r) f1ll Lo @n) X B(2.2r) ||Lp3<~>(Rn) <|b1”BMO(R") +b1(y) — (bl)zBl)

1 o
* B2l ['bz@ — 020l [ e foll

X |||$ - "7n+ﬁXB(a:7t)||Lp'2(~)(]Rn)dt

oo

1

XB(z,t) ||Lp’2(«>(Rn) tnﬁdt

t
+||b2||BMO(JR“)/ ln;HXB(z,t)fZHLPZ(‘)(R")
2

T

T

o 1
+/2 IXB () (b2(-) — (bz)B(x,t)Lp§<»)(Rn)||XB(x,t)f2LP2<'>(Rn)tn+1dt]

< ClixB(e.2r) f1ll Lo @n) X B(2.2r) ||Lp'1<~)(Rn) <|b1”BMO(R") + b1 (y) — (b1)2B|)

1 o0
—||b — (b t 201 o gnydt
X Bz [| 2(y) — ( 2)2B|/2r 2 IXB(z.6) f2 ]l Lr2) ()

<ot 1

+||b2||BMO(]R”)/ In ;HXB(z,t)f2||LP2(‘)(R")HXB(-Tvt)”LP’Q(-)(Rn)Wdt

2r

i 1
+ [1b2/[BmO®R) /2r ||XB(ac,t)||Lpg<->(Rn)||XB(x,t)f2||Lpz<->(Rn)thdt]

< ClixB(e.2r) f1ll Lo ®e) X B(2.2r) ||Lp’1<~>(Rn) <|b1”BMO(R") +[b1(y) — (51)28|)

o

1
— = _||ba(y) - & £ Opa e 1 oo it
X B2 b 2(y) — (b2)28] Lt IXB (.t f2ll Lo &)
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~ ot t0r2 (8 oy (1, 1)
+ Hb2HBMO(R”)||f2”LP2(')v¢’2(]R")/2 = lxseeoll o ey =4t
T

> 192D 0y (x, t)
+ HbQHBMO(R")||f2”£1)2(')><02(]1§")/2T ||XB(ac,t)HLp'2<->(Rn)Td

< ClixB(e.2r) fill Lo @n) X B(2.2r) ||Lp3<~>(Rn) <|b1”BMO(R") +[b1(y) — (b1)23|)

1 * pa(x,t)
T =7 ~ N1 - - n 7dt
“Blz.20) [V?z(y) (2)2|l1 f2ll cra.02 )/2T ;
e t\ ooz, t
+ b2 llBMo®) | f2ll 22202 (R / (1 +In ) Mdt]
2 T t
1

< sz(x,T)||f2\|gp2<->,wz(Rn)||XB(x,2r)||Lpg<->(Rn)W

X,ﬁp(w)/ @O X e fill por o gy dt
2

T

X (”bl|BMO(1R") +[b1(y) — (b1)23|> <|bz(y) — (b2)2p| + |b2||BMO<R"))

1
< Coa(z, )| f2ll 2o (Rn)||XB(z72r)||LP’1<'>(Rn)m

Xrepl(x’r)/ =0 @O X gy il Lor o (gny At
2r

x (”bl|BMO(]R") + 1b1(y) — (b1)23|> <|b2(y) = (ba)2m| + |b2||BMO(R"))

1
< C’<p2(x,r)||f1Hcmm,m(Rn)||f2||z:p2(->,w2(Rn)||XB(a;,2r)||Lp’1(v>(Rn)W

% rapl (:v,'r)/ wl(xﬂt) d+
9 t

r

X (”bl|BMO(]R") +101(y) — (51)23|> <|bz(y) — (b2)2B] + |b2||BMO(R"))

Op, (2,7)
rUP1
< C‘Pl(maT)SDQ(I:T)”flHLm(-)&l(R”)||f2”£172(-),¢>2(1[{")”XB(xQT)HLP’](-)(Rn)W

X <||bl|BMO(]R") +101(y) — (b1)23|> <|b2(y) — (b2)28] + |b2||BMO(R”))7
where we have used the following fact in [25]

t
|bB(w,t) — bB(w,T)‘ < CHb”BMO(R”) ln; for 0 < 2r <t < 0.



