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AN EXTENSION OF JENSEN-MERCER INEQUALITY WITH
APPLICATIONS TO ENTROPY

YAMIN SAYYARI

Abstract. The Jensen and Mercer inequalities are very important in-
equalities in information theory. The article provides the generalization
of Mercer’s inequality for convex functions on the line segments. This
result contains Mercer’s inequality as a particular case. Also, we inves-
tigate bounds for Shannon’s entropy and give some new applications in
zeta function and analysis.

1. Introduction

Let I := [a,b] be an interval, x := {z;}?; C I and p := {p;}} C [0,1]
with > | p; = 1. The following inequality is well known in the literature as
Jensen’s inequality.

Theorem 1.1. [7] (Jensen’s inequality) If f is a convex function on an
interval I, x := {z;}7~; C T and > ., p; = 1, then

0< sz'f(xi) —f ZPiIz‘ = Jr(p,x).
i=1 i=1
A variant of Jensen’s inequality is obtained by Mercer [5]. Mercer [5] proved

that if f is a convex function on [a, b], then

Theorem 1.2. [5] If f is a convex function on an interval I := [a,b], z; € I,
1<i<nand) .  p; =1, then

(1.1) It(p,x):=f <a +b— Zm@) + Zpif(xi) < f(a) + f(b).

Lemma 1.3. ([5], Lemma 1.3) Let 0 < a < y < b. For f convex we have:
flat+b—y) < fla) + f(b) — f(y)-

The following lemma and Lemma 1.3 are equivalent.
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Lemma 1.4. Let f be a convex function on [a,b], 1,22 € [a,b] and x1 +
o = a+b. Then
(1.2) f(x1) + flx2) < fla) + f(b).

Proof. Tt follows from Lemma 1.3 with z;1 =a+ b —y and x5 = y. O

2. An extension of Mercer inequality

In this section, we extend the Mercer inequality (1.2) for convex functions.

Theorem 2.1. Let f be a convex function on [a,b], x1,...,2, € [a,b] and
Tife s — ‘IT‘H’. Then

() < St o) 0250

< .
- n - 2

2

Proof. Let % = ‘IT“’. The first inequality is a direct consequence of
Jensen’s inequality, i.e.,

f<a+b> :f($1+...+xn) - Zy:;f(x")-

2 n

The second inequality is verified as follows. Since x; € [a, b], there is a sequence

{Ni}ry, Ai € [0,1], such that z; = Aja+ (1 — A\;)b. On the other hand, since
zit+.. 4z, _ atb

= = %37, we have

PP YN EED VI |
nl N ; n 2
Hence,
F) 4t fn) S fa+ (1= 20)b)

n n

Z?:1 Aif(a) + Z?:1(1 — i) f(b)

fla) + f(b)
TR

<

Corollary 2.2. With the notations in Theorem 2.1, if n = 2, then
f(@1) + f(22) < f(a) + f(b),
which is analogous to inequality (1.2).
Theorem 2.3. Let f: (0,00) — R be a convex function. Then

f(1+n fO+fR+...+f(n) _ f)+fln)

<
2)7 n - 2
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Proof. Since f is convex on (0,00), f is convex on [1,n] for all natural
number n. Also, since 1"'22‘“*‘" = #, by the use of Theorem 2.1 we conclude
that

L4n\ _ f) 4+ f@) 4ot () _ Q)+ f(n)
(2): -

<
n - 2

Example 2.4. Let a < b, f be a convex function on [a, b] and let x € [a, b],
T = %, Ty = IH'T:” and 3 = a+b— x. Then % = “TH’, hence by the
use of Theorem 2.1 we have

f<a+b><f(“‘5f)+f(*’+;)+f(a+b—x)<f(a)+f(b)
T

- 2

w

for all z € [a,b]. Integrating these inequalities over [a,b] with respect to x
yields

r(4) < 5 [ < L0

which is the well-known Hermite-Hadamard inequality.

Theorem 2.5. Let f be a convex function on [a,b], > j_; Pk = 1, [@ijlnxm
be a matrix with a < x;; <b for all i(1 <i <mn), j(1 <j<m) and

Z?:l lL'ij o G,+b

n 2

for all j(1 < j <m). Then

S S i (i) + F Bt b) = X S pig

n

- f@)+ 1)
- 2
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Proof. By the use of Theorem 2.1 we have

Z?:1Z?;11pjf(xij)+f[%(a b) — Z] 12 110]961]}

n
S pif () + f | pi(hla+ ) = S )]
n

- Z] 1 Zz 1 pif(@ij) + 2211 pif [%(a +b) — Z:‘le xij}
B n
$ NI f i) + £ [3 Ti +8) = i ]

j=1

- fla) + f(b)
< ;pj { 9 }
_ fla) + f(b)
= 5 ,

which completes the proof. [

Corollary 2.6. With the notations in Theorem 2.5, if n = 2, then

ijf(xlj) + fla+b— ijxlj) < f(a) + f(b),

which is analogous to inequality (1.1).

