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1 |  INTRODUCTION

The lower envelope fluctuations in single- carrier frequency- 
division multiple access (SC- FDMA) signals yield low 
peak- to- average power ratios (PAPRs). Thus, SC- FDMA is 
currently being used in long- term evolution (LTE) uplink 
communications [1]. However, PAPR increases in SC- FDMA 
systems when the modulation order is increased. To sustain 
high PAPR, power amplifiers with a large linear range are 
required and they reduce the power efficiency. Additionally, 
high- resolution analog- to- digital (A/D) and digital- to- analog 
(D/A) converters that increase system complexity and cost are 

required. This is a serious problem in uplink communications 
as the mobile devices are power limited [2]. Accordingly, the 
PAPR needs to be reduced.

In [3], authors presented sinusoidal transforms as an alter-
native to the discrete Fourier transform (DFT) for orthogonal 
frequency- division multiplexing (OFDM) systems. The energy 
compaction property of the discrete cosine transform (DCT) 
enables it to pack most of the signal energy in the first few sam-
ples, thus decreasing inter- symbol interference (ISI) due to rela-
tively small amplitudes at high- frequency indices. This leads to 
a lower bit error rate (BER) compared with DFT. Furthermore, 
it uses real arithmetic operations instead of complex arithmetic 
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operations used in the DFT. This allowed authors in [4,5] to 
propose a new SC- FDMA system based on DCT Type II. In 
[6], authors demonstrated that the DCT SC- FDMA system is 
better than the DFT SC- FDMA system in terms of its BER per-
formance. However, the PAPR of the DCT SC- FDMA system 
is slightly higher than that of the DFT SC- FDMA system. In 
[7], a new transceiver design for the SC- FDMA system based 
on discrete Wavelet transform (DWT) has been proposed. The 
DWT- based SC- FDMA system has superior BER and PAPR 
performances compared with the DFT SC- FDMA system. The 
Walsh- Hadamard Transform (WHT) is the most well- known 
nonsinusoidal orthogonal transform that can be computed using 
real additions and subtractions [8]. It has gained prominence in 
various digital signal processing applications, as its hardware 
implementation is simple. In [9], the application of WHT to 
generalized frequency- division multiplexing (GFDM) im-
proved its BER performance. In [10], the application of WHT to 
non- orthogonal multiple access (NOMA) resulted in improved 
BER, throughput, and PAPR performances. As the application 
of various transforms improved the performance of SC- FDMA 
system, and the application of WHT improved the performances 
of GFDM and NOMA systems, this motivated us to study the 
performance of the WHT- based SC- FDMA transceiver.

Although there are many available techniques used to 
limit PAPR- like pulse shaping [11], selected mapping [12], 
partial transmit sequence [13], precoding [14], and predis-
tortion [15], companding is an attractive technique with low 
complexity that does not require any side information. One of 
the most extensively used techniques to limit PAPR is μ- law 
companding [16]. The μ- law [17] and the new error func-
tion [18] companding techniques have been used to mitigate 
PAPR in SC- FDMA systems, but they increase the average 
power of the companded signal. In [19], authors proposed a 
companding technique to reduce the PAPR of the SC- FDMA 
signal by approximating its distribution without signifi-
cant degradation in the BER performance. An exponential 
companding technique was used in [20] to reduce PAPR in 
OFDM systems without increasing the average power of the 
companded signal. Thus, we use the exponential compand-
ing technique in the WHT SC- FDMA system to reduce its 
PAPR without degrading the BER performance. Therefore, 
the main contributions of this study are as follows:

• The proposition of a new transceiver for a SC- FDMA sys-
tem based on WHT and the use of exponential companding 
technique to reduce its PAPR without degrading the BER 
performance

• The derivation of the time- domain symbols for different 
ordered WHT systems

• The verification of the performance of proposed system by 
considering real- time indoor channel using wireless open- 
access research platform (WARP) hardware.

