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SPECTRAL EXPANSION FOR DISCONTINUOUS SINGULAR
DIRAC SYSTEMS

BILENDER P. ALLAHVERDIEV AND HUSEYIN TUNA*

Abstract. In this work, a discontinuous singular Dirac system is studied.
For this system, a spectral function is constructed. Finally, by using the
spectral function, a spectral expansion formula is given.

1. Introduction

In the last three decades, there has been an increasing interest in the dis-
continuous boundary value problems that appear in various physical problems
(see [14]), geophysics (see [11]), and radio science (see [15]). The discontinuous
boundary value problems were studied in [8, 17, 18, 7, 23].

On the other hand, eigenfunction expansions are important in the study of
various problems in mathematics. When we solve a partial differential equation,
we can use the separation variables method. Then we need an eigenfunction
expansion. There exists a lot of literature devoted to this subject ( [12, 21, 8,
1,2,3,4,5,06]).

Consider the discontinuous Dirac system defined as

(1) T(y) = Ay, x € J:=J U Jg,

where J; :=a,c), Ja:= (¢, b]; —00 <a<c<b<+o0;

= (1§ 3 )@ (T80 v,

y1 (@) )
x) = , AeC;
p and 7 are real-valued, Lebesgue measurable functions on J and p,r € L'(Jy),
k=1,2.If p,r € L'[c — €, ¢ + €] for some € > 0,then ¢ is the regular point.
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During the last century, Dirac operators play an important role in quantum
mechanics since the existence of antimatter and a description of the electron
spin are governed by these operators. The study of the fundamental theory of
Dirac operators has a long history (see [20, 12], and references cited therein) and
their spectral theory has also been investigated intensively. Regular impulsive
Dirac operators were studied in [9, 16]. But there is a few study for the singular
case. In [3], Allahverdiev and Tuna studied the resolvent operator of one-
dimensional singular Dirac operator with transmission conditions.

In this paper, we shall construct a spectral function for singular discontin-
uous one-dimensional Dirac operators on semi-unbounded intervals. Later, we
will give an eigenfunction expansion. A similar problem for the impulsive Dirac
system on the whole line was recently investigated by the present authors in

.

2. Main Results

Let us consider
(2) T(y) =y, v € J,
with the boundary condition
3) y2 (a) cos B+ y1 (a)sin B = 0,
and impulsive conditions
(4) y(ct+) = Cyle-),

where 8 € R := (—00,00), detC = > 0 and C € M3 (R) i.e, C is the 2 x 2
matrix with entries from R.
We adjoin to the problem (2)-(4) the boundary condition

(5) ya (b) cosa + yp (b) sina = 0,

where o € R.

Now, we will denote by H = L% (J; : E) + L?(J; : E) the Hilbert space of
vector-valued functions with values in E and with the inner product (scalar
product)
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where E :=R?, v =4, (,,.) denotes the inner product on E and

a=(n) )en

f un 3: , T€Jp us () = ugy (), z€Jp
B U129 :L’ s zeJy’ 2 o u22(x), rzeJy’
- (383) e

.’L‘
o ’011 ZE R T € Jp v (.’17)_ V21 (.Z‘), T € Jp
o 1)12 :c , x€Jy’ 2 - V29 ({ZZ), T € Jo.

(¢ ] ¢z, N), zelJ
d)l(x’)\) - { ¢12({L‘7)\), T € J2 ’ ¢2(x7)\) N { ¢z;($7>\), T e '];

o xux,N), ze; | xai(z,N), ze;
xa@ ) = { xi2(z,A), x€Jy ' 2(2,4) = x22(z,A), x€.Jo

the solutions of Eq. (2) which satisfy the following conditions
é11 (a, A) = —cos B, ¢21(a,\) =sinf,

(6) x12 (b, A) = cosa, xa2 (b, A) = —sina.

and
y(et) = Cyler),
where C' € M (R) and det C' =6 > 0. It is clear that the problem (2)-(5) is a

regular self-adjoint problem for the Dirac system.
Now we define the Green matriz of the boundary value problem (2)-(5)

1 {¢<z,x>xT<t,A>, r<t<b atetse

G(w,tw\):m X (@, N oT (t,N), a<t<z x#ct#c

(see [12]).
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Definition 2.1. Let M (x,t) be a matrix-valued function in E of two vari-
ables with a < x,t <b. If

b b
/ / | M (2,t)||3 dedt < +o0,
then M (x,t) is called the Hilbert-Schmidt kernel.
Let us define the operator A by

A{zi} = {ui},

where
oo

(7) Y = Zaika:k,i =1,2,..
k=1

Theorem 2.2 ([19]). If
(8) > ain|* < +oo,
ik=1

then A s compact operator in 2.

