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COEFFICIENT INEQUALITIES FOR ANALYTIC FUNCTIONS

CONNECTED WITH k-FIBONACCI NUMBERS

Serap Bulut∗ and Janusz Sokó l

Abstract. In this paper, we introduce a new class Rk
λ (λ ≥ 1, k is any

positive real number) of univalent complex functions, which consists of
functions f of the form f(z) = z +

∑∞
n=2 anz

n (|z| < 1) satisfying the

subordination condition

(1 − λ)
f (z)

z
+ λf ′ (z) ≺

1 + τ2kz
2

1 − kτkz − τ2kz
2
, τk =

k −
√
k2 + 4

2
,

and investigate the Fekete-Szegö problem for the coefficients of f ∈ Rk
λ

which are connected with k-Fibonacci numbers

Fk,n =
(k − τk)n − τnk√

k2 + 4
(n ∈ N ∪ {0}) .

We obtain sharp upper bound for the Fekete-Szegö functional
∣∣a3 − µa22

∣∣
when µ ∈ R. We also generalize our result for µ ∈ C.

1. Introduction

Let R = (−∞,∞) be the set of real numbers, C be the set of complex
numbers and

N := {1, 2, 3, . . .} = N0\ {0}
be the set of positive integers.

Assume that H is the class of analytic functions in the open unit disc

U = {z ∈ C : |z| < 1} .
Let the class P (β) be defined by

P (β) = {p ∈ H : p(0) = 1 and ℜ (p(z)) > β, z ∈ U} .
In particular, we set P (0) = P.

For two functions f, g ∈ H, we say that the function f is subordinate to g
in U, and write

f (z) ≺ g (z) (z ∈ U) ,
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if there exists a Schwarz function

ω ∈ Ω := {ω ∈ H : ω(0) = 0 and |ω (z)| < 1 (z ∈ U)} ,

such that

f (z) = g (ω (z)) (z ∈ U) .

Furthermore, if the function g is univalent in U, then we have the following
equivalence

f (z) ≺ g (z) (z ∈ U) ⇔ f (0) = g (0) and f (U) ⊂ g (U) .

Let A denote the subclass of H consisting of functions f normalized by

f(0) = f ′(0) − 1 = 0.

Each function f ∈ A can be expressed as

(1) f(z) = z +

∞∑
n=2

anz
n (z ∈ U) .

We also denote by S the class of univalent functions in A.
Since univalent functions are one-to-one, they are invertible and the inverse

functions need not be defined on the entire unit disk U. In fact, the Koebe
one-quarter theorem, see [3], ensures that the image of U under every univalent
function f ∈ S contains a disk of radius 1/4. Thus every function f ∈ A has
an inverse f−1, which is defined by

f−1 (f (z)) = z (z ∈ U)

and

f
(
f−1 (w)

)
= w

(
|w| < r0 (f) ; r0 (f) ≥ 1

4

)
.

In fact, the inverse function F = f−1 is given by
(2)

f−1(w) = w−a2w
2+(2a22−a3)w3−(5a32−5a2a3+a4)w4+· · · =: w+

∞∑
n=2

Anw
n.

For a function f ∈ S, the logarithmic coefficients δn (n ∈ N) are defined by

(3) log
f(z)

z
= 2

∞∑
n=1

δnz
n (z ∈ U) ,

and play a central role in the theory of univalent functions. The idea of studying
the logarithmic coefficients helped Kayumov [11] to solve Brennan’s conjecture
for conformal mappings. If f ∈ S, then it is known that

|δ1| ≤ 1

and

|δ2| ≤
1

2

(
1 + 2e−2

)
≈ 0, 635 . . .
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(see [3]). The problem of the best upper bounds for |δn| of univalent functions
for n ≥ 3 is still open.

