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SOME PROPERTIES INVOLVING (p,q)-HERMITE
POLYNOMIALS ARISING FROM DIFFERENTIAL
EQUATIONS
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ABSTRACT. In this paper, we study differential equations arising from the
generating functions of (p, ¢)-Hermite polynomials. We use this differential
equation to give explicit identities for (p, q)-Hermite polynomials.
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1. Introduction

Special functions are functions that are used specifically in mathematical
physics or other fields of mathematics(see [1-16]). The ordinary Hermite num-
bers H,, and Hermite polynomials H, (z) are usually defined by the generating
functions

o) m
€(2m7t)t — Z Hn(-r)ﬁ
n=0 :

and
oo tn
42 o
n=0
Clearly, H, = H,(0).
We use the following notation:
B pa: _ qw
[x]p,q = ﬁ, 0<q<p§ 1, (See [6,7,9])
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Note that p = 1,lim,_1[z], ¢ = . We recall that the (p, ¢)-Hermite polynomials
H,, , ((z) defined by the generating function

= t" R
> Ho o) = o= = F(t,[al,,). (1)
n=0 :

Observe that if p=1,¢ — 1, then H,, ,, () = H,(z).

Mathematicians have studied the differential equations arising from the gen-
erating functions of special numbers and polynomials(see [1, 5, 8, 10-16]). Based
on the results so far, in the present work, we can derive the differential equations
generated from the generating function of (p, ¢)-Hermite polynomials H,, , ,(z).
By using the coefficients of this differential equation, we obtain explicit iden-
tities for the (p,¢)-Hermite polynomials H,, , 4(z). The rest of the paper is
organized as follows. In Section 2, we derive the differential equations generated
from the generating function of (p,q)-Hermite polynomials H,, , ,(x). Using
the coefficients of this differential equation, we have explicit identities for the
(p, ¢)-Hermite polynomials H,, , ,(z).

2. Basic properties for the (p, q)-Hermite polynomials

The generating function (1) is useful for deriving several properties of the
(p, ¢)-Hermite polynomials H,, , ,(z). The following basic properties of the
(p, ¢)-Hermite polynomials H,, ,, ,(x) are derived form (1). We, therefore, choose
to omit the details involved.

Theorem 2.1. For any positive integer n, we have

n

(1) Hypgle)=> (Z) 2R [2]n R .

k=0

kon—2k[,.1n—2k
(_1) 2 [x]p,q

P kl(n — 2k)!
. n n— n—
) Hupa(o) = 3 () Hupalo) (-0 el
k=0
where [ ] denotes taking the integer part.
Note that
F(t, [2]p,q) = eHelpat=t*
satisfies .
OF(t, [x]p,
07U bl _(opa), , —2) F(t. [).) = 0. e

Substitute the series in (2) for F(¢,[z], ) to get
H,t10x) —2[2]p,Hppge(z) +2nH, 15 4(x) =0,n=1,2,... (3)
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This is the recurrence relation for (p,¢)-Hermite polynomials. Another recur-
rence relation comes from

d
(d[) F(t, [2]p,q) — 2tF(t, [2]pq) = 0.

]p.q
This implies
d
(d[l’]q> Hn,q(x) —Qan—l,q(J?) = 0,’['[,: 172’_.” (4)
Eliminate H,,_1 ;, 4(x) from (3) and (4) to obtain

d

Hob100(2) ~ 2l o) 4 (5 ) Fop) =0
[2]p,q

Differentiate this equation and use (3) and (4) again to get

d )2 d
—— | H,,q(x) = 2[z],, () H, ,qx)+2nH, ,,(z) =0,n=0,1,2,....
(d[l“]p,q e P\ d[z]p,q e e

Thus we have the following theorem.