The rest of the study is organized as follows. Section 2 
introduces the WHT and types of ordering in WHT. Section 3 
explains the WHT- based SC- FDMA system model with the 
exponential companding technique. Section 4 explains how 
to select the optimum value of the companding parameter 
for better PAPR and BER performances, and presents the 
supremacy of the proposed transceiver through simulated 
PAPR and BER results. Section 5 presents the experimental 
results using WARP hardware. Section 6 outlines the conclu-
sive comments of the study.

2 | WALSH- HADAMARD TRANSFORM

The WHT of a sequence is given by

where HN is a Hadamard matrix of order N, and 
x

N
= [x

1
, x

2
, …, x

N
]
T is an N × 1 matrix. The Hadamard matrix 

of order N (where N = 2n, n is a positive integer) can be defined 
recursively by using

where H1 = [1] . The WHT can also be defined as,

The terms us and ms are the coefficients of the binary 
representations of u and m, respectively. The IWHT is de-
fined as

2.1 | Types of ordering in WHT

There are three different ordering schemes used to compute 
the WHT, namely the Hadamard, Sequency, and Dyadic 
schemes [21]. The Hadamard- ordered (or Natural- ordered 
Hadamard) matrix of order eight is defined by using a recur-
sive relation in (2) as.
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It is called natural order as H is not ordered based on the 
number of sign changes in each row. If H is ordered based on 
the number of sign changes, then we obtain the Sequency- 
ordered matrix as

The Dyadic- ordered matrix can be ordered by using the 
Gray code. The relation between the Sequency- ordered and 
Dyadic- ordered Walsh functions is given in Table 1. Herein, 
b(i) represents the Gray code- to- binary conversion of i.

Thus, the Dyadic- ordered matrix arranges the sign 
changes in the order of 0, 1, 3, 2, 7, 6, 4, 5, as defined in (8),

3 |  WHT- BASED SC- FDMA 
SYSTEM MODEL WITH 
EXPONENTIAL COMPANDING

The proposed WHT- based SC- FDMA transceiver with ex-
ponential companding is depicted in Figure 1. Input sym-
bols are encoded and mapped to the complex symbols by 

any of the modulation techniques (BPSK, QPSK, or M- 
QAM), and passed through N- point WHT to obtain XN.  
The resultant N symbols are mapped to M subcarriers 
(M = Q × N, M > N).

For subcarrier mapping, there are two choices, namely, lo-
calized FDMA (LFDMA) and interleaved FDMA (IFDMA). 
In LFDMA, the symbols are mapped over consecutive sub-
carriers, and in IFDMA, the symbols are spread equidis-
tantly over the entire bandwidth with zeros in between. XN is 
mapped to YM (where M = Q × N) as

For localized mapping

For interleaved mapping

where IN is an N × N identity matrix, 0(Q − 1) × N
 is a (Q − 1) × N 

all- zero matrix, and u
l
(l=1, 2,…, N) is a unit column vector 

of length N, with all- zero entries except at l. After subcarrier 
mapping, YM is passed through an M- point IWHT to obtain the 
time- domain signal given by

where xN is an N × 1 matrix of modulated symbols, HN is an 
N × N WHT matrix, M is an M × N matrix describing the sub-
carrier mapping, and H−1

M
 is an M × M IWHT matrix.

3.1 | Time- domain symbols

Considering the Hadamard- ordered WHT with N = 2, M = 4, 
Q = 2 and modulated symbols xN
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T A B L E  1  Relation between Sequency-  and Dyadic- ordered 
Walsh functions

i (decimal) i (binary) b(i) (binary) b(i) (decimal)

0 000 000 0

1 001 001 1

2 010 011 3

3 011 010 2

4 100 111 7

5 101 110 6

6 110 100 4

7 111 101 5
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For localized mapping,

Hence, for localized mapping yM = [x1, x2, …, xN, x1, x2, 
…, xN, …, x1, x2, …, xN]T, that is, xN will be repeated Q times. 
As the resulting WHT LFDMA symbols simply consist of 
modulated symbols in contrast with that of the DFT LFDMA 
symbols which consist of the sum of modulated symbols with 
different complex weights, the PAPR of the WHT LFDMA 
system will be smaller compared with the DFT LFDMA sys-
tem. For interleaved mapping,

Hence, for interleaved mapping yM =  [x1, x1, …, x1, x2, 
x2, …, x2, …, xN, xN, …, xN]T, that is, x1, x2,…, and xN will 
be repeated Q times. As the resulting WHT IFDMA symbols 
simply consists of modulated symbols similar to the DFT 
IFDMA symbols, the PAPR of the WHT IFDMA system will 
be same as that of the DFT IFDMA system.

