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THE OHM-RUSH CONTENT FUNCTION III: COMPLETION,

GLOBALIZATION, AND POWER-CONTENT ALGEBRAS

Neil Epstein and Jay Shapiro

Abstract. One says that a ring homomorphism R → S is Ohm-Rush if

extension commutes with arbitrary intersection of ideals, or equivalently
if for any element f ∈ S, there is a unique smallest ideal of R whose

extension to S contains f , called the content of f . For Noetherian local
rings, we analyze whether the completion map is Ohm-Rush. We show

that the answer is typically ‘yes’ in dimension one, but ‘no’ in higher

dimension, and in any case it coincides with the content map having
good algebraic properties. We then analyze the question of when the

Ohm-Rush property globalizes in faithfully flat modules and algebras over

a 1-dimensional Noetherian domain, culminating both in a positive result
and a counterexample. Finally, we introduce a notion that we show is

strictly between the Ohm-Rush property and the weak content algebra

property.

1. Introduction

One of the most useful and important methods of constructing a new com-
mutative ring from an existing one is via polynomial extension. The polynomial
algebra R[x] inherits many of the properties of R. There are several impor-
tant keys in the study of polynomial extensions and their relation to the base
ring. Such algebras are of course faithfully flat over R. Moreover there is a
natural map from elements of R[x] to finitely generated ideals of R via the well
known content map, which sends an element f to the ideal generated by the
coefficients of f , denoted c(f).

In [15], Ohm and Rush define a function c from elements of an arbitrary
R-algebra S to the set of ideals of R. For S faithfully flat over R, they give
criteria for when c can serve as an appropriate generalization of the content
function in polynomial extensions. Such extensions are called content algebras.
In a variation of this concept, Rush in [17] examined what he called weak
content algebras, whose properties are easier to check then those of a content
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algebra. Also essentially at the same time as Ohm and Rush, Eakin and Silver
[3] defined and examined some of the same properties as in [15] and applied the
results to locally polynomial rings. More recently in a series of three papers
[5–7], the authors further examined content and weak content algebras, as well
as defined an intermediary notion (semicontent algebras). Nasehpour in [13]
studied content algebras that satisfied the additional property that c(fg) =
c(f)c(g), calling them Gaussian. That is, a Gaussian algebra is an Ohm-Rush
algebra in which the content function is a homomorphism of multiplicative
semigroups.

We introduce the basic definitions and terminologies in Section 2 that will
be used throughout. We then give necessary and sufficient conditions (Theo-
rem 2.4) for the completion of a local Noetherian ring R to be content over R
(Gaussian even) in terms of the extension of ideals. Combining this with the
work of Hassler and Wiegand [9] on the extension of modules, we prove the

main result of this section (Theorem 2.9) which characterizes when R̂ is Gauss-
ian over a 1-dimensional reduced local Noetherian ring R. From this it follows
(Corollary 2.10) that if R is an analytically irreducible Noetherian local integral

domain of dimension one, then R̂ is Gaussian over R. Moreover Example 2.11
shows that one cannot expect to extend this result to higher dimensions.

In Section 3 we characterize when an R-algebra is a content algebra, where
R is a Dedekind domain. We also show that in many typical cases over a
1-dimensional base, the property of being an Ohm-Rush algebra globalizes
(Theorems 3.3 and 3.6). However, the Ohm-Rush property does not global-
ize in general, even for a faithfully flat (albeit non-Noetherian) algebra over
Z. As far as we know, we give here the first known counterexample to glob-
alization of the Ohm-Rush property (see Example 3.8). We then apply our
results in Example 3.9 to show that a known locally polynomial algebra is in
fact Gaussian.

In the final Section 4 we define and examine power-content algebras, a prop-
erty that lies strictly between Ohm-Rush algebras and weak content algebras.

2. When is the m-adic completion Ohm-Rush?

In this section we examine conditions on a local Noetherian ring R so that
its m-adic completion is a content (in fact Gaussian) algebra over R, but first
we begin with some of the basic definitions that will be used throughout the
paper.

Definition 2.1 (See [15]; current nomenclature from [5]). Let R be a ring, M
an R-module, and f ∈M . Then the (Ohm-Rush) content of f is given by

c(f) :=
⋂
{I ⊆ R ideal | f ∈ IM}.1

1In [5], we use the symbol Ω for this function.
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If f ∈ c(f)M for all f ∈ M , we say that M is an Ohm-Rush module; if M is
moreover an R-algebra, we say that it is an Ohm-Rush algebra over R.

When f ∈M , we introduce the notation Lf := {I ⊆ R ideal | f ∈ IM}.

Definition 2.2. Let R→ S be an Ohm-Rush algebra. We say that it is

(1) a content algebra [15] if it is faithfully flat and for any f, g ∈ S, there
is some n ∈ N with c(f)n c(g) = c(f)n−1 c(fg),

(2) a Gaussian algebra [13] if it is faithfully flat and for any f, g ∈ S, we
have c(fg) = c(f) c(g). That is, one may choose n = 1 in (1).