There is no loss of generality in assuming that A = 0 is not an eigenvalue of
the problem (2)-(5). Thus we get
(9)
- 1 [ o), a<t<b atetie
G(x,t)—G(%t,O)— W(¢»X) { X(x)¢T(t), a§t<x, x#c,t#c .

Then we have the following theorem.
Theorem 2.3. G (z,t) is a Hilbert-Schmidt kernel.
Proof. Tt follows from (9) that

b T
/dx/ |G (z,t)]|3, dt < +o0,
and

b b
/dw/ |G (x,t)||3 dt < +o0,

due to the inner integral exists and is a linear combination of the products
@i () x; (t) (4,7 = 1,2), and these products belong to HxH because each of
the factors belongs to H. Hence, we have

b b
(10) //||G(x,t)||2dedt<+oo.

Let us define the operator K by the formula

b
g(z) = (Kf) (x) =/ G (2.0) f (1) dt.
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Theorem 2.4. K is self-adjoint and compact operator in H.

Proof. Let f,g € H. Since G (z,t) = GT (t,r) and G (x,t) is a matrix-valued
function in E defined on J x J; we conclude that

(Kf,9)u

c b
- / (Kf) (2) g (@) g de +~ / (Kf) () .9 ()  da
:// (G (2.) £ (1), g () dida
b b
oy / / (G (@,1) £ (), g (x))  dtda
-/ ), / "G (t,2) g («)) pdudt

b b
try / (/). / G (t,2) g (x)) pdad

Let us denote by {¢; (¥)}., a complete, orthonormal basis of the space H.
From Theorem 2.3, we have

Ti = <f7 ¢Z>H

- [GO.s@pary [ 00w

Yi = <g7 ¢1>H

c b
~ [0ty [ G060,

b b
ik :/a /a (G (z,t) ¢s (z), 01 (1)) pdadt (4,5 =1,2,3,...).
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Then, H is mapped isometrically /2. Consequently, our integral operator trans-
forms into the operator defined by the formula (7) in the space [? by this map-
ping, and the condition (10) is translated into the condition (8). By Theorem
2.2, this operator is compact. Therefore, the original operator is compact. [

It follows from Theorem 2.4 and the Hilbert-Schmidt theorem ([10]) that
there exists an orthonormal system 1, g, ... of eigenvectors of the problem
(2)-(5) with corresponding nonzero eigenvalues A1, Ag, ..., such that

(1) [ s @ide+y [ @I =

where a,, = (f, on)n-
Let A p (m =1,2,...) denote the (real) eigenvalues of this problem and by

= (538).

" (x) = ¢ (2, Am) ,

¢§n’b (J?) = ¢Z (377 Am) (Z =1, 2)7
m,b . (bm’b (l') , x€Jy

g (x)_{ ﬁ’b(w), zedy

oyt ={ 0w

gbg;’b (), x€Jy

the corresponding real-valued eigenfunction which satisfies the conditions (3)-
(5). If
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f(.) € H and

Ay = /ac ((qﬁﬁab (x))Q + ((b;nl,b ($)>2) "
+y /Cb ((qs’f}b (@)2 + (o (x))z) .

then we have

113

b
- / (F2 (@) + f2 (2)) do+ 7 / (2 () + 2 (2) da

[
a

12) =

2
m=1 am,b

i R A (fn () 70 () + for (z) B0 (x)) g )
+ fcb (fl? (2) 75" (z) + foo (z) PB5" (x)) dx '

which is called the Parseval equality.
Define the function gy, on [a,c0) by the formula

_Z)\<>\7n‘b<0 . forA<0

— m,b

op(N) = ‘
() { ZOSAm,b<>‘ﬁ for A\>0

From (12), we have

(13) 1= [ P ydao.