For f ∈ S given by (1), Fekete and Szegö [8] proved a noticeable result that

(4)
∣∣a3 − µa22

∣∣ ≤


3 − 4µ , µ ≤ 0,

1 + 2 exp
(

−2µ
1−µ

)
, 0 ≤ µ ≤ 1,

4µ− 3 , µ ≥ 1

holds. The result is sharp in the sense that for each µ there is a function in the
class under consideration for which equality holds. The coefficient functional

ϕµ (f) = a3 − µa22 =
1

6

(
f ′′′ (0) − 3µ

2
(f ′′ (0))

2
)

on f ∈ A represents various geometric quantities as well as in the sense that
this behaves well with respect to the rotation, namely

ϕµ

(
e−iθf

(
eiθz

))
= e2iθϕµ (f) (θ ∈ R) .

By means of the principle of subordination, we introduce the following class
for functions f ∈ S:

Definition 1.1. Let k be any positive real number and λ ≥ 1. The function
f ∈ A belongs to the class Rk

λ if it satisfies the condition that

(5) (1 − λ)
f (z)

z
+ λf ′ (z) ≺ p̃k (z) (z ∈ U) ,

where

(6) p̃k (z) =
1 + τ2kz

2

1 − kτkz − τ2kz
2

=
1 + τ2kz

2

1 − (τ2k − 1) z − τ2kz
2

with

(7) τk =
k −

√
k2 + 4

2
.

Yılmaz Özgür and Sokó l [13] showed that the function p̃k given by (6)

belongs to the class P
(

k
√
k2+4

2(k2+4)

)
.

On the other hand, the subordination (5) may be written as a linear differ-
ential equation

(8) (1 − λ)
f (z)

z
+ λf ′ (z) = p̃k (w(z)) (z ∈ U) ,

for some w ∈ Ω. Therefore, the solution of (8)

f(z) =
1

λ
z

λ−1
λ

∫ z

0

t
1−λ
λ p̃k (w(t)) dt

gives one-to-one correspondence between classes Ω and Rk
λ.
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For k = 1, the class Rk
λ reduces to the class Rλ which consists of functions

f ∈ A defined by (1) satisfying

(1 − λ)
f (z)

z
+ λf ′ (z) ≺ p̃ (z) ,

where

p̃ (z) := p̃1 (z) =
1 + τ2z2

1 − τz − τ2z2
, τ := τ1 =

1 −
√

5

2
.

For more details please refer to [4, 5, 6, 9, 10, 14, 15, 16, 17, 18].
For λ = 1, the class Rk

λ reduces to the class R (p̃k) which consists of func-
tions f ∈ A satisfying

f ′ (z) ≺ p̃k (z) (z ∈ U) ,

where p̃k is given by (6) . In particular, we get the class R1
1 = R (p̃) . The classes

R (p̃k) and R (p̃) are introduced by Sumalatha et al. [19].

Definition 1.2. [7] For any positive real number k, the k-Fibonacci se-
quence {Fk,n}n∈N0

is defined recurrently by

Fk,n+1 = kFk,n + Fk,n−1 (n ∈ N)

with initial conditions
Fk,0 = 0, Fk,1 = 1.

Furthermore nth k-Fibonacci number is given by

(9) Fk,n =
(k − τk)

n − τnk√
k2 + 4

,

where τk is given by (7) .

For k = 1, we obtain the classic Fibonacci sequence {Fn}n∈N0
:

F0 = 0, F1 = 1, and Fn+1 = Fn + Fn−1 (n ∈ N) .

Yılmaz Özgür and Sokó l [13] showed that the coefficients of the function
p̃k (z) defined by (6) are connected with k-Fibonacci numbers. This connection
is pointed out in the following theorem.

Theorem 1.3. [13] Let {Fk,n}n∈N0
be the sequence of k-Fibonacci numbers

defined in Definition 1.2. If

(10) p̃k (z) =
1 + τ2kz

2

1 − kτkz − τ2kz
2

:= 1 +

∞∑
n=1

p̃k,nz
n,

then we have
(11)
p̃k,1 = kτk, p̃k,2 =

(
k2 + 2

)
τ2k , p̃k,n = (Fk,n−1 + Fk,n+1) τnk (n ∈ N) .