Theorem 2.2. The (p, q)-Hermite polynomials H,, , () in generating function
(1) are the solution of equation

((Cl[jmf 2l (d[xd]p) n 2n> H,,.,(x) =0,

Hnwp,q(o) _ (71) 7“ s an = 21,

0, otherwise
As another application of the differential equation for H, , ,(z) is as follows:
Note that
F(t,[a]y) = elrat="
satisfies

dF(t,[z]pe) (P"logp—q“logg R
dx ( p—q ) 2F (¢, [x]p,q) = 0. (5)

Substitute the series in (5) for F(¢, [z]p,4) to get
dH; pq(z) 21 logpp_r

2nlogq
H, 1,,@z)+ ——¢H
dx pP—q pal p—q

n-1pq(®)=0n=12...

Differentiate this equation and use (3) and (6) again to derive

Z logp — ¢* lo
2n<p gp—q gq>Hn’p’q(x)

p—yq
20" —2¢"  (p—q)(p~(logp)? — ¢*(log q)?) \ dH,, 5 4(2)
- + > (7)
pP—q (p®logp — ¢®logq) dz

N < pP—q > d*Hyq(r) _

p®logp —q*logq dz?
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Hence we have the following theorem.

Theorem 2.3. The (p, q)-Hermite polynomials H,, ,, ,(z) in generating function
(1) are the solution of equation

(( P—q ) 4’ (pr—qu N (p—Q)(p””(logp)2—q“(logq)2)) d

p®logp —gq®logq /) dx? pP—q (p” logp — ¢” log q)* dx
] —a®1
+2n (p ng — Z Og(])) H,pq(7) =0,
e
H,.,,,(0) = (-1) T ifn =2,
0, otherwise

Recently, many mathematicians have studied differential equations that occur
in the generating functions of special polynomials(see [1, 5, 8, 10-15]). The paper
is organized as follows. We derive the differential equations generated from the
generating function of (p, g)-Hermite polynomials:

ot
By obtaining the coefficients of this differential equation, we get explicit identities
for the (p, ¢)~Hermite polynomials in Sect. 3.

( 0 ) F(t, ) =0 (N, (2] o) F(t (2] a)— - —a (N, [tV F (1, [a]g) = 0.

3. DIFFERENTIAL EQUATIONS ASSOCIATED WITH
(p,q)-HERMITE POLYNOMIALS

In order to obtain explicit identities for special polynomials, differential equa-
tions arising from the generating functions of special polynomials are studied by
many authors(see [1, 5, 8, 10-16]). In this section, we introduce differential equa-
tions arising from the generating functions of (p, ¢)-Hermite polynomials and use
these differential equations to obtain the explicit identities for the (p, ¢)-Hermite

polynomials.
Let
F = F(t, [t]pq) = 2hrat=t" = i Hn’p’q(x)g, z,t €R. (8)
n=0 ’
Then, by (8), we have
FO = 8 R (1 el = g (A=) = Henat=2 21a] , — 20)



(p, g)-Hermite polynomials arising from differential equations 225

F& = 68]:(1)( t,[@lpg) = —2F(t, [2]p,q) + (2[2]p,q — 2t)]—'(1)(t, []p.q)
= (=2 +4fz]} ) F (¢, [2]p,q)
+ (=8[x]p, ) tF (¢, [2]p,q)
+ (_2)2t2f(t’ [x]p»Q)’
and
FO = 2 FO(, [al)

= (_S[ﬂp,q + 8t)F (¢, [x]p,q) +(—=2+ 4[$];2;,q - 8[x]p7qt + 4t2).7-"(1)(t, [ﬁ]p,q)
= (_12[x];v7q + S[x]?),q)f t, [x}p,q) + (12 - 24[xﬁ,q)t.7:(t, [l‘]m)
+ (24[x] )G (1, [2]g) + (=2)*CF (1, [2]p,q)-

If we continue this process, we can guess as follows.