— 00

where

F(\) = /C (f11 () 11 (2, A) + fo1 (2) d21(z, N)) dw

b
Ty / (fr2 (2) d12(@, N) + foz () doa(z, V) de.

Lemma 2.5. Let h > 0. Then the following relation holds

h
(14) VieWr= S =) —a(-h<C
—h

(0%
—h<Am p<h b

where C = C (h) is a positive constant C = C (h) not depending on b.
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Proof. Let sinf # 0. It follows from the condition ¢91 (a,A) = sin S that
there exists a positive number k& and nearby a such that

k 2
(15) % (/a ¢a21 (z, \) dm) > %sin2 B.

due to ¢91 (2, ) is continuous on the region

{t,N):=h<A<h, a<z<c}.

Let us define fj (z) = ( jﬁ:: Ei; ) by

1
fry (2) =0, sz(x):{ ga a§x<.k

From (13) and (15), we get

k
[ @+ 2, @) do

_ /Z (; /k bo1 (2, \) dx) dos (V)
>/: (llc/akdm (x,)\)dx>2dgb()\)

> %sin2 B{oy(h) —os(—=h)}.

Now, let sin 8 = 0. Then we will define

fi (@) = ( Jin () )

iz (@)
by
Looa<z<k
fa@={ 5 "TIEN R -0
Applying the Parseval equality, we deduce that (14). O

We present below for the convenience of the reader.
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Theorem 2.6 ([10]). Let (wy), cy (N :={1,2,...}) be a uniformly bounded
sequence of real nondecreasing function on a finite interval a < A < b. Then
there exists a subsequence (wp,,),cy and a nondecreasing function w such that

lim w,, (A\) =w(\), a <A <b.
k—o0
Theorem 2.7 ([10]). Assume (w,),cy is a real, uniformly bounded, se-
quence of non-decreasing function on a finite interval a < A < b, and suppose

lim w, (A)=w(\), a<A<b.

n—oo
If f is any continuous function on a < X\ < b, then
b

b
lim [ f(\)dw, (\) = / FO)dw (M.

n— oo a

Let # = L2 (J1; E)+ L2 (Js; E) be the Hilbert space with the inner product

o= [ w0 @)pdety [ @) @)y s

UQQ(J}), JIEJQ ’

(
ul(x){ull(ﬂf)v ey ,ug(x){um(m)’ € Jy
(

oo (z), ze f v (z), zey
vi (@ {vm(x), x € Jo » vz (@ {Ugg(x), z € Jo.

Let ¢ be any non-decreasing function on R. Denote by Lf, (R) the Hilbert
space of all functions f : R — R which are measurable with respect to the
Lebesque-Stieltjes measure defined by ¢ and such that

| Poaew <,
with the inner product
(F9),= [ TN de(n).

Theorem 2.8. For the Dirac system (2)-(4), there exists a non-decreasing
function ¢ (A) on R with the following properties.
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(1) If
r@=( 10,

— f (x)a T €J o f (-’L‘), zeJ
fl(x)_{fii(x), ve g ’fZ(””)‘{le(x), ve g

and f(.) € M, then there exists a function F € L2 (R) such that
(16)

i [ L O = L2 (i @) 60N + for () b (2, 0) d 7
bLOO —oo{ —7f (f12 (z) d12(x, X)) + faz () Paz(x, N)) dx } de(X) =0,
and the Parseval equality
151 = [ (A @)+ 7 @) o
0 [ GR@ A= [ PR
holds.
(i) The integrals
[P0 @), and [T FO) 6 0 de )

converge to fi1 and fo in H, respectively. That is,

lim Ja {f“ — S F (N on (o, )\)dQ()\)}2dx i
n—oo +y fc {f12 f F ¢12 ({E )\) dQ ()\)} dx )

lim
n— o0

f {f21 f_ A) ¢21 (z, A) dQ(A)}zdx —0
+’yfc {f22 f F () ¢z (z,N) dQ()\)}Qd»T .