The main purpose of this paper is to obtain Fekete-Szegö inequalities for
functions belonging to the class Rk

λ. For this purpose, we need the following
lemmas:



Coefficient inequalities for analytic functions connected with k-Fibonacci numbers 525

Lemma 1.4. [3] Let p (z) = 1 + c1z + c2z
2 + · · · ∈ P. Then

|cn| ≤ 2 (n ∈ N) .

Lemma 1.5. [12] If p ∈ P with p (z) = 1 + c1z + c2z
2 + · · · , then

∣∣c2 − νc21
∣∣ ≤

 −4ν + 2 , ν ≤ 0,
2 , 0 ≤ ν ≤ 1,
4ν − 2 , ν ≥ 1.

When ν < 0 or ν > 1, equality holds true if and only if p (z) is 1+z
1−z or one of

its rotations. If 0 < ν < 1, then equality holds true if and only if p (z) is 1+z2

1−z2

or one of its rotations. If ν = 0, then the equality holds true if and only if

p (z) =

(
1

2
+

1

2
η

)
1 + z

1 − z
+

(
1

2
− 1

2
η

)
1 − z

1 + z
(0 ≤ η ≤ 1)

or one of its rotations. If ν = 1, then the equality holds true if and only if p (z)
is the reciprocal of one of the functions such that the equality holds true in the
case when ν = 0.

Although the above upper bound is sharp, in the case when 0 < ν < 1, it
can be further improved as follows:∣∣c2 − νc21

∣∣+ ν |c1|2 ≤ 2

(
0 < ν ≤ 1

2

)
and ∣∣c2 − νc21

∣∣+ (1 − ν) |c1|2 ≤ 2

(
1

2
< ν ≤ 1

)
.

Lemma 1.6. [1] If p (z) = 1 + p1z + p2z
2 + · · · and

p (z) ≺ p̃k (z) =
1 + τ2kz

2

1 − kτkz − τ2kz
2
, τk =

k −
√
k2 + 4

2
,

then we have∣∣p2 − γp21
∣∣ ≤ k |τk|max

{
1,
∣∣k2 + 2 − γk2

∣∣ |τk|
k

}
for all γ ∈ C.

The above estimates are sharp.

Lemma 1.7. [2] If p (z) = 1 + p1z + p2z
2 + · · · and

(12) p (z) ≺ p̃k (z) =
1 + τ2kz

2

1 − kτkz − τ2kz
2

= 1 +

∞∑
n=1

(Fk,n−1 + Fk,n+1)τnk zn,

then we have

(13) |pn| ≤ (Fk,n−1 + Fk,n+1) |τk|n (n ∈ N) .

The result is sharp.
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2. Main results

In this section, we firstly give the upper bound of the Fekete-Szegö functional∣∣a3 − µa22
∣∣ of functions f ∈ Rk

λ given by (1) when µ ∈ R.

Theorem 2.1. If the function f given by (1) is in the class Rk
λ, then we

have∣∣a3 − µa22
∣∣

≤



(1+λ)2(k2+2)−µ(1+2λ)k2

(1+λ)2(1+2λ)
τ2k , µ ≤ (1+λ)2[(k2+2)τk+k]

(1+2λ)k2τk
,

k|τk|
1+2λ ,

(1+λ)2[(k2+2)τk+k]
(1+2λ)k2τk

≤ µ ≤ (1+λ)2[(k2+2)τk−k]
(1+2λ)k2τk

,

µ(1+2λ)k2−(1+λ)2(k2+2)
(1+λ)2(1+2λ)

τ2k , µ ≥ (1+λ)2[(k2+2)τk−k]
(1+2λ)k2τk

.

If
(1+λ)2[(k2+2)τk+k]

(1+2λ)k2τk
≤ µ ≤ (1+λ)2(k2+2)

(1+2λ)k2 , then

∣∣a3 − µa22
∣∣+

(
µ−

(1 + λ)
2 [(

k2 + 2
)
τk + k

]
(1 + 2λ) k2τk

)
|a2|2 ≤ k |τk|

1 + 2λ
.