ESTIMATE FOR BILINEAR C-Z OPERATOR AND ITS COMMUTATOR ON VES 1485

Further, via (1.1), (1.11), Lemmas 2.1, 2.2, 2.3 and 2.4, we obtain that

Ey = sup @T_e’”(w’r)HXB(x,r)[bhbz,BT](fllafé’o)”m(»(Rn)
xeR™ ,r>0

< Cllbllsmo@m) | f1ll zraoren @nyll f2ll 20002 (Y

1 —0,(x,r) rr1(@m)
mexot B2 1XBG.2r) | ot gy

X sup
zeR™ r>0

X ©1(z,7)p2(x, 1) X B(2,r) (02(-) — (b2)2B) | Lr) ()

f2H/;z72(~)>s02 (R™) sup
zeR™ r>0

+ Cllb1]lBmo®m) 102l BMO @) | f1ll 210200 (R)

—0p(z,r) 7Oy (@7)

X am IXB@.2n | Lo ) Baan 1 (@ 1)@ (@, 1) IXBr l2ro @)

P—0p () L Opy (2,7)

sup
B(x,2
epab o w@n) 1BE]

+ Cllfill zorcren @yl f2ll £ra ez vy

X ”XB(x,Qr)”Lp’l(-)(Rn)‘pl(xaT)SDQ(xﬂr)
X [[XB(2,r) (01(-) = (b1)28)(b2(-) — (b2)2B) || Lr¢) (mn)

+ Clbzllamo@m) | fill correr @ny [ f2ll cosea@ny WP Sy
z€R™ r>0

—0, (z,r) rPr1 ="
xr °r [B(z,2r)] ||XB(:v,2r)||Lp’1<~>(Rn)

X 1(z,7)p2(x, 7) X B(2,r) (01(-) = (b1)2B) | Lr() ()
< Cllbr[[Bmoem) 1b2]lBMo @) | f1ll 2o1 )61 @y [ f2ll 20002 (7

1 —0p(z,r)
X su ro Py (.
xGRn,I73“>() e(z;r) HXB(IQT) ”L”l( )(R™)
#Op1 (1)

X 15 £1(@,7)e2(@, 1)l X B @ | Lro) @)

+ Cllb1llsmo @) 1b2llBvo@n) |11l o1 00ver ey L f2ll 2ra 02 ()
—0p(x,r

X sup

L T
z€R™ r>0 )

p(z,r )”XB(QUQT)”LPQ(-)(RTL)
7"9?1 (z,7)

X |B(z,2r)\’901($»T)‘P2($77’)||XB(x,r)HLp<->(Rn)

||XB(z,2r) Il 1) _
+ C”fl||£P1(‘)’4F1(]R")||f2||[/1’2(')19’2(]]§") sup LP(LL:)I (Rn)r O (.m)
z€ER™ r>0

7,_9p1 (x,7)

X W@l(%T)‘P2($7T)||XB(m,r)(b1(') = (01)28) o1 @ny
X |IXB () (b2(-) = (02)28) (| Lr20) (&)

+CHbl”BMO(R")HbZHBMO(]R”)”fl|‘LP1(')~¢1(R")||f2HLP2<')#’2(R") ];UP Oﬁ
z€ER™ ,r>

0 Opq (z,7)

X O S X B w20 | 4 0 gy 01 (5 702 (2, ) X B 0, | o

< Cllbrllsmo@n b2 lBmo@e) 1 fill zororer @y Lf2ll 2p20) 00 @n) sup OTfep(m’r)
TER™ 1>

7‘61’1 (z,7)
X ||XB(1‘,2T) ||Lpl1(‘)(]Rn) [B(z,2r)] ||XB(x,r) HLPl(')(]R")

XB(I,’I")HLPZ(')(]R”)
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< ClbrllBmoem) b2 llBmo @) | f1ll o1 rer mry 1 f2ll £p2 0002 () -

With an argument similar to that used in the estimate of Es, it is easy to
see that

Ez < C|lb1]lBmo(®n)

ba HBMO(R") fill gpr .0 (R™) f2||£P2<')=w2(R")~

Now let us estimate E4. For any y € B(z,r), by applying (1.3), (1.11),
(1.12), Lemma 2.2, Lemma 2.4, (3.2) and (4.2), we have

|[b1, b2, BT1(f7%, /5% (v

< / /n |K (y, 21, 22) b1 (y) — b1(21)[[b2(y) — b2 (22)[| /17 (21) ] f2° (22)|dz1d 2
<]l L) =Bl
R\2B(e,r) Y — 2"
= CH i) = Bi)en] R \2B (z,r) md '
+CH/"\23@ e testenl e,
< CH 16i(y) = (b3) o) o) |z — Zi|n+ﬂ|fi(zi)|</|:02il t,81+1dt>dzi

e 1
e / ) - Gl [ i)
H n\2B(z, r) 2=z t +1
de
< O[] 10i(y) = i) / </ x— 2| " filz dzl')
gl (y) = (b) Bz | . {Zi:2r<|w7m<t}| | | fi(23)] proEs)
2 00 )
+C / </ |bi(2i) — (bi) B(ar |fi(zi)|dzi) ——dt
];[1 2r {zi2r<|z—2z;|<t} (@.r) tntl
2 oo
sC Hlbi@)*(bi)mml / = / ( )\xfzz-r”*ﬂfi(zi)ldzidt
A B(x,t
+lI / [ ) = 0Ll
x,r i\%Zi ZiT
2r B(z, t) B(ar) tn+l