We note that the function p is called a spectral function for the system
(2)-(4).

Proof. Assume that the vector valued function
fe. (x) )
x) = ,
=50

_ f11($)7 z€J _ f21($), xeJ
f&(m)_{ f§12($)7 ;L'EJ; ’f&(x)_{f;Z(x), .TEJ;
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satisfies the following conditions.

1) fe (x) = {ff()’ relaaulet]  iee <.

0, otherwise
2) fe (x) has a continuous derivative.
3) fe (x) satisfies the conditions (3)-(4).
Applying (13) to fe (x), we conclude that

| (s, @+ 22, @) ao
(18) +7/j(f512( )+ 2 (@ dz—/ F2 (V) do (A

Fe) = [ (e () 011 (2 0) + i, (2) 6 ()

3
(19) 47 [ e (2) 012 (5. + fe (@) 622 (2,3)) o
Since ¢ (z, \) satisfies the system (2), we see that
61 (2 0) = 3 [0 (2. 0) +p (&) 61 (2, V)],
B2 (2, 0) = 3 16 (2, 0) +7(2) 62 (2, V)]

By (19), we get

/ fen ()[04 (2 X) + 0 (x) 611 (2, V)] d
#5 [ e @651 @0) 4 7 (0) o (0, 0)]
/ Jers (2) [~ (2, X) + p (2) 612 (2, )] da

3
57 [ fes (@) 612 0.0 +7 (@) 0 (0. ) o



496 Bilender P. Allahverdiev and Hiiseyin Tuna

Since f¢ (x) vanishes in a neighborhood of the point b and fe (z) and ¢ (x, A)
satisfy the boundary conditions (3), (4), (5), we obtain

Fe) = [ 60N -1, @)+ (@) o ()] do
5 [ 0n @ [y ()47 @) fen (0] do
b
37 [ 612 @) [, (0 + 2 @) fe (0)] o

b
57 [ om @) [ (@) 47 0) fe @)

by integration by parts.
For any finite h > 0, using (13), we have

Jixon FE (V) day ()\)

¢11 T, \) [ fgn (z) +
)+

+fa ¢21 (2, A) fg (z (iC) fen (2)] dz
< % 21 A
< fIA\>h + fb b12 (2, ) { f512 () +p(x) fe, (m)} dz 26 (M)
1 J7 622 (@, 0) [fy (@) + 7 (@) fea (2)] o
f(l $11 l‘,)\) ffu ( ) p(sc) ffll (.’L‘)} dx
L oo + [ o1 (2, N) | fL,, (@) + 7 (2) fey, (2)| da
S dop (A
=7 f—oo +'}/ fcb ¢12 (ZL’,)\) f fglz (SC) p(:l?) f&z (:E):| da Qb( )

+"yff¢zz (z, )[f&z (z) + 7 () fes, (x}dx
{0 [ @+ p @) o, @] e

I [ @4 70 e ()]

{
i {1 [ A @) 400 e 0] e
{

S [y @) 47 (@) fe ()] ’ d:c} .
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Then, from (18), we see that

5 (e, @) + 2, (@) da
7 JE (Fa, (@) + 2, (@) do

— ", F2 (N doy (M) |

hl{/ —fly (@) + D () fer, (@) da:}
hl{ [feor (@ >f521<>fdx}
[ e )
. ;7{ [fa @) 47 0) e ()] }

By Lemma 2.5, the set{g; (A\)} is bounded. Using Theorems 2.6 and 2.7, we
can find a sequence {b;} such that the function gy, (A) converges to a monotone
function g (). Passing to the limit with respect to {bx} in (20), we get

| f: (fﬁfl (z) + f5221 (v )) dm+’7f (fgm x) + fé? (x)) dx

— " F2 (AN do(N) |
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wo{ [ @ 4@ fe (@)

<

b Ut @7 @) s @ )

¢ 2
+% {/c [_ff/n (x)—l-p(x) f§12 (1‘)] dl‘}

¢ 2
+}’Z/2{/c [fém ($)+T(aj)f£22 (l’)] daj}

Hence, letting h — oo, we obtain

| (s, @+ 22, @) ao

[ (@ @)= [T ROVG0.