Furthermore, if
(1+λ)2(k2+2)

(1+2λ)k2 ≤ µ ≤ (1+λ)2[(k2+2)τk−k]
(1+2λ)k2τk

, then

∣∣a3 − µa22
∣∣+

(
(1 + λ)

2 [(
k2 + 2

)
τk − k

]
(1 + 2λ) k2τk

− µ

)
|a2|2 ≤ k |τk|

1 + 2λ
.

Each of these results is sharp.

Proof. If f ∈ Rk
λ, then by the principle of subordination, there exists a

Schwarz function ω ∈ Ω such that

(14) (1 − λ)
f (z)

z
+ λf ′ (z) = p̃k (ω (z)) (z ∈ U) ,

where the function p̃k is given by (10). Therefore, the function

(15) g(z) :=
1 + ω (z)

1 − ω (z)
= 1 + c1z + c2z

2 + · · · (z ∈ U)

is in the class P. Now, defining the function p(z) by

(16) p(z) = (1 − λ)
f (z)

z
+ λf ′ (z) = 1 + p1z + p2z

2 + · · · ,

it follows from (14) and (15) that

(17) p(z) = p̃k

(
g (z) − 1

g(z) + 1

)
.

Note that

ω (z) =
c1
2
z +

1

2

(
c2 −

c21
2

)
z2 + · · ·
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and so

(18) p̃k (ω (z)) = 1 +
p̃k,1c1

2
z +

[
1

2

(
c2 −

c21
2

)
p̃k,1 +

1

4
c21p̃k,2

]
z2 + · · · .

Thus, by using (15) in (17), and considering the values p̃k,j (j = 1, 2) given in
(11), we obtain

(19) p1 =
kτk
2

c1 and p2 =
kτk
2

(
c2 −

c21
2

)
+

(
k2 + 2

)
τ2k

4
c21.

On the other hand, a simple calculation shows that

(1 − λ)
f (z)

z
+ λf ′ (z) = 1 + (1 + λ) a2z + (1 + 2λ) a3z

2 + · · · ,

which, in view of (16), yields

(20) p1 = (1 + λ) a2 and p2 = (1 + 2λ) a3.

Thus, we obtain

a3 − µa22 =
1

1 + 2λ

[
p2 − µ

(1 + 2λ)

(1 + λ)
2 p

2
1

]

=
1

1 + 2λ

[
kτk
2

(
c2 −

c21
2

)
+

(
k2 + 2

)
τ2k

4
c21 − µ

(1 + 2λ) k2τ2k
4 (1 + λ)

2 c21

]

=
kτk

2 (1 + 2λ)

(
c2 − νc21

)
,

where

ν =
1

2
−

(1 + λ)
2 (

k2 + 2
)
− µ (1 + 2λ) k2

2 (1 + λ)
2

τk
k
.

The assertion of Theorem 2.1 now follows by an application of Lemma 1.5.
To show that the bounds asserted by Theorem 2.1 are sharp, we define the

following functions:

Kp̃k,n
(z) (n ∈ N\ {1}) ,

with

Kp̃k,n
(0) = 0 = K ′

p̃k,n
(0) − 1,

by

(21) (1 − λ)
Kp̃k,n

(z)

z
+ λK ′

p̃k,n
(z) = p̃k

(
zn−1

)
,

and the functions Fη (z) and Gη (z) (0 ≤ η ≤ 1) , with

Fη (0) = 0 = F ′
η (0) − 1 and Gη (0) = 0 = G′

η (0) − 1,

by

(1 − λ)
Fη (z)

z
+ λF ′

η (z) = p̃k

(
z (z + η)

1 + ηz

)
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and

(1 − λ)
Gη (z)

z
+ λG′

η (z) = p̃k

(
−z (z + η)

1 + ηz

)
,

respectively. Then, clearly, the functions Kp̃k,n
, Fη, Gη ∈ Rk

λ. We also write

Kp̃k
= Kp̃k,2

.