3. Applications in information theory
Definition 3.1. The Shannon entropy of a positive probability distribution
P = (p1,...,pn) is defined by H(p) := Y;_, pilog -

Let x = {x;}_; be a positive real sequence and

sz and Gy, ( (H az)l

denote the usual arithmetic and geometric means of {z;}, respectively. From
Theorem 2.1 we conclude the following result.

Proposition 3.2. Let a >0, z; € [a,b] i = 1,...,n and A,(x) = ‘IT“’, then
Vab < Gp(x) < “T‘H’.
Proof. Setting f(x) = —logx in Theorem 2.1, we get

log <a ;r b> <z log(z1) 77.1. . — log(x,) <z log(a)2f log(b).
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Therefore,
log(a) 4 log(b) < log(z1) + ...+ log(zy,) < log (a + b)

2 - n 2

namely

(3.1) log (\/%) <log(Gn(x)) <log (a —2|_ b) .

Since the function log is nondecreasing, the result follows from (3.1). O

Proposition 3.3. Let P = (p1, ..., pn) be a positive probability distribution
and 0 < maxi<j<n p;j < % Then

1. log (%) < H(p) < logn.
2. 0<logn — H(p) <log2.

Proof. 1. Applying Theorem 2.1 with
@) = { zlog(x) ifx#0

0 ifz=0"
x;=p; foralli=1,... n, a—Oandb—f we have
1 1 1 n L n 1 2
Liog <> < pilogpit.. dpalogp, 1, <>
n n n n n

which completes the proof.
2. It follows from (i) that log (%) < H(p).

Proposition 3.4. Let f be a convex function on [a,b], Y ._, Dk
[@ijlnxm be a matrix with a < x;; < b for all i(1 < i < n), j(1 j
and

Z:‘L:l Tij a+b

for all j(1 < j <m). Then

m n— ’ﬂb’n
g(aer)*Z <pJ wa> " an 1 )pﬂ"

j:1 =1 =1 xz]
Proof. Applying Theorem 2.5 with f(x logx we get
n—1 n
_Z] 1 2_im1 Pjlog(wij) —log [5 Z] 12 i pﬂ:w}
n

—log(a) —log(b)
< 5 .
After some calculations the desired assertion follows.. O
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Corollary 3.5. With the notations in Proposition 3.4, if n = 2 and x; :=
x15 for all j =1,...,m, then we have

E p]x] = HTVL xpjv
J=1"3

for all {z;} € [a,b].

4. Applications in zeta function

We now provide some applications of Theorem 2.3 in number theory. The
Riemann zeta function is defined as follows:

1
C(s):ZE, seC.
n=1
Consequently, ¢ converges for all complex numbers s such that Re(s) > 1.
Proposition 4.1. Let s > 0 and n be a natural number, then

n2° <14 1 + 1 1 + + 1 <n—|—n1*5
Atn)y = T2 T3 T s =T g

Proof. Let s > 0 and f(z) = 27°. Since f"(x) = s(s + 1)a=*"2 > 0,
applying Theorem 2.3 with f(xz) = ™%, we obtain

(1+n) < 17542754+ ... 4+n"¢ < 1+n

2 n - 2
Therefore,
n2® 1+1+1+ +1 <n—|—n1*5
(1+n)s — 3s ns — 2

O

Example 4.2. Let n be a natural number and s = 3. Then Proposition
4.1 yields (see figure 1)

8n <1+1+1+ +1 n3 41
(I+n)® — 23 33 n3_ 2n?

Proposition 4.3. Let n be a natural number. Then
1. n" < (nl)? < (H”)Q"
ﬂ)wrn <12x 24 x ... xn¥ < (n).
< ()t < (n)"".

W N
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FIGURE 1. (1_%#)3,1+2%+3%+...+%and n’41

Proof. 1. On applying Theorem 2.3 for the function f(z) = —Ilnz, we
get

I 1+n < - i qIni < —lnn.
2 - n -2

2 ol 1

Hence, n" < (n!)? < (HT”)%
2. Since f(z) = xzlogx is convex on (0,00), Theorem 2.3 imply that

I;nln(lgn) < 1lnl1+2In2+...+nlnn < nlnn.

Therefore,

Thus,

2
1 n+n n ]
ln( —gn) <2In <H11> <n?lnn.

It follows that

2
1 n+n
(—;n) §12><24><...><n2"§(n)"2.
3. Since 12 x 2% x ... x n2" > (n!)*, this result follows from (1) and (2).
O

5. Conclusion

The Mercer’s inequality and its derivative theorems play an important role
in mathematical analysis. In this paper, we introduced an extension of Mercer’s
inequality for convex functions. Based on these results, we have given some
bounds for zeta function and Shannon’s entropy. We anticipate that the present
results will find some applications in p-series as well as other related disciplines.
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