Now, let f be an arbitrary vector valued function on H. It is known that
there exists a sequence of vector valued function {fe (x)} satisfying the condi-
tion 1-3 and such that

g { [T (R @ = g @R+ [T (20 - fea @) | <o

Let
FE ()‘) = /c (ffn (33) ¢11 (x’ /\) + f§21 ('7;) ¢21 (513, )‘)) dz

£
T / (Fews (2) 612 (2, 2) + fens (&) b2z (2, N)) di.
Then, we have
I fell2, = / F2 (V) do ().

Since

/ e (@) — feur (2))de + / " (Fers () = ferz (2))2dz = 0
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as &1,& — 0o, we have

| )= e 0oy

c (oo}
— [ e @)= et @Pde 47 [ (feiz @) = fea (@) 0
as &1, & — oo. Therefore, there exists a limit function F' that satisfies

1= [ Py,

by the completeness of the space L? (R).
Our next goal is to show that the function

Ke(A\) = /C Ji1 (x) 11 (2, A) + far (x) P21 (v, N) dx

13
+ 7/ Ji2 (%) 12 (2, X) + fa2 (x) d2o (x, N) dx

converges as £ — oo to F in the metric of space L7 (R). Let g be another
vector-valued function in H. By a similar argument, G (A) be defined by g¢. It
is clear that

/ "1 () = g1 (2))%do + / T (2 (@)  go (2))%de

:/jo (FO) - GWY2do().

Set
_f fx), zela,c)U(cd]
9(””)—{ 0, z € (€,00).

Then we have

/ T EO) - K ()2 do()

=7 [ )+ @) e 0 (€ o0),
which proves that K¢ converges to F' in L2 (R) as £ — co. This proves (i).

Now, we will prove (ii). Suppose that the functions f(.) = ( ? 8 > ,
2 (.

g() = ( zl 8 ) € H, and F (A) and G (\) are their generalized Fourier
2 (.
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transforms (see (17)). Then F F G are transforms of f F g. Consequently, by
(17), we have

/ac ([fn () + g11 (@) + [fo1 () + g1 (x)]z) i
T 7/:0 ([fu () + g12 ()]* + [ foz (z) + goa (x)]Q) dr

— [ FWren’dew.
Subtracting the second relation from the first, we get

/C [f11 (%) g11 (z) + fo1 (2) g21 ()] d

oo

(21) 1y /OO[fu(:v)gu(x)+fzz(w)gzz(x)]dﬂc: / F(\)G (N do(N)

— 00

which is called the generalized Parseval equality.

Set

tv , I S Jl
(A) p12(t, ) do(N), zedy ’

, x€Jp
(A) @22 (£, \)do (M), =€ Jo,



Spectral expansion for discontinuous singular Dirac systems 501

where F' is the function defined in (16). Let = 9(z), =€lac) Y (e; ]
0, otherwise,

where g (.) = ( i; 8 ) and p > c. Hence we have

g = / {/_:F(A) b11 (2, \) do (A)}gu (v) da
+’Y/CM{/TTF()\)¢12 <x,A>dQ<A>}gu () da
+/LIC{/1F<A>¢21 <x,A>dQ<A>}gm () da

+7/C“ {/_:F(A)sz ($7)\)d9()\)}922 (x) dx

_ [ L2 ¢11 (@, A) g11 (z) dz
_/_TF(/\){ T b (o) 013 () }dQ()\)

' fac b1 (2, A) g21 (2) da
- \[T F®) { +y f: @22 (x, X) goo () dx } do (M)

(22) - [ Fovemam.
From (21), we get
(23) G = [ FOIGN) 0.

Subtracting (22) and (23), we have
(o= fgu= [ FOIGN o).
A>T
Using Cauchy-Schwarz inequality, we obtain

s — foghl? < / F2(\) do () / G? () do (N)

| A>T A>T

< /| F2 () do (M) / G ().
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Apply this inequality to the function

mm:{fN@—ﬂ@7wemau@m

0, x € (p,00)
we get
2 2
= 1< [ PPy de,
A>T
Letting 7 — oo yields the desired result. O
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