Similarly, for Sequency- ordered WHT, the time- domain 
signal for localized mapping is given by

 That is, x1, x2, …, and xN will be repeated Q times. For inter-
leaved mapping

For Dyadic- ordered WHT, the time- domain signal for lo-
calized mapping is given by

That is, x1, x2, …, and xN will be repeated Q times. For 
interleaved mapping,

That is, xN will be repeated Q times. As all the time- domain 
signals are simply the repetitions of modulated symbols, the 
PAPR values of the Hadamard- , Sequency- , and Dyadic- 
ordered WHT systems remain the same. Additionally, we 
can observe that the H- WHT with localized mapping and D- 
WHT with interleaved mapping are associated with the same 
time- domain signals. Similarly, the H- WHT with interleaved 
mapping, S- WHT, and D- WHT with localized mapping, all 
process the same time- domain signals. Hence, they tend to 
yield similar BER performances.

In turn, yM is passed through an exponential compander 
to produce tM, where t

M
=

[
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. The companding 

operation can be described as.
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F I G U R E  1  Walsh- Hadamard transform single- carrier frequency- division multiple access (WHT SC- FDMA) system with exponential 
companding
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where ym is the original signal, tm is the companded signal, and 
h( ⋅ ) is the companding function. The exponential companding 
function [17] is given by.

where sgn(˖) is the sign function and d controls the amount of 
companding. A maintains the average power of output signal at 
the same level as that of the input signal.

At the receiver side, the decompanding function is given 
by

The cyclic prefix (CP) is then added to tm and transmit-
ted over the wireless channel. CP is removed at the receiver 
side and is transformed via an M- point DFT for frequency- 
domain equalization (FDE). It is then inverted back to the 
time- domain by using M- point IDFT. The corresponding in-
verse operations, like M- point WHT, subcarrier demapping, 
N- point IWHT, demodulation, and decoding operations, are 
performed to retrieve the source data.

3.2 | No decompanding (NDC)

The companded signal, tm can be expressed in terms of com-
panding noise, bm and input signal, ym as

where � is the attenuation factor given by [22]

From (26), Ptm
= Pαym

+ Pbm
= α2Pym

+ Pbm
, where P is 

the average power. As tm and ym have the same average 
power

Based on the above equations, it can be inferred that � 
will always be less than one, and the companding noise will 
reduce as � tends to 1. The received signal, rm in the presence 
of channel noise, wm can be expressed as

The recovered signal, y ′
m
 after the decompanding opera-

tion can be written as

Simplifying (30) yields

Equation (31) shows that the decompanding operation 
amplifies the channel noise from wm to wm∕�. Therefore, the 
equivalent noise without and with the decompanding operation 
can be written as bm + wm and wm∕�, respectively. Figure 2 
shows the plot of the attenuation factor � vs. d for the expo-
nential companding scheme. From (28), as � tends to one, the 
power of companding noise will decrease, and the BER per-
formance of the system will be improved. The values of � for 
the proposed LFDMA and IFDMA systems were respectively 
evaluated to be 0.998 8 and 0.998 9 (close to 1) for d = 1.3. 
Hence, we can say that the proposed method yields a very low 
level of companding noise when d = 1.3. Thus, the proposed 
system with NDC can also provide a decent BER performance.
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3.3 | Complexity evaluation

The fast WHT algorithm in [8] has a similar computational 
complexity as that of the fast DFT algorithm. Similar to the 
DFT, the fast WHT requires Nlog2N arithmetic operations 
for N- point sequences. Hence, the WHT- based SC- FDMA 
transmitter has comparative complexity to that of the DFT- 
based transmitter. The receiver's complexity is slightly 
higher than that of the DFT- based receiver, as it uses addi-
tional DFT and IDFT blocks for frequency- domain equali-
zation. Therefore, it requires additional 2Nlog2N arithmetic 

operations at the receiver side compared with the DFT- based 
receiver. However, as the receiver is a base station in case 
of uplink communications, a slightly higher complexity can 
be accepted owing to the supremacy of the WHT- based SC- 
FDMA system.