We recall some basic facts about the above properties. In an Ohm-Rush
algebra c(fg) ⊆ c(f)c(g) for all f, g ∈ S [17, Proposition 1.1(i)], while an Ohm-
Rush algebra is flat if and only if c(af) = ac(f) for all a ∈ R and f ∈ S
[15, Corollary 1.6]. It is well known that if an R-module is flat, then the
extension of ideals distributes over finite intersection. On the other hand, an
R-module is Ohm-Rush if and only if the extension of ideals distributes over
arbitrary intersections [3, (2.2)]. Also in a content algebra, prime ideals extend
to prime ideals [17, Theorem 1.2]. (In fact by that same result we know that
prime ideals extend to prime ideals in a faithfully flat weak content algebra -
see Section 4 for a definition.)

Common examples of content algebras include polynomial algebras [2, 12],
monoid algebras where the monoid is torsion-free and cancellative [14], and
power series algebras when the base ring is Noetherian [4]. On the other hand,
the Gaussian algebra property is much stronger, and for instance only holds
for polynomial algebras over an integral domain when the domain is Prüfer
[8,16,18]. See also [6] for properties of ring elements f ∈ S for which c(f) c(g) =
c(fg) for all g ∈ S.

Recall that a ring extension R ⊆ S is called cyclically pure if every ideal of
R is contracted from S. That is, for every ideal I of R, we have IS ∩ R = I.
In particular, any faithfully flat extension is cyclically pure.

Proposition 2.3. Let R → S be a cyclically pure (e.g. faithfully flat) ring
homomorphism. Let f ∈ S. Suppose there is some r ∈ R such that fS = rS.
Then c(f) = rR, so f ∈ c(f)S.

If every f ∈ S has this property, then S is a Gaussian R-algebra.

Proof. Let f ∈ S and r ∈ R with fS = rS. Let I be an ideal of R such that
f ∈ IS. Then r ∈ fS ∩ R ⊆ IS ∩ R = I by cyclic purity. Since this holds for
all such ideals I, we have r ∈ c(f). On the other hand, since f ∈ rS, we have
c(f) ⊆ rR. Hence c(f) = rR. Thus, f ∈ rS = c(f)S.

Now suppose that every principal ideal of S is extended from a principal
ideal of R. Let f, g ∈ S. There exist a, b ∈ R such that fS = aS and gS = bS.
Moreover, we have fgS = abS. So by the above, c(f)c(g) = (aR)(bR) = abR =
c(fg).

Since we have shown that the map is Ohm-Rush, we can check flatness by
showing that c(af) = a c(f) for all a ∈ R, f ∈ S, due to [15, Corollary 1.6].
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So let f ∈ S and a, r ∈ R with fS = rS. Then afS = arS, so c(af) = arR =
ac(f). Finally, for any maximal ideal m of R, we have mS ∩ R = m, whence
mS 6= S, finishing the proof of faithful flatness and the Gaussian property. �

In the case of the completion map, we have the following characterization:

Theorem 2.4. Let (R,m) be a Noetherian local ring, and let (R̂, n) be its
m-adic completion. Then the following are equivalent:

(1) The map R→ R̂ is Ohm-Rush.

(2) The map R→ R̂ is Gaussian.

(3) For any g ∈ R̂, there is some r ∈ R such that gR̂ = rR̂. That is, every

principal ideal of R̂ is extended from a principal ideal of R.
(4) Every ideal of R̂ is extended from R.

Proof. We have (2) =⇒ (1) by definition, and Proposition 2.3 shows that

(3) =⇒ (2). To see that (4) =⇒ (3), let g ∈ R̂. Then there is some ideal

I of R with gR̂ = IR̂, which by [6, Remark 3.3] must be a principal ideal of R.
It remains only to show that (1) =⇒ (4). So suppose the completion map

is Ohm-Rush. Let 0 6= g ∈ R̂. For each t ∈ N, choose gt ∈ R such that
g− gt ∈ nt. Set It := gtR+mt. Then ItR̂ = gR̂+ nt. By the Krull intersection
theorem applied to the quotient ring R̂/gR̂, then we have

⋂
t(ItR̂) = gR̂.

Thus, c(g) ⊆
⋂

t It = (
⋂

t It)R̂ ∩ R = (
⋂

t ItR̂) ∩ R = gR̂ ∩ R. Hence, gR̂ ⊆
c(g)R̂ ⊆ (gR̂ ∩ R)R̂ ⊆ gR̂. It follows that gR̂ = c(g)R̂. Now let J be any

nonzero ideal of R̂. Say J = (f1, . . . , fn) with each fi 6= 0. Then by the above,

J = (
∑n

i=1 c(fi))R̂. �

This yields the following useful necessary criterion for Ohm-Rushness of the
completion map:

Corollary 2.5. Let (R,m) be a Noetherian local ring and (R̂, n) its m-adic

completion. Suppose there is some nonzero g ∈ R̂ such that gR̂ ∩R = 0. Then
the completion map R→ R̂ is not Ohm-Rush.