If µ <
(1+λ)2[(k2+2)τk+k]

(1+2λ)k2τk
or µ >

(1+λ)2[(k2+2)τk−k]
(1+2λ)k2τk

, then the equality in Theo-

rem 2.1 holds if and only if f is Kp̃k
or one of its rotations. When

(1 + λ)
2 [(

k2 + 2
)
τk + k

]
(1 + 2λ) k2τk

< µ <
(1 + λ)

2 [(
k2 + 2

)
τk − k

]
(1 + 2λ) k2τk

,

the equality holds if and only if f is Kp̃k,3
or one of its rotations. If µ =

(1+λ)2[(k2+2)τk+k]
(1+2λ)k2τk

, then the equality holds if and only if f is Fη or one of its

rotations. If µ =
(1+λ)2[(k2+2)τk−k]

(1+2λ)k2τk
, then the equality holds if and only if f is

Gη or one of its rotations.

If the function f given by (1) is in the class Rk
λ, then from (19), (20) and

Lemma 1.4, we have

(22) |a2| ≤
k |τk|
1 + λ

and using the bound for
∣∣a3 − µa22

∣∣ with µ = 0 we obtain

(23) |a3| ≤
(k2 + 2)τ2k

1 + 2λ
.

For the general case, if we consider (16) , then we get

an =
pn−1

1 + (n− 1)λ
.

Therefore using Lemma 1.7, we get following result.

Theorem 2.2. If the function f given by (1) is in the class Rk
λ, then we

have

(24) |an| ≤
Fk,n−2 + Fk,n

1 + (n− 1)λ
|τk|n−1

(n ≥ 2) .

Equality holds in (24) for the function

f̃k,λ(z) =
1

λ
z

λ−1
λ

∫ z

0

t
1−λ
λ p̃k (t) dt,

where the function p̃k is given by (10) .

Now, we give the upper bound of the Fekete-Szegö functional
∣∣a3 − µa22

∣∣ of

functions f ∈ Rk
λ given by (1) when µ ∈ C.
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Theorem 2.3. If the function f given by (1) is in the class Rk
λ, then we

have ∣∣a3 − µa22
∣∣ ≤ k |τk|

1 + 2λ
max

{
1,

∣∣∣∣∣k2 + 2 − µ
1 + 2λ

(1 + λ)
2 k

2

∣∣∣∣∣ |τk|k
}

for all µ ∈ C. The result is sharp.

Proof. Let the function f ∈ A given by (1) be in the class Rk
λ. Define the

function p (z) = 1 + p1z + p2z
2 + · · · by

(1 − λ)
f (z)

z
+ λf ′ (z) = p (z) ,

where p (z) ≺ p̃k (z) and p̃k (z) is defined by (6) . Considering the equalities in
(20) , for any µ ∈ C, we have∣∣a3 − µa22

∣∣ =
1

1 + 2λ

∣∣∣∣∣p2 − µ
(1 + 2λ)

(1 + λ)
2 p

2
1

∣∣∣∣∣ .
Now, by Lemma 1.6, this equality implies that∣∣a3 − µa22

∣∣ ≤ k |τk|
1 + 2λ

max

{
1,

∣∣∣∣∣k2 + 2 − µ
(1 + 2λ)

(1 + λ)
2 k

2

∣∣∣∣∣ |τk|k
}
.

This evidently completes the proof of theorem.

Theorem 2.4. Let f ∈ Rk
λ be given by (1) be univalent and its inverse f−1

has the coefficients of the form (2). Then we have

|A2| ≤
k |τk|
1 + λ

and

|A3| ≤
k |τk|

1 + 2λ
max

{
1,

∣∣∣∣∣k2 + 2 − 2 (1 + 2λ)

(1 + λ)
2 k2

∣∣∣∣∣ |τk|k
}
.

Proof. Let the function f ∈ Rk
λ and of the form (1). Then for the initial

coefficients A2 and A3 of the inverse function f−1 given by (2) we get

(25) A2 = −a2 and A3 = 2a22 − a3.

The upper bound for A2 is obtained by using the equalities (19) and (20).
Also the upper bound for A3 is easily obtained from Theorem 2.3.