4 |  PERFORMANCE ANALYSIS

The efficiency of the proposed system presented in Figure 1 
has been evaluated by considering N  =  128, M  =  512, 
16- quadrature amplitude modulation (QAM), and localized 

F I G U R E  3  Complementary cumulative distribution function 
(CCDF) curves of the proposed system with localized FDMA 
(LFDMA) for different values of d  
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F I G U R E  4  CCDF curves of the proposed system with interleaved 
FDMA (IFDMA) for different values of d
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F I G U R E  5  Plots of bit- error rate (BER) as a function of d for the 
proposed LFDMA system with decompanding for different signal- to- 
noise ratio (SNR) 
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F I G U R E  6  Plots of BER as a function of d for the proposed 
IFDMA system with decompanding for different SNR
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and interleaved subcarrier mapping techniques. A CP of 20 
samples, and a convolutional channel coding with a rate of 
1/2 was used. We have used perfect channel estimation with 
zero forcing (ZF) equalization.

Figures  3 and 4 present the complementary cumulative 
distribution function (CCDF) curves of the exponential com-
panding technique with localized and interleaved mapping for 
various d values, respectively. It can be observed that PAPR 
has been reduced by approximately 0.6 dB at CCDF = 10– 4 
as d increases from 1.1 to 1.5.

BER plots as a function of d are depicted in Figures  5 
and 6, respectively, for the proposed LFDMA and IFDMA 
systems with decompanding (DC) operations for various 
SNRs. Herein, H, S, D refer to Hadamard, Sequency, and 

Dyadic ordering of the WHT, respectively. It can be noted 
that d = 1.2 is the optimum value for lower BER in all cases.

Corresponding BER plots as a function of d for the 
proposed LFDMA and IFDMA systems with NDC oper-
ation for various SNRs are illustrated in Figures 7 and 8, 
respectively. It can be observed that d = 1.3 is the optimum 
value for the system with no decompanding operation. It 
is also evident from Figure  2 that companding noise is 
minimized when d = 1.3. Considering both the CCDF and 
BER plots, d = 1.2 and 1.3 can be chosen as the optimum 
values for the proposed system with DC and NDC, respec-
tively, to achieve a trade- off between the BER and PAPR 
performances.

F I G U R E  7  Plots of BER as a function of d for the proposed 
LFDMA system with no decompanding for different SNR  
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F I G U R E  8  Plots of BER as a function of d for the proposed 
IFDMA system with no decompanding for different SNR  
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F I G U R E  9  BER performance comparison of the proposed 
LFDMA system with decompanding (DC) and no decompanding 
(NDC) 
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F I G U R E  1 0  BER performance comparison of the proposed 
IFDMA system with DC and NDC  
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Comparison of the BER curves of the proposed system 
with DC and NDC operations for localized and interleaved 
mapping techniques are presented in Figures  9 and 10, re-
spectively. It can be observed that the system with NDC has 
a performance SNR gain of 1 dB compared with the system 
with DC in both cases.

CCDF curves of DFT, DCT, Discrete Sine Transform 
(DST), and WHT- based SC- FDMA systems for localized 

and interleaved mapping techniques are shown in Figures 11 
and 12, respectively. For localized mapping, we can observe 
that the DCT- based system has high PAPR, and the DST- 
based system has a low PAPR compared with the DFT- based 
system. The proposed WHT- based system has a low PAPR 
compared with the DFT, DCT, and DST- based systems. We 
can also observe that the Hadamard, Sequency, and Dyadic- 
ordered WHT systems provide the same PAPR, as discussed 
in Section 3.1. When exponential companding is used in the 
WHT- based system, PAPR improves further.