Proof. If it is Ohm-Rush, then by Theorem 2.4, gR̂ = rR̂ for some r ∈ R. In
particular, r 6= 0. But then 0 = gR̂ ∩ R = (rR)R̂ ∩ R = rR 6= 0, which is
absurd. �

This theorem allows us to use a result of Hassler and Wiegand regarding
extended modules. First recall the following:

Definition 2.6 ([9]). Let R and S be Noetherian local rings and (R,m) →
(S, n) a flat local homomorphism. Given a finitely generated S-module N , we
say N is extended (from R) provided there is an R-module M such that S⊗RM
is isomorphic to N as an S-module.

Remark 2.7. Note that the R-module M is forced to be finitely generated, by
[1, Ch. 1, §3(6), Proposition 11]. Moreover, if mS = n, then µR(M) = µS(N)
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(where we use the symbol µ to denote the minimal number of generators of
a module). To see this, recall the well-known formula that for a finite-length
R-module L, if S/mS has finite vector-space dimension over R, then we have
λS(S ⊗R L) = λS(S/mS) · λR(L). Thus,

µS(S ⊗R M) = λS((S ⊗R M)/n(S ⊗R M)) = λS((S ⊗R M)/m(S ⊗R M))

= λS(S ⊗R M/mM) = λS(S/mS) · λR(M/mM) = 1 · µR(M).

In particular, N is a cyclic S-module if and only if M is a cyclic R-module.
It follows that J is an extended ideal from R (in the usual sense) ⇐⇒

S/J is an extended S-module from R in the Hassler-Wiegand sense. For one
direction, if J is an extended ideal, then J = IS for some ideal I of R, whence
S/J = S/IS ∼= S ⊗R R/I. For the other direction, if S/J is extended from
R, say S/J ∼= S ⊗R M , then by the above, we have 1 = µS(S/J) = µR(M),
whence M is cyclic. In particular, M ∼= R/I, where I = annR(M). Thus,
S/J ∼= S ⊗R R/I = S/IS as S-modules, whence J = IS.

Recall the following useful result on extended modules:

Proposition 2.8 ([9, Corollary 4.5]). Let (R,m) and (S, n) be one-dimensional
Noetherian local rings, and let (R,m) → (S, n) be a flat local homomorphism
such that n = mS and the induced map R/m → S/mS of residue fields is an
isomorphism. Let K(S) be the quotient ring of S obtained by inverting the
complement of the union of the height zero primes of S. The following are
equivalent:

(1) For any finitely generated S-module N such that K(S)⊗S N is projec-
tive as a K(S)-module, N is extended from R.

(2) The natural map Spec (S)→ Spec (R) is bijective.

Next is the main theorem of this section.

Theorem 2.9. Let (R,m) be a 1-dimensional reduced Noetherian local ring.
Then the following are equivalent:

(1) Every finitely generated R̂-module is extended from R.

(2) Every ideal of R̂ is extended from R.

(3) Every prime ideal of R̂ is extended from R.

(4) R̂ is reduced and the natural map Spec (R̂)→ Spec (R) is a bijection.

(5) The completion map R→ R̂ is Ohm-Rush.

(6) The completion map R→ R̂ is Gaussian.

Proof. If R̂ is reduced and the Spec map is bijective, then K(R̂) is a finite
product of fields, so all modules over it are projective. Hence by Proposition 2.8,
all finite R̂-modules are extended. Thus (4) =⇒ (1). The fact that (1) =⇒
(2) follows from Remark 2.7. The implication (2) =⇒ (3) is trivial. The
equivalence of the three conditions (2), (5) and (6) follows from Theorem 2.4.

For the implication (3) =⇒ (4), suppose that all prime ideals of R̂ are

extended from R. If P is a prime ideal of R̂, let J be an ideal of R with
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P = JR̂, then P ∩ R = JR̂ ∩ R = J by purity of the map R → R̂. Hence,
P = JR̂ = (P ∩ R)R̂. Now let P, P ′ ∈ Spec R̂ with P ∩ R = P ′ ∩ R̂. Then

P = (P ∩ R)R̂ = (P ′ ∩ R̂)R̂ = P ′. Hence, the Spec map is injective. For
surjectivity, we need to show that all prime ideals of R are contracted from
prime ideals of R̂, so let p be a prime ideal of R. If p = m, then p = mR̂∩R = m
is contracted from the maximal ideal of R̂. If p is a minimal prime of R,
then by the Going-Down property (associated to the inclusion p ⊂ m and the

contraction m = m̂ ∩ R) there is some prime P of R̂ lying over p. Since prime

ideals of R̂ are extended, we have P = (P ∩R)R̂ = pR̂. Thus, pR̂ is prime and

pR̂ ∩ R = p, so the Spec map is surjective. Thus, it is bijective, and we have
moreover shown that every prime ideal of R̂ is of the form pR̂, where p is a
prime ideal of R.