Theorem 2.5. Let f ∈ Rk
λ be given by (1) be univalent and its inverse f−1

has the coefficients of the form (2). Then we have∣∣A3 − µA2
2

∣∣ ≤ k |τk|
1 + 2λ

max

{
1,

∣∣∣∣∣k2 + 2 − (1 + 2λ) (2 − µ)

(1 + λ)
2 k2

∣∣∣∣∣ |τk|k
}

for all µ ∈ C.
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Proof. Let the function f ∈ Rk
λ and of the form (1). Then from (25) and

(20) , we get ∣∣A3 − µA2
2

∣∣ =
1

1 + 2λ

∣∣∣∣∣p2 − (1 + 2λ) (2 − µ)

(1 + λ)
2 p21

∣∣∣∣∣ .
Now using Lemma 1.6, we obtain the required result.

Theorem 2.6. Let f ∈ Rk
λ be given by (1) be univalent and the coefficients

of log (f(z)/z) be given by (3) . Then

|δ1| ≤
k

2 (1 + λ)
|τk|

and

|δ2| ≤
k |τk|

2 (1 + 2λ)
max

{
1,

∣∣∣∣∣k2 + 2 − 1 + 2λ

2 (1 + λ)
2 k

2

∣∣∣∣∣ |τk|k
}
.

Each of these results is sharp.

Proof. Let the function f ∈ Rk
λ and of the form (1). By differentiating (3)

and equating coefficients, we have

δ1 =
1

2
a2, δ2 =

1

2

(
a3 −

1

2
a22

)
.

Thus the desired results obtained from (19) and (20) for |δ1|, and from Theorem
2.3 for |δ2| .

The following result is obtained from Theorem 2.3 (or Lemma 1.6).

Theorem 2.7. Let f ∈ Rk
λ be given by (1) be univalent and the coefficients

of log (f(z)/z) be given by (3) . Then∣∣δ2 − µδ21
∣∣ ≤ k |τk|

2 (1 + 2λ)
max

{
1,

∣∣∣∣∣k2 + 2 − (1 + 2λ) (1 + µ)

2 (1 + λ)
2 k2

∣∣∣∣∣ |τk|k
}
.

3. Corollaries and Consequences

Setting λ = 1 in Theorem 2.1, we get the following consequence.

Corollary 3.1. If the function f given by (1) is in the class R (p̃k) , then
we have

∣∣a3 − µa22
∣∣ ≤



4(k2+2)−3µk2

12 τ2k , µ ≤ 4[(k2+2)τk+k]
3k2τk

,

k|τk|
3 ,

4[(k2+2)τk+k]
3k2τk

≤ µ ≤ 4[(k2+2)τk−k]
3k2τk

,

3µk2−4(k2+2)
12 τ2k , µ ≥ 4[(k2+2)τk−k]

3k2τk
.
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If
4[(k2+2)τk+k]

3k2τk
≤ µ ≤ 4(k2+2)

3k2 , then

∣∣a3 − µa22
∣∣+

(
µ−

4
[(
k2 + 2

)
τk + k

]
3k2τk

)
|a2|2 ≤ k |τk|

3
.

Furthermore, if
4(k2+2)

3k2 ≤ µ ≤ 4[(k2+2)τk−k]
3k2τk

, then

∣∣a3 − µa22
∣∣+

(
4
[(
k2 + 2

)
τk − k

]
3k2τk

− µ

)
|a2|2 ≤ k |τk|

3
.

Each of these results is sharp.

Remark 3.2. Note that Corollary 3.1 gives a worthy improvement of [19,
Theorem 3.3] for the real values of µ.

Setting k = 1 in Theorem 2.1, we get the following consequence.

Corollary 3.3. If the function f given by (1) is in the class Rλ, then we
have

∣∣a3 − µa22
∣∣ ≤



3(1+λ)2−µ(1+2λ)

(1+λ)2(1+2λ)
τ2 , µ ≤ (1+λ)2(3τ+1)

(1+2λ)τ ,

|τ |
1+2λ , (1+λ)2(3τ+1)

(1+2λ)τ ≤ µ ≤ (1+λ)2(3τ−1)
(1+2λ)τ ,

µ(1+2λ)−3(1+λ)2

(1+λ)2(1+2λ)
τ2 , µ ≥ (1+λ)2(3τ−1)

(1+2λ)τ .