N
I(N):<gt> Zaz @l EF(t, [2]p), (N =0,1,2,...).
9)
Differentiating (9) with respect to ¢, we have
n _ OFW)
FIN+L) T
= > N, [ely )it T F (1 ) + D as(N, [l ) F Ot [al0)
’L;O | 7,;0 |
= Z a;(N, [x]p,q)itl_l]:(t [@lp.q) + Z a; (N, [#]p,g)t" (2[a]p,q — 20) F (L, []p,q)
z;O 1;0
= Zw (N, [z]p, q)tl LR o I, q)"‘Z(Q[x}p )i (N, [z]pg)t* F(t,[x Ip.a)
1=0 =0
N
+ 3 (=2)ai(N, [a]p )t F(, [2],4)
=0
N-1 N
= (i + Daip1 (N, [z]p,g)t" F(, [2] )"’Z(Q[x]p ¢)ai (N, [#]p,g)t' F (L, [7]p,q)
=0 N i=0
+ 2 (Daia N a7 el
(10)
Now replacing N by N + 1 in (9), we find
N+1
FOT =3 " ai(N + 1, [a]p )t F (L, [2]p.q). (11)

=0
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Comparing the coefficients on both sides of (10) and (11), we obtain

ao(N + 1, [z]p.q) = ar (N, [2lp,q) + (2[2]p.0)a0(N, [2]p.q),

an(N +1,[z]p,q) = 2la]p.g)an (N, [z]p,q) + (=2)an-1(N, [z]p,q),

an1(N + 1, [z]pq) = (=2)an (N, [2]p,q),
and

ai(N + 1, [z]p,q) = (i + Daip1 (N, [2]p.q)
+ 2lz]p,q)ai(N, [2lp,q) + (=2)ai-1(N, [2]p,q), 1 i < N = 1).

In addition, by (9), we have

F(t, [@]p,q) = FO )( t,[#]p,q) = ao(0, [z]p,q) F (¢, [2]p,q),
which gives
ao (0, [2]p,q) = 1.
It is not difficult to show that
(2[a]p,q) F (¢, [2]p,q) + (=2)1F (L, [x]p,q)
—f(”( t, [%]p.q)

_ Z a;(1, []p,q) F(t, []p.q)
=0

= ao(1, [2]p,g) F (L, [2]p,q) + a1 (1, [2]p,g)tF (¢, [2]p,q)-
Thus, by (11), we also find

ao(1, [z]p,q) = 2[zlp,q,  a1(1,[z]pq) = —2.
From (12), we note that
ao(N + 1, [2]pq) = a1 (N, [2]p,q) + (2[z]p,q)a0(N, [2]p,q),
ao(N, [z]p,q) = a1 (N = 1, [z]p,q) + (22)ao(N — 1, [2]pq), - -

N
ao(N + 1, [2]pq) = Z(Q[I]pyq)ial(]\f =4, [2]p,q) + (Q[I]pyq)NJrla

i=0
an(N +1,[z]p,q) = 2[z]p,g)an (N, [2]pq) + (=2)an-1(N, [2]pq),
an-1(N, [z]p,q) = (2[z]p,g)an-1(N — 1, [z]
an(N +1,[z]pq) = (_Q)N(N +1)(2[x]p,q)s

and
an+1(N + 1, [z]p,q) = (=2)an (N, [z]p,q),

an (N, [2]p.q) = (=2)an—1(N = 1, [z]p,9), - --
an1(N + 1, [zlpq) = (=2)VF.