Finally, we want to prove that R̂ is reduced. For this, let P1, . . . , Pn be
the minimal primes of R̂. Then we have Pj = pjR̂, where p1, . . . , pn are the

minimal primes of R. So the nilradical of R̂ is
⋂n

i=1 Pi =
⋂

i(piR̂) = (
⋂

i pi)R̂
since the completion map is flat. But

⋂n
i=1 pi is the nilradical of R, hence 0

since R is reduced. Thus, the nilradical of R̂ is also zero. �

In particular, for a 1-dimensional Noetherian local ring whose completion is
a domain, the completion map is Gaussian:

Corollary 2.10. Let (R,m) be a Noetherian local integral domain of Krull

dimension 1. Then the map R→ R̂ is Gaussian if and only if it is Ohm-Rush
if and only if R is analytically irreducible.

However, the above results do not extend to higher dimension, even in the
case of regular local rings essentially of finite type over a field, as the following
example demonstrates:

Example 2.11. Let R = k[x, y, z1, . . . , zn](x,y,z1,...,zn) where k is a field with

char(k) 6= 2. Then R̂ = k[[x, y, z1, . . . , zn]]. Let f := x2 − y2(y + 1). By the
Eisenstein irreducibility criterion applied to the prime element y + 1 of k[y]
in the polynomial extension R = k[y][x, z1, . . . , zn], we have that f is a prime
element of R. However, the coefficients in the Maclaurin expansion of the
square root of y+1 can be written with denominators that only involve powers
of 2. Hence, since 1/2 ∈ R ⊆ R̂, y + 1 has a square root in R̂. Therefore,

f = x2−y2(y+1) = (x+y
√
y + 1)(x−y

√
y + 1) presents f ∈ R̂ as a nontrivial

product of elements of the maximal ideal of R̂. It follows that fR̂ is neither
prime nor the unit ideal. Hence, since the extension fR̂ of the prime ideal
fR of R is not prime in R̂, R → R̂ is not a content algebra. But then by
Theorem 2.4, it cannot even be Ohm-Rush.

We also note that if char(k) = 2, then f := x3− y3(y+ 1) is also irreducible
in R by the Eisenstein criterion. We leave it to the reader to apply (the
generalized) Hensel’s Lemma to see that y + 1 has a cube root in k[[y]], from
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which it follows that f is not irreducible in R̂. Thus in this case as well R̂ is
not a content R-algebra.

3. Globalization of the Ohm-Rush property over a one-dimensional
Noetherian domain

In this section, we analyze the question of whether and when the Ohm-
Rush property globalizes over a 1-dimensional Noetherian domain base. That
is, when N is a faithfully flat R-module such that Nm is an Ohm-Rush Rm-
module for every maximal ideal m of R, does it follow that N is an Ohm-Rush
R-module? We will see that the answer is ‘yes’ if

(1) R is a Dedekind domain and N is a Noetherian module over some
R-algebra (See Theorem 3.4), or

(2) R is a 1-dimensional integral domain and N is a Noetherian R-algebra
that is an integral domain (See Theorem 3.6).

We end the section with two examples, one of which is a faithfully flat Z-algebra
that is Ohm-Rush locally but not globally.

We start with a criterion to detect when a faithfully flat algebra over a DVR
is a content algebra.

Proposition 3.1. Let (R,m) be a DVR, and let S be a faithfully flat R-algebra.
Then S is a content R-algebra (equivalently Gaussian) if and only if mS ∈
SpecS and

⋂
n m

nS = 0.

Proof. By [10, Exercise 1.1(5)], J =
⋂

n m
nS is a prime ideal of S. If R → S

is a content algebra, then we know that mS and (0) are prime ideals of S, and
ht (mS) = ht (m) = 1 by [7, Theorem 5.4]. So the intersection must be 0.

For the converse, first note by [15, Proposition 2.1] that S is an Ohm-Rush
R-algebra. Then since mS is prime, and m is the only maximal ideal of R, an
appeal to [5, Theorem 4.7] finishes the proof. �

For Dedekind domain bases, the criteria for a faithfully flat map being Ohm-
Rush are a bit more subtle. We begin with a lemma about detecting the Ohm-
Rush property over a 1-dimensional Noetherian domain:

Lemma 3.2. Let R be a 1-dimensional Noetherian domain. Let M be a flat
R-module (or at least an R-module where extension of ideals commutes with
finite intersection), and let 0 6= f ∈ M . Then f ∈ c(f)M if and only if Lf

satisfies the descending chain condition.

Proof. If f ∈ c(f)M , then c(f) 6= 0, and c(f) is the unique minimal element of
Lf . Hence, the ideals of Lf are in one-to-one order-preserving correspondence
with the ideals of the Artinian ring R/c(f). Hence Lf satisfies DCC.