For interleaved mapping, it can be observed that the DFT, 
DCT, and WHT- based systems provide the same PAPR. From 
Figures 11 and 12, we can also conclude that the WHT- based 
system provides the same PAPR for both localized and inter-
leaved mapping methods. Table 2 summarizes the values of 
PAPR for different systems at CCDF = 10– 4. Table 2 listings 
indicate that the proposed WHT- based system reduces PAPR 
by approximately 5.51 dB at CCDF = 10– 4, while WHT- EXP 
reduces PAPR by approximately 6.12  dB when compared 
with the DFT- based system when localized mapping is used.

The BER performance curves of DFT, DCT, DST, and 
WHT- based SC- FDMA systems in the AWGN channel for 
localized and interleaved mapping techniques by consider-
ing a solid state power amplifier (SSPA) with IBO = 5 dB 
and p = 2 [23] are shown in Figures 13 and 14 respectively. 
We can observe that all the Hadamard- , Sequency- , and 

F I G U R E  1 1  CCDF curves of different systems with localized 
mapping
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F I G U R E  1 2  CCDF curves of different systems with interleaved 
mapping
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T A B L E  2  Peak- to- average power ratio (PAPR) values in dB at CCDF = 10−4

DFT DCT DST H- WHT S- WHT D- WHT
H- WHT- 
EXP

S- WHT- 
EXP

D- WHT- 
EXP

LFDMA 8.96 9.39 8.77 3.45 3.45 3.45 2.84 2.84 2.84

IFDMA 3.45 3.45 8.79 3.45 3.45 3.45 2.84 2.84 2.84

F I G U R E  1 3  BER curves of various LFDMA systems in the 
additive white Gaussian noise (AWGN) channel with solid state power 
amplifier (SSPA) (p = 2, IBO = 5 dB)  
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Dyadic- ordered WHT systems perform similarly. When ex-
ponential companding is used in the WHT- based system, we 
can observe that there is a slight degradation in the BER per-
formance that is almost negligible.

BER performance curves of different systems in the 
Vehicular- A channel for localized and interleaved mapping 

techniques based on SSPA considerations are presented 
in Figures  15 and 16, respectively. Vehicular- A channel is 
used to model a multipath slow- fading frequency- selective 
Rayleigh channel [24]. We can observe that S- WHT and D- 
WHT systems provide better BER performances with local-
ized mapping, whereas the H- WHT system provides better 
BER performance with interleaved mapping. Additionally, as 
stated in Section  3.1, H- WHT with localized mapping and 
D- WHT with interleaved mapping yields the same BER per-
formance. H- WHT with interleaved mapping and S- WHT, 
D- WHT with localized mapping has the same BER perfor-
mance. Table  3 shows the required SNR values to attain a 
BER of 10– 4 in different systems.

5 |  EXPERIMENTAL VALIDATION

WARP v3 hardware developed by Mango Communications 
(Houston, USA) is used to implement the experiments. 
The WARPLab framework [25] allows physical layer al-
gorithms to be prototyped by combining the features of 
MATLAB (version R2013a, MathWorks, Natick, MA, 
USA) with the capabilities of WARP. The WARPLab 
framework allows MATLAB to control the WARP nodes 
and perform signal processing operations. The WARP re-
pository [26] contains the necessary MATLAB m- code and 

F I G U R E  1 4  BER curves of various IFDMA systems in the 
AWGN channel with SSPA (p = 2, IBO = 5 dB)  
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F I G U R E  1 5  BER curves of various LFDMA systems in the 
Veh- A channel with SSPA (p = 2, IBO = 5 dB)  
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F I G U R E  1 6  BER curves of various IFDMA systems in the 
Veh- A channel with SSPA (p = 2, IBO = 5 dB)  
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T A B L E  3  Signal- to- noise ratio (SNR) values in dB required for BER = 10−4

