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ABSTRACT. In this paper, we present and prove new existence and uniqueness fixed point
theorems for vector operators having a mixed monotone property in partially ordered
product Banach spaces. Our results extend and improve existing works on 7-p-concave
operators in the scalar case. As an application, we study the existence and uniqueness of
positive solutions for systems of nonlinear Neumann boundary value problems.

1. Introduction

In [25], C. B. Zhai and X. M. Cao introduced the concept of 7-¢p-concave opera-
tors A: P — P, where P is a cone in a Banach space, and proved the existence and
uniqueness of fixed points for such operators. They did so without requiring upper
and lower solutions, compactness or continuity conditions. Krasnoselskii [15] stud-
ied wp-concave operators with ug > 6. In [27], Zhang and Zhai used the fixed point
theorem for increasing a-concave operators to obtain the existence and uniqueness
of positive solutions for Neumann boundary value problems. The same authors in
[26], proved new fixed point theorems for mixed monotone operators, and then they
established some criterions for the local existenceuniqueness of positive solutions to
some boundary value problems.

Indeed, there has been much attention focused on problems of positive solutions
for diverse nonlinear boundary value problems (See, for instance, [5, 6, 7, 8, 9, 10,
11, 12, 13, 14, 16, 17, 18, 19, 20, 21, 22, 23, 24]). However, most of these works
studied the scalar case. Therefore, motivated by some papers, for example [25, 26]
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614 A. Sadrati and D. Aouragh

and the references therein, we propose in the present work to extend a fixed point
theorem and its application to the vector case. In other words, we construct a fixed
point theorems for a vector operator, and then we apply it to systems of nonlinear
Neumman boundary value problems of the following type

(1) + 0%2(t) = A (t (D), 2(0).y(0), 0 <t <1,
(1.1) /() + <Py(0) = Balt, (1) y(0)w(e), 0 <1< 1,
2(0)=2'(1) =1, y(0) =y/(1) = 0,

~—

t,
¢

8 8
>

)

in order to obtain existence and uniqueness of the positive solution.

Let (E,||.]|) be a real Banach space which is partially ordered by a cone P C E,
ie.,x S yifand only ify—x € P. If x < y and x # y, then we denote x < yor y > .
By 0 we denote the zero element of E. Recall that a non-empty closed convex set
PCEIS&COnelfltsatlbﬁeb()I‘EP/\>0=>/\$€P (ii)x € P,—x € P=x =0.

A cone P is said to be solid if its interior P is non-empty. P is called normal if there
exists a constant N > 0 such that, for all z,y € E,0 < 2 < y implies |z|| < N||yl|;
in this case N is called the normality constant of P.

For all z,y € F, the notation & ~ y means that there exist A > 0 and u > 0
such that Az < y < pa. Clearly ~ is an equivalence relation. Given h > 6 (i.e.,
h € P and h # 0), we denote by Py, the set P, = {x € E : x ~ h}. It is easy to see

that for h € P, P, C P is convex and APy, — P, for all A > 0. It P # @ and h € P,

[e]
it is clear that P, = P. Let us give the definition of mixed monotone operators
with three variables as it is known in the literature.

Definition 1.1.([3]) Let (X, <) be a partially ordered set and A : X x X x X — X.
Then the trivariate operator A is said to have the mized monotone property if
A(.,u,y) and A(z,u,.) are monotone non-decreasing, and A(z,.,y) is monotone
non-increasing, i.e., for any z,u,y € X

21,29 € X, 1 229 = A(x1,u,y) 2 A(z2,u,y),
ur,ug € X, up 2 us = Az, u1,y) = Az, u2,y),
yi,y2 € X, 11 2y = Az, u, 1) 2 Az, u, y2).