Conversely, suppose Lf satisfies DCC. Since it is nonempty (e.g. R ∈ Lf ),
it contains a minimal element. Moreover, suppose that I, I ′ ∈ Lf , with I
minimal. Then we have f ∈ IM ∩ I ′M = (I ∩ I ′)M , so I ∩ I ′ ∈ Lf . By
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minimality of I, it follows that I = I ∩ I ′, whence I ⊆ I ′. Thus, every element
of Lf contains I, so I = c(f) ∈ Lf , whence f ∈ c(f)M . �

We next present a criterion for a flat module over a Dedekind domain to be
Ohm-Rush.

Theorem 3.3. Let R be a Dedekind domain, and let M be a flat (i.e., torsion-
free) R-module. Let 0 6= f ∈ M . Then f ∈ c(f)M if and only if the following
two conditions hold:

(1) Lf ∩ SpecR is finite, and
(2) There is some n ∈ N such that for all p ∈ SpecR, f /∈ pnM .

Hence M is an Ohm-Rush module if and only if (1) and (2) hold for every
nonzero f ∈M .

Proof. First suppose f ∈ c(f)M . Since R is a Dedekind domain and c(f) 6= 0,
there is a unique (up to ordering) prime decomposition of c(f). Say c(f) =∏t

j=1 P
nj

j , where the Pjs are distinct maximal ideals of R, t ≥ 0, and each

nj ≥ 1. If P ∈ Lf ∩ SpecR, then f ∈ PM , whence c(f) ⊆ P . Thus some
Pj ⊆ P , so Pj = P . That is, Lf ∩ SpecR = {Pj | 1 ≤ j ≤ t} is finite. Now set
n := max{nj | 1 ≤ j ≤ t} + 1. If f ∈ pnM for some p, then p = Pj for some
1 ≤ j ≤ t. Then f ∈ Pn

j M , whence c(f) ⊆ Pn
j . It follows that P

nj

j ⊆ Pn
j ,

whence nj ≥ n, which is a contradiction.
Conversely, suppose f /∈ c(f)M . Then by Lemma 3.2, Lf admits an in-

finite descending chain J0 ) J1 ) J2 ) · · · . Suppose that (1) holds. Say
Lf ∩ SpecR = {P1, . . . , Pt}. Then these are the only primes in the prime de-
compositions of the Ji. By the proper containment condition, for each j ∈ N,
there is some aj ∈ {1, . . . , t} such that Jj+1 ⊆ JjPaj

. Let n ∈ N. By the
pigeonhole principle, J(n−1)t+1 ∈ Pn

i for some 1 ≤ i ≤ t. Since n was arbitrary,
(2) fails. �

The above then allows us to show that the property of being a faithfully flat
Ohm-Rush algebra over a Dedekind domain globalizes, at least when the target
ring is Noetherian. We will later see (cf. Example 3.8) a counterexample over
Z when the target ring is not Noetherian.

Theorem 3.4. Let R be a Dedekind domain. Let R → S be a ring homo-
morphism. Let M be a Noetherian S-module, considered as an R-module via
restriction of scalars. Suppose that for each maximal ideal m of R, the Rm-
module Mm is faithfully flat and Ohm-Rush. Then M is a faithfully flat Ohm-
Rush R-module.

Proof. Since faithful flatness globalizes, we have that M is faithfully flat (and
hence also torsion-free) over R. Let 0 6= f ∈ M . We want to show that it
satisfies conditions (1) and (2) of Theorem 3.3.
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First note that since M is torsion-free over R, for any maximal ideal m of
R we have f/1 6= 0 in Mm. Then by Theorem 3.3 (applied to the flat Ohm-
Rush Rm-module Mm), there is some positive integer n (dependent on m) with
f/1 /∈ mnMm. It follows that f /∈ mnM .

Next we prove (1). Accordingly, let 0 6= f ∈ M . Suppose f ∈ pM for
infinitely many p ∈ SpecR. Enumerate a countable set of such pi, i ∈ N, and
for each i find the unique ni such that f ∈ pni

i M \ p
ni+1
i M , whose existence is

guaranteed by the previous paragraph. Let Q0 := Sf , and inductively for each
i ≥ 1, set Qi := (Qi−1 :M pni

i ). This is an ascending chain of S-submodules of
M (i.e., Qi−1 ⊆ Qi for all i ≥ 1). Since M is a Noetherian S-module, we just
need to prove the chain is strict to get a contradiction.

Claim 1. For all t ≥ 1, Qt−1 ⊆ pnt
t M .

Proof of Claim 1. Let x ∈ Qt−1. Then by an easy induction, we have(
t−1∏
i=1

pni
i

)
x ⊆ Q0 = Sf ⊆

(
t∏

i=1

pni
i

)
M.

To see the last containment, we have

f ∈
t⋂

i=1

(pni
i M) =

(
t⋂

i=1

pni
i

)
M by flatness

=

(
t∏

i=1

pni
i

)
M since R is a Dedekind domain.

Thus, we have

x ∈

((
t∏

i=1

pni
i

)
M :M

(
t−1∏
i=1

pni
i

))

=

(
t∏

i=1

pni
i :R

t−1∏
i=1

pni
i

)
M again by flatness

= pnt
t M again since R is Dedekind. �

Claim 2. For any t ≥ 0, we have Qt * ptM .