< CH |bi(y) — (bz‘)B(x,r)|/2 P X B |z — Zi\in%B”Lp;(-)(Rn)

X ”XB(z,t)fi”[,pi(-)(Rn)dt

2
> dt
+CH/2 IXB ) fill Lpi ) (@) X Bty (Bi () — (bi)B(z,r))||Lp;<~>(Rn)tnﬁ
i=174"
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< CH |b B(I T)'/ epl(x b= 1HXB(I t)fz‘ LPi ()(]Rn)dt
- 1
* CH illeyo@n) | X80 fill oo @) IXB G0 | 140 ny g
i=1 2r
dt
+ CH B(w t) — (bi)B(ac,T)H|XB(z,t)fiHLpi(~)(Rn) HXB(QW)HLPQ(')(Rn)W
2
S OH“)’( QJT)|/ p1 xt) 1||XB(wt fZHLZ%()(Rn)dt
=1

+ CH [[6:] [ BMO RN / ¢ 0 t)_lHXB(:c,t)fi||Lm(-)(]Rn)dt

i=1 2r

2
oo o t
JFCI_[||bz'||131v10(]12<n)/ =0 (2:0) 1ln;||XB(x,t)fiHLm(-)(Rn)dt
2

i=1 r

: > pila, 1)
< CTT il zosores ny 16 (1) = (b6) Bz —y

i=1 2

2
- pi(z,t)
+ CH ||bi||BMO(R") ||fi||£?i(')‘kpi (Rn) / <1 +1 7") 7 dt

i=1 2r

2 o t\ wi(z,t)
< O Tl ericron o ) — Biam| [ (110 ) 280y

i=1 2

2
> QDl(LE t)
+ CH ||bi||BMO(R") ||fi||£?i(')‘kpi (Rn) L <1 +1 ) 7 dt

i=1 r r

2
< CTT Il i m [6(y) = (0) By ()

i=1

2
+C H ||bi||BMO(R") 1 fill zoicrves (Rn)%(% r),

=1

further, from (1.12), (1.13), Lemmas 2.3 and 2.4, it then follows that

Esj= sup ——=
z€R™ r>0 QD(SC, T)
2

1
<C bi|lemo®m) || fill zpiroes mny  SUD
1131” il (R™) ZHLP @i (R )IGR”,T>O o(a,r

X 902(377 T‘) ||XB(1:,T) ||LP(‘>(Rn)

= X (b1, b2, BT, £5°) | 1o ey

r_ep(w’r)apl (z,7)
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2
1 - x,Tr
+CH ||fi||[,Pi(')v‘Pq'(Rn) eniup>0 oz T)T bl )901(96,7“)%(%7“)
i=1 x n,r )

X IXB(,r) (bi(Y) — (0i) Be.r) | Lo (m)
2

1
<C bi||lBmo®m) || fill £riroes mny  SUD = Op(@m)
T lasioren lenconany 0 o

X wl(x? T)SOQ(:E, T)”XB(x,r) ||LP(')(]R")
< C”bl ”BMO(]R”) Hb2||BMO(R”) Hfl ||[,P1(')=<P1 (R™)

fQngg(‘)ywz(Rn)a

which, combing the estimates of E;, Es and Eg, the proof of Theorem 4.2 is
completed. O

5. [b1, bz, BT] with Lipschitz function on space LP()(R™) and on
space LP()¥(R™)

Before stating the main theorems of this section, we first recall the definition
of Lipschitz space introduced in [50] as follows.

Definition 5.1. Let 0 < o < 1. A function b is said to be the Lipschitz space
Ao (R™), denoted by b € A, (R™), if there exists a constant C' > 0 such that

(5.1) |b(z) —b(y)| < Clx —y|® for all z,y € R™.
Then the smallest constant C' satisfying (5.1) is denoted by [[b 4 gn)-

It is now position to state the main theorems as follows.