If (1+λ)2(3τ+1)
(1+2λ)τ ≤ µ ≤ 3(1+λ)2

1+2λ , then

∣∣a3 − µa22
∣∣+

(
µ− (1 + λ)

2
(3τ + 1)

(1 + 2λ) τ

)
|a2|2 ≤ |τ |

1 + 2λ
.

Furthermore, if 3(1+λ)2

1+2λ ≤ µ ≤ (1+λ)2(3τ−1)
(1+2λ)τ , then

∣∣a3 − µa22
∣∣+

(
(1 + λ)

2
(3τ − 1)

(1 + 2λ) τ
− µ

)
|a2|2 ≤ |τ |

1 + 2λ
.

Each of these results is sharp.

Setting k = 1 and λ = 1 in Theorem 2.1, we get the following consequence.

Corollary 3.4. If the function f given by (1) is in the class R (p̃) , then we
have

∣∣a3 − µa22
∣∣ ≤



4−µ
4 τ2 , µ ≤ 4(3τ+1)

3τ ,

|τ |
3 , 4(3τ+1)

3τ ≤ µ ≤ 4(3τ−1)
3τ ,

µ−4
4 τ2 , µ ≥ 4(3τ−1)

3τ .
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If 4(3τ+1)
3τ ≤ µ ≤ 4, then∣∣a3 − µa22

∣∣+

(
µ− 4 (3τ + 1)

3τ

)
|a2|2 ≤ |τ |

3
.

Furthermore, if 4 ≤ µ ≤ 4(3τ−1)
3τ , then∣∣a3 − µa22
∣∣+

(
4 (3τ − 1)

3τ
− µ

)
|a2|2 ≤ |τ |

3
.

Each of these results is sharp.

Setting λ = 1 in Theorem 2.3, we get the following consequence.

Corollary 3.5. If the function f given by (1) is in the class R (p̃k) , then
we have ∣∣a3 − µa22

∣∣ ≤ k |τk|
3

max

{
1,

∣∣∣∣k2 + 2 − 3µ

4
k2
∣∣∣∣ |τk|k

}
for all µ ∈ C. The result is sharp.

Setting λ = 1 in Theorem 2.4, we get the following consequence.

Corollary 3.6. Let f ∈ R (p̃k) be given by (1) be univalent and its inverse
f−1 has the coefficients of the form (2). Then we have

|A2| ≤
k

2
|τk|

and

|A3| ≤
k |τk|

3
max

{
1,

∣∣4 − k2
∣∣

2k
|τk|

}
.

Setting λ = 1 in Theorem 2.5, we get the following consequence.

Corollary 3.7. Let f ∈ R (p̃k) be given by (1) be univalent and its inverse
f−1 has the coefficients of the form (2). Then we have∣∣A3 − µA2

2

∣∣ ≤ k |τk|
3

max

{
1,

∣∣8 − (2 − 3µ) k2
∣∣

4k
|τk|

}
for all µ ∈ C.

Setting λ = 1 in Theorem 2.6, we get the following consequence.

Corollary 3.8. Let f ∈ R (p̃k) be given by (1) be univalent and the coef-
ficients of log (f(z)/z) be given by (3) . Then

|δ1| ≤
k

4
|τk|

and

|δ2| ≤
k |τk|

6
max

{
1,

∣∣5k2 + 16
∣∣

8k
|τk|

}
.

Each of these results is sharp.
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Setting λ = 1 in Theorem 2.7, we get the following consequence.

Corollary 3.9. Let f ∈ R (p̃k) be given by (1) be univalent and the coef-
ficients of log (f(z)/z) be given by (3) . Then

∣∣δ2 − µδ21
∣∣ ≤ k |τk|

6
max

{
1,

∣∣(5 − 3µ) k2 + 16
∣∣

8k
|τk|

}
.
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