Proof of Claim 2. Let W be the complement of the set
⋃t

i=1 pi in R. Write
A = W−1R, B = W−1S, and N = W−1M . It is enough to show that
W−1Qt is not contained in ptN . Since localization commutes with colon and
finite products, we may assume (by replacing R with A) that R is a semilocal
Dedekind domain, hence a PID. After which, we have that each pi is principal,
say with generator pi. Thus, f = pn1

1 · · · p
nt
t g for some g ∈ M . Therefore,

Qt = (Sf :M (
∏t

i=1 p
ni
i )), whence g ∈ Qt. So if the claim is false, g ∈ ptM ,

which implies that f ∈ pnt+1
t M , a contradiction to our construction of nt. This

finishes the proof of the claim. �
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Since Qt−1 ( Qt for all t ≥ 1, we have a strict ascending chain of S-
submodules of M , contradicting the fact that M is Noetherian as an S-module.

Finally, to prove (2), let p1, . . . , pk be the elements of Lf ∩ SpecR. By the
second paragraph of the proof, for each 1 ≤ i ≤ k there is some positive integer
ni with f /∈ pniM . Set n := max{ni : 1 ≤ i ≤ k}. Then for each i, we have
f /∈ pni M . But for any other maximal ideal m of R, we have f /∈ mM , whence
f /∈ mnM , completing the proof of (2) from Theorem 3.3, and thus the proof
that M is an Ohm-Rush R-module. �

Corollary 3.5. Let R be a Dedekind domain. Let R → S be a Noetherian
R-algebra such that for every maximal ideal m of R, Sm is a faithfully flat
Ohm-Rush Rm-algebra. Then S is a faithfully flat Ohm-Rush R-algebra.

Proof. Substitute M = S in Theorem 3.4. �

One could also obtain a corollary to Theorem 3.4 by substituting R = S,
but this is unnecessary since any flat finitely generated module is projective
[11, Corollary to Theorem 7.12], and any projective module is Ohm-Rush [15,
Corollary 1.4].

By a quite different proof, we next present a theorem that weakens the condi-
tion on R (to being merely a 1-dimensional Noetherian domain) but strengthens
the condition on M and S (requiring S to also be a domain and M = S).

Theorem 3.6. Let R be a 1-dimensional integral domain. Let R → S be a
faithfully flat map, where S is a Noetherian integral domain. Assume that for
each maximal ideal m of R, we have that Rm → Sm is Ohm-Rush (where in
both cases, we are inverting the multiplicative set R \ m). Then R → S is
Ohm-Rush.

Proof. First we prove the result under the apparently stronger assumption that
for any finite set X = {m1, . . . ,mt} of maximal ideals of R, we have that the

map W−1R → W−1S is Ohm-Rush, where W := R \
⋃t

i=1 mi. We introduce
the notation RX := W−1R and SX := W−1S for this.

Accordingly, let 0 6= f ∈ S. If c(f) = (1), then f ∈ c(f)S. Otherwise let
P1, P2, . . . , Pn be the primes of S minimal over fS. Let X := {p1, p2, . . . , pn},
where pi = Pi ∩R. Claim: Lf ∩ SpecR ⊆ X. To see this let p ∈ Lf ∩ SpecR.
Note that 0R /∈ Lf , since f 6= 0. Hence ht p = 1. Let P ∈ SpecS be minimal
over pS. Then since S is Noetherian and faithfully flat over R, R is also
Noetherian by [11, Exercise 7.9], and so htP = 1 by [11, Theorem 15.1]. But
fS is not in any height zero prime of S (since, again, f 6= 0 and S is a domain),
so P is minimal over fS. Thus, P = Pi for some i, whence p = P ∩ R (by
faithful flatness) = Pi ∩R = pi ∈ X.

Now let I ∈ Lf . Then IRX ∈ Lf/1 where f/1 is the image of f in SX .
By our assumption RX → SX is Ohm-Rush, whence f/1 ∈ c(f/1)SX , so
that in particular c(f/1) 6= 0 since f/1 6= 0 by torsion-freeness of S over R.
Let J := c(f/1) ∩ R, which is thus also nonzero. We have c(f/1) ⊆ IRX
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by definition. But also we have IRX ∩ R = I. To see this, first note that
V (I) ⊆ Lf ∩ SpecR ⊆ X by the previous paragraph. In particular, all the
associated primes of I are in X. So let a ∈ R \ I. Then (I : a) ⊆ p for some
associated prime p of R/I (since R is Noetherian), hence for some p ∈ X.
Thus, a/1 /∈ IRp. Since IRp ⊇ IRX , we conclude that a /∈ IRX ∩ R. Thus,
J = c(f/1) ∩R ⊆ IRX ∩R ⊆ I. But since I ∈ Lf was arbitrary, we have that
Lf is in one-to-one correspondence with some set of ideals in the Artinian ring
R/J . Hence Lf satisfies the descending chain condition. Thus by Lemma 3.2,
f ∈ c(f)S.