,a2(+) € B(R")l p(: )16 Po
0= @0 T &0 ao =
ol and q%(_) = p;ﬁ — %, Suppose that BT is defined as in (1.7). Then
there exists a positive constant C' being independent of x and r such that, for
all f; € LPO(R™), i = 1,2,

Theorem 5.2. Let by, by € AQ(R"), p1(+), p2(4), @1 (-
with 0 < p. < p_ such that (p(-)/p.) € BR"), 5

1 a

2
[b1, b2, BT](f1, f2)ll ooy < C T I0ill 4, oy il Loi o gmy -

=1

Theorem 5.3. Let by, by € Ay (R™), p1(-), p2(-), 1 (- ) 2(+) € B(Rn) p(: ) €Po

with 0 < po < p— such that p(-)/po € B(R™), 1) = ql()-i-qz(), ql( = pl(,)—%

and q%(.) = p%(_)—%. Suppose that BT is defined as in (1.7) and @; : R™x (0, 00)

is a positive measurable function for i € {1,2}. If there exists some constant
C > 0 such that, for any v € R™ and r > 0,

e ap;(x)
(5.2) / t* L (2, t)dt < Cr~ ) -m@ |
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and denote p(x,r) = p1(x,r)pa(x,r). Then there exists a constant C > 0 such
that, for all f; € LPi()#i(R™), i =1,2,

2
[[b1, b2, BT|(f1, f2)ll oo (mny < C H 113l 4., &)
i=1

fiHLPi(‘)»‘Pi(R")'

Proof of Theorem 5.2. For any x € R™, by applying (1.3) and (5.1), we have
|[b1’b2’BT}(f17f2)( )l
|b1 (%) — by (y1)l[b2(z) — bz(y2)||f1(y1)|\f2(y2)|
< 0/ /

[zu—%ﬂ

o~ yil*fe —
< Cllals, ol oo [

Nz =y =yl
X | f1(y1)]| f2 (y2) |dy1 dya
< Cllballs, g Ib2l1 4., (2 / / - _|f1 ) |f2(y2)||nady1dy2

yl‘n a|w _
< Clloalla, wmy 102114, @ry L[ 1)) (@) La ([ f2]) (),
where I, represents the fractional integral operator defined by, for all z € R",

L@ = [ A0y 0<a<n

Further, from Lemma 2.3 and the (LP(), L9))-boundedness of I,, (see [8]), it
then follows that

(b1, b2, BT|(f1, fo)ll Lo (mm)
< Cllballz, @y 1021l 4, @y [ o (1f1D e (Lf2 D o )
< CHblnAa(]R")HbQHAQ(]Rn)HIOé(|f1|)HL‘H(‘)(R")HIOt(lf.QDHL%(‘)(]R")
< Cllbal4, (R")Hb2||[\a(]R")HfIHLPl(')(R“)||f2HLP2(')(R")’

dy1dys

1 1 1 _ 1« 11 a
where 75 = q1<) @0 a0 = mo ~nd gn = g TR with 1<
(P1)4 (P2)+ < % U

Proof of Theorem 5.3. By applying (1.12), Lemma 2.3, Theorem 5.2 and the
(L0, L90)-boundedness of I, we have
1

—0,(z,r)
sup —7r P X z,r b ,b ,BT f ’f ) (Rn
2ER™,r>0 (p(z7'r) || B( )[ 1,02 ]( 1 Q)HLP (R™)

1 — x,Tr
< Cllballa,, ey 102l 4, rry e§3p>o o T)T bl

X IxB @ Lol /i) Iall fo)ll Lo @n)

< C”bl|\Aa(Rn)||b2HAa(Rn) e§3p>o o(z,7)
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X IXB @ La([fiDll Lo @y X B La ([ f2D) [ Loz )

1 _ 2@ 4 px)
< COlballz,, @y 102114, @y S o) e p(z, r)| 0@ T RE
x n,r )
—0q, (=,7)

0111 (5”17")+0q2 (1’»7") r

xr 7;.(1)HXB(@:,T)Ia(Lfl|)||L<11(')(]R")
[o(z, )@
1 - xZ,Tr
X = " bar (@ )||XB(E,T)IOL(|f2D||L‘12(‘)(R")

(@, r)] =
< Cllballa, oy 1b2ll i, oy 11l 2riron @y 1 F2ll 22002

where we have used the following fact (see [15])

o (f)

# < CHf||,Cq('),¢(Rn).
C

[
£ PO (Rn)y

Hence, the proof of Theorem 5.3 is completed. ([
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