DFT DCT DST H- WHT H- WHT- EXP S- WHT S- WHT- EXP D- WHT D- WHT- EXP

AWGN LFDMA 17.18 11.27 17.21 4.13 5.15 4.25 5.16 4.25 5.16

IFDMA 16.25 10.35 17.17 4.25 5.16 4.30 5.11 4.13 5.15

Veh- A LFDMA 21.77 9.99 15.96 15.97 16.29 7.63 7.83 7.63 7.83

IFDMA 27.97 21.91 27.95 7.63 7.83 15.91 15.98 15.97 16.29
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FPGA code functions required for the interaction between 
the MATLAB workspace and the WARP nodes. A WARP 
node comprises two identical radiofrequency (RF) inter-
faces: RF A and RF B. Each RF interface has a transceiver 
operating at 2.4/5 GHz with an RF bandwidth of 40 MHz. 
RF A is used to transmit samples, and RF B is used to re-
ceive the samples.

A basic WARPLab setup where a WARP node and a host 
personal computer are connected via an Ethernet switch is 
used to verify the experiments. The baseband samples were 
constructed in MATLAB and the WARPLab framework 
downloaded the samples from the MATLAB workspace to 
the FPGA buffers. A trigger signal was sent from the host PC 
to the WARP node so that samples can be transmitted from 
RF A to RF B. The baseband samples are upconverted to the 
RF signal at the transmitter side and downconverted at the re-
ceiver side. These downconverted samples are then stored in 
buffers before they are loaded in the MATLAB workspace. 
These are then processed on the host PC with MATLAB.

The experimental setup of the proposed WHT- based SC- 
FDMA system using WARP v3 board is depicted in Figure 17. 
Initially, 1000 symbols of random data are generated, modulated, 
and corresponding operations of the SC- FDMA modulator are 
performed before adding CPs. Pilot symbols are then added and 
passed through a square- root raised cosine filter with a roll- off 
factor of 0.3. Subsequently, a preamble is added, and the base-
band signal is upconverted to 5 MHz before its transmission 
over the air. The received signal is downconverted to a base-
band signal and is correlated with the reference signal to detect 
the preamble sequence. The channel is estimated by using pilot 
symbols, and corresponding operations of SC- FDMA demod-
ulator are performed. BER vs. transmit amplifier gain curves 
of the proposed WHT- based system and conventional system 
over real- time channel for localized and interleaved mapping 

techniques are presented in Figures 18 and 19, respectively. As 
the gain of the transmit amplifier increases, the strength of the 
transmitted signal increases hence decreasing the BER. It can 
be observed that all the Hadamard- , Sequency- , and Dyadic- 
ordered WHT- based SC- FDMA systems perform either better 
or maintain the performance of the conventional SC- FDMA 
system, but do not degrade the performance. Sequency- ordered 
WHT- based systems provide better BER performance with 
localized mapping, whereas the Hadamard- ordered WHT- 
based system provide better BER performance with interleaved 
mapping.

F I G U R E  1 7  Experimental setup using the wireless open- access 
research platform (WARP) v3 board  

F I G U R E  1 8  BER curves of various LFDMA systems in a real- 
time channel
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F I G U R E  1 9  BER curves of various IFDMA systems in a real- 
time channel 
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6 |  CONCLUSIONS

In this study, we proposed an SC- FDMA transceiver based 
on the WHT that offered low PAPR and better BER per-
formance compared with a conventional DFT- based SC- 
FDMA system. The complexity of the proposed system 
was similar to the conventional system at the transmitter 
side, while the receiver complexity was slightly higher. 
The exponential companding technique with NDC opera-
tion has been used to reduce the PAPR value without de-
grading the BER performance. Hadamard- , Sequency- , and 
Dyadic- ordered systems perform similarly in the case of the 
AWGN channel. The Hadamard- ordered system performed 
well in the case of interleaved mapping and the Sequency- , 
Dyadic- ordered systems perform well in the case of local-
ized mapping when the multipath fading environment was 
considered. The proposed WHT SC- FDMA system has 
also been verified experimentally by considering a real- 
time channel with the help of WARP hardware. Hence, the 
WHT- based SC- FDMA system can be used as an alterna-
tive to the conventional DFT- based SC- FDMA system in 
practice. We anticipate to study in more depth the through-
put and spectral efficiency performances of the proposed 
system in the future.
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