To complete the proof, all we need is the following result. �

Proposition 3.7. Let R be a Noetherian, 1-dimensional, semilocal domain.
Let S be a Noetherian R-algebra. If Sm is Ohm-Rush over Rm for all maximal
ideals m of R, then S is Ohm-Rush over R.

Proof. Let 0 6= f ∈ S with c(f) 6= (1). Let I ∈ Lf . Let m1, . . . ,mn be the
set of maximal ideals of R. For each 1 ≤ i ≤ n, let ci be the content function
associated to Rmi

→ Smi
. Since f ∈ IS, we have f/1 ∈ ISmi

= (IRmi
)Smi

,
whence IRmi ∈ Lf/1 for each i = 1, . . . , n. Thus 0 6= ci(f/1) ⊆ IRmi for each
i. Hence ci(f/1) ∩ R is not zero and is contained in IRmi

∩ R. Furthermore
I =

⋂
i(IRmi

∩R). Hence
⋂

i(ci(f/1) ∩R) ⊆ I.
Now let J =

⋂
i(ci(f/1) ∩ R). Since J is a finite intersection of nonzero

ideals in the integral domain R, we must have that J 6= 0. But J is contained
in every element of Lf . Since R/J is Artinian, Lf thus satisfies the descending
chain condition. So f ∈ c(f)S by Lemma 3.2. �

It is reasonable to ask whether the Noetherian condition on the S-module
M in Theorem 3.4 and on the ring S in Theorem 3.6 can be dropped. The
following example shows that these conditions are necessary.

Example 3.8. At the beginning of [3], Eakin and Silver give the following
example. Let R = Z, let x be an indeterminate, and let S be the Z-subalgebra
of Q[x] generated over Z by the elements x/p, taken over all positive prime
numbers p. As they note, this ring is locally a polynomial ring over Z, for if we
take any particular prime number p, localizing Z→ S at the multiplicative set
Z\pZ yields the ring map Z(p) → Z(p)[x/p]. Therefore, SpZ ∼= Z(p)[x/p] satisfies
the much weaker condition of being an Ohm-Rush Z(p)-algebra. However, Z→
S is not Ohm-Rush, since for any prime number p, we have x = p(x/p) ∈ pS,
whence c(x) ⊆

⋂
p pZ = 0, even though x 6= 0, so that x /∈ c(x)S.

Example 3.9. From the same article, we can recover a Gaussian algebra that
is locally polynomial but not finitely generated. Namely, in [3, Example 3.15],
they construct a Z-algebra S that is a Noetherian UFD that is not finitely
generated over Z, such that for every positive prime number p, we have (Z \
pZ)−1S ∼= Z(p)[x]. Then either Theorem 3.6 or Theorem 3.4 is enough to show
that S is an Ohm-Rush R-algebra. After this, an appeal to the fact that the
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Gaussian property globalizes [7, Proposition 3.3] proves that S is a Gaussian
Z-algebra, since a polynomial extension in one variable of the Prüfer domain
Z(p) is always Gaussian by Gauss’s lemma.

4. Power-content algebras

Rush in [17] defined a weak content algebra over R as an Ohm-Rush algebra

S such that
√
c(fg) =

√
c(f)c(g) for all f, g ∈ S. As indicated by the termi-

nology, any content algebra is a weak content algebra. In this final section, we
explore a property strictly between Ohm-Rush and weak content algebra.

First, we recall the notion of the content of an ideal :

Definition 4.1 ([5, just prior to Lemma 3.8]). Let R → S be an Ohm-Rush
algebra and J an ideal of S. Then c(J) :=

⋂
{I ⊆ R ideal : J ⊆ IS}. Equiva-

lently, c(J) =
∑

g∈S c(g). Hence, J ⊆ c(J)S.

Definition 4.2. Let R → S be an Ohm-Rush algebra. We say it is a power-
content algebra if for any ideal J of S, we have c(

√
J) ⊆

√
c(J).

Lemma 4.3. Let R→ S be an Ohm-Rush algebra. Then it is a power-content
algebra if and only if for any radical ideal I of R, we have that IS is a radical
ideal of S.

Proof. Suppose we have a power-content algebra, and let I be a radical ideal
of R. Let f ∈

√
IS. That is, there is some n with fn ∈ IS. Then c(fn) ⊆ I.

Since f ∈
√

(fn), we have c(f) ⊆ c(
√

(fn)) ⊆
√
c(fn) ⊆

√
I = I. Thus,

f ∈ IS, whence IS is radical.
Conversely, suppose radical ideals extend to radical ideals. Let J be an ideal

of S. Then
√
c(J)S is a radical ideal of S, and J ⊆ c(J)S ⊆

√
c(J)S, whence

we have
√
J ⊆

√
c(J)S. Thus, c(

√
J) ⊆

√
c(J). �

We immediately see two distinctions among content-defined classes of R-
algebras.