(16)

(17)

pa) F (=2)an—2(N = 1,[2]p4), . .-
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For ¢ =1 in (13), we have

ar(N + 1, [z]p,q)

N

(21)

= 22(2[37]17,11) az(N =k, [z]5,4) Z ]p,q) Fag(N — k, [@]p,q),
k=0 k=0
Continuing this process, we can deduce that, for 1 <i < N — 1,
N
a;(N + 1, [z], (i+1) p.) air1(N =k, [2]p.q)
’“20 (22)

N
Z Z]p,q) Fa; 1(N =k, [2]p,q)-

k=0

Note that, here the matrix a;(j, [z]p.¢)o<i,j<N+1 IS given by

1 2[33]1)41 -2+ 4[x]§,q _12[x]p,q + 8[33]2@

0 (=2) (=2)2(2[z]p,q) 12 — 24[55]12141
0 0 (=2)? (—2)?3(2[z]p.q)
0 0 0 (—2)3
(=2)N(N + 1)(2[2]p.q)
0 0 0 0 (=2)N

Therefore, by (12)-(22), we obtain the following theorem.

Theorem 3.1. For N =0,1,2,..., the differential equation

a\" al _
70— () f(t,[x]p,q>(Zaiuv,[z]p,q)tl) Flt ) (23)

i=0
has a solution

F=F@ [x]pq) = @2[w]p’qt7t27
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where
ao(NV, [x]p,q) = [:v];’qal(N — 1=k, [z]pq) + (Q[x]pyq)Nv

an-1(N, [z]p,q) = (_2)N_1N(2[33]p,q)7
an (N, [z]p,q) = (_Q)Na

ai(N + 1, [z]pq) = (i + 1) Z?k[x]’;’anl(N —k, [2]p.q)
k=0

—2) 3 2¥alf yas 1 (N — K, [alpg), (1 S0 < N —2).
k=0
Making N-times derivative for (1) with respect to t, we have

By (23) and (24), we have

ao(N, [x]:mq)]:(ta [x]pﬂ) +-+a (N, [z ]p q)tN]: Z Hm+N,p q

Hence we have the following theorem.

Theorem 3.2. For N =0,1,2,..., we have

m

H,,_ipq(x)ai(N,[z]pq)m!
Hm+N,p,q(x) = ; ((’TT)L —(’L)' [ ] ) )
where
ao(N, [2]p,q) = D 2¥[zly jar (N = 1 =k, [2].4) + (2[]p,0) "™,

If we take m = 0 in (25), then we have the following corollary.

Corollary 3.3. For N =0,1,2,..., we have
HNyqu(x) = ap(N, [l']p,q)v

(24)

tm

(25)
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-1

o(dV, [x]p,q) = 2k[m]§?qa1(N —-1-F, [x]p,q) + (Q[I]p,q)N,
k

[}

N-1
a1 (N, [z]p,q) =2 Z (2[x]p,q)ka2(N —k—1,[z]p,q)
et
+(-2) (2[1']p7q)ka0(N —k—1,[z]p,q)
k=0

For N =0,1,2,..., the differential equation

has a solution

Here is a plot of the surface for this solution.

N N
FN) = (%) F(t,[x]q) = (Z a;i(N, [m]p,q)ti> F(t, [z]p.a)

F=F([z]pe) = Al =t

229

In Figure 1(left), we choose

FIGURE 1. The surface for the solution F (¢, [z]p.4)

-1 <2<1,p=9/10,¢g = 1/10, and 0 < ¢t < 3. In Figure 1(right), we choose
-1<2x<1,p=9/10,q =1/2, and 0 <t < 3. Here is a plot of the surface for
this solution. In Figure 1(left), we plot of the surface for this solution. In Figure
1(right), we show a higher-resolution density plot of the solution.
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The (p, ¢)-Hermite polynomials H,, ,, ,(x) can be determined explicitly. First
few examples of them are as follows.

Hopq(7) =1,
2p” 2q”
Hipq(z) = - )
pP—q DpP—gq
4p23c 8pxq:c 4q23:

Hopal®) =24 0 " g T -
8p39: 12p2+w 24p1+a:q 12pwq2 12p2qw 24p2a;qx
p—q? (p—0q)? - -0 (-9* (G-0° (p-9°
N 24pzq2x B 8q3x B 24pq1+z 2q2+x

-9 @-9* @®-9° @E-9*

H;,4(2) = (
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