Example 4.4. Not all faithfully flat Ohm-Rush algebras are power-content.
For instance, consider the ring homomorphism R → R[x]/(x2) =: S, where R
is any commutative ring and x is an indeterminate over R. Then it is faithfully
flat and Ohm-Rush, since S is a free R-module of rank 2. But it is not power-
content, since

√
c(0) =

√
0, but c(

√
0) ⊇ c(x) = R, whereas the nilradical of a

nonzero ring is always a proper ideal.

Example 4.5. Not all faithfully flat power-content algebras are weak content
algebras. For instance, let R be any commutative ring, let x, y be any inde-
terminates over R, and consider the algebra R → R[x, y]/(xy) =: S. Again it
is a faithfully flat Ohm-Rush algebra because it is free as an R-module. Let
p be a prime ideal of R. Then xy = 0 ∈ pS, whereas x /∈ pS and y /∈ pS.
Hence this is not a weak content algebra. But if I is a radical ideal of R,
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then S/IS ∼= (R/I)[x, y]/(xy) is reduced, as is easy to show. Hence this is a
power-content algebra.

Proposition 4.6. Let R → S be a ring homomorphism. Then it is a weak
content algebra if and only if it is a power-content algebra such that for all
ideals I, J of S, we have c(I) ∩ c(J) ⊆

√
c(I ∩ J).

Proof. First suppose it is a weak content algebra. Let I be a radical ideal of
R. Say I =

⋂
p∈U p for some subset U ⊆ SpecR. Then IS = (

⋂
p∈U p)S =⋂

p∈U (pS) by the Ohm-Rush property. But since R → S is a weak content
algebra, each pS is either prime or the unit ideal, so their intersection must be
a radical ideal. Hence by Lemma 4.3, it is a power-content algebra. Now let
I, J be ideals of S. Let p be a prime ideal of R that contains c(I ∩ J). Then
I ∩ J ⊆ pS, so that since pS is either the unit ideal or prime, either I ⊆ pS
or J ⊆ pS. Thus, either c(I) ⊆ p or c(J) ⊆ p, and in either case we have
c(I) ∩ c(J) ⊆ p. We have shown that any prime ideal that contains c(I ∩ J)

contains c(I) ∩ c(J), whence c(I) ∩ c(J) ⊆
√
c(I ∩ J).

Conversely, supposeR→ S is a power-content algebra such that c(I)∩c(J) ⊆√
c(I ∩ J) for all ideals I, J of S. Let f, g ∈ S. Then

c(f)c(g) ⊆ c(f) ∩ c(g) ⊆
√
c((f) ∩ (g)) ⊆

√
c
(√

(f) ∩ (g)
)

=

√
c
(√

(fg)
)
⊆
√√

c(fg) =
√
c(fg). �

Finally we show that the power-content property is transitive and, in the
presence of the Ohm-Rush property, globalizes. These results are analogous to
our results of this type for Gaussian, weak content, and semicontent algebras
[7, Propositions 3.1-3.3].

Theorem 4.7. Let ϕ : R→ S be a flat Ohm-Rush algebra. The following are
equivalent:

(a) R→ S is a power-content algebra.
(b) For every multiplicative subset W of R, W−1R → W−1S is a power-

content algebra.
(c) For every maximal ideal m of R, Rm → Sm is a power-content algebra,

where Sm is the localization of S at the multiplicative set ϕ(R \m).

Proof. First we prove that (a) =⇒ (b). Recall [15, Theorem 3.1] that W−1S
is an Ohm-Rush W−1R-algebra. Now let I be a radical ideal of W−1R. Let
J be the contraction of I to R. Then J is also radical, whence JS is radical
by Lemma 4.3, whence W−1(JS) = I(W−1S) is a radical ideal. Then by
Lemma 4.3 again, W−1R→W−1S is a power-content algebra.

Since it is obvious that (b) =⇒ (c), it remains only to prove that (c) =⇒ (a).
Accordingly, let I be a radical ideal of R. Let f ∈ S such that fn ∈ IS. Let
m be a maximal ideal of R. By assumption, Rm → Sm is a power-content
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algebra. Thus, ISm = (IRm)Sm is a radical ideal of Sm by Lemma 4.3. Since
(f/1)n ∈ ISm, it follows that f/1 ∈ ISm. Thus (IS :R f) * m. Since m was an
arbitrary maximal ideal of R, we have (IS :R f) = R, whence f ∈ IS. Thus,
IS is radical, whence by Lemma 4.3, R→ S is power-content. �

Theorem 4.8. Let R→ S and S → T be power-content algebras. Then R→ T
is a power-content algebra. That is, the property is transitive.

Proof. We have that R→ T is Ohm-Rush by repeated use of [15, 1.2(ii)]. Now
let I be a radical ideal of R. Then by Lemma 4.3, IS is a radical ideal of S,
whence IT = (IS)T is a radical ideal of T . Hence by Lemma 4.3 again, R→ T
is power-content. �
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