The organization of this paper can be described as follows. In section 2, after
introducing the definition of cooperative and competitive mixed monotone vector
operators, we present two fixed point theorems corresponding to these two cases.
We prove the first result and leave the second to the reader, since the steps of the
proof will be analogous. In section 3, we give some applications of the results ob-
tained in section 2 on the existence and uniqueness of solutions of system (1.1). Our
results will be illustrated by concrete examples.
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2. Fixed Point Theorems

Inspired by the works [25] and [26], we present in this section our fixed point
theorems for a system of two operators with three variables, which can be written
as a vector operator. In other words, if (X, <) is a partially ordered set and, if
A, As : X X X x X — X are two operators, then we define the vector operator
b = (Al,AQ) XXX xXxX — XX )(7 noted ® = (Al,AQ), by
(2'1> (I)(x7 Y, u, U) = (Al(xa u, y)? Ag(x, v, y))7 Vr,y,u,v € X.

Then, we introduce the following definition.

Definition 2.1. Let (X, <) be a partially ordered set. Let A;, Ay : X x X x X —
X be two operators and ® = (A4, A2) be given as in (2.1).

(i) We say that the operator ® = (Aj, As) is a cooperative mixed monotone
vector operator if A;, As are mixed monotone as in Definition 1.1.

(ii) We say that ® = (A, As) is a competitive mixed monotone vector oper-
ator if Ay(.,u,y), Aa(x,u,.) are monotone non-decreasing, and A;(z,.,y),
Ai(z,u,.), As(z,.,y), A2(.,u,y) are monotone non-increasing.

2.1. Cooperative mixed monotone vector operator

Lemma 2.2. Let E be a real Banach space and P be a cone in E. Consider two
operators Ay, As : P x P X P — P such that ® = (A1, As) satisfies the following
conditions:

(C1) ® = (A1, As) is cooperative mized monotone, and there exist h,k € P with
h # 0,k # 0 such that

(2.2) Ay(h,h,k) € Py and Ay(h,k, k) € Py;

(Cy) There exist positive-valued functions 11, T on interval (a,b), p1, 92 on (a,b)x
(a,b) x P x P x P and ¥1,%2 : (a,b) X (a,b) x (0,1] such that
(i) 71,72 : (a,b) — (0,1) are surjections.
(ii) For any z,u € Py, for any y,v € Py, for any t,s € (a,b) and any

e € (0,1]
(2.3)
inf @1(@ S, T, U, y) = 1/}1 (ta S, 5) > min{Tl (t)v 7.2(5)}7
@,u€leh, L h]y€lck, L k]
inf @a(t, s, 2,0,y) = b2(t, 5,6) > min{7i(t), 72(s)}
z€leh,Lh]v,y€lek, L k]
and
Al (Tl (t)x7 7““’ TQ(S)Z/) i Spl(t7 S$,T, U, y)Al(iU, u, y)7
(2.4) )

1
’7'1(
1
(

A2 <Tl (t)l’, 7_275)1)7 T2(s)y> t 902(753 S, Z,, y)AQ(xa v, y)
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Then Ay : Py X Py X Py — Py, Ag : Py X Py, X Py —> P,.. Moreover, there exist
Zo,ug € Pr, yo,v0 € Py and r € (0,1) such that

(2.5) rug = To = U, p xo = A1 (o, u0,Y0) = A1(uo, zo,v0) = uo,
. an
rvp X Yo = Vo yo = Aa(z0,v0,%0) = A2(uo, Yo, vo) = vo.

Proof. For any x,u € P, and y,v € Py there exists A, € (0,1) such that

1 1
Ah 2 x,u < )\—h and Ak =y, v =< )\—k.

*

It follows from (C3)(i) that there exist t.,s. € (a,b) such that 7 (¢,) = Ay and
T2(84) = A«, which gives

1 1
Ti(ty)h R x,u X ——h and 7o(s )k <y, v X ——k.
1(t) . 2(s:)k 2y )

Then, by the mixed monotone properties of operators A;, As and condition (Cs)(i1),
we have

A = A * y N *
1w, u,y) = Ay (Tl(t )h Tl(t*)h Ta(s )k;)
= @1(t*, Sxs ha h7 k)Al(hv ha k)

and

1 1
- b -
Al(x,u7y) = Al (Tl(t*)h77'1(t*)h7 TQ(S*)k)
1

j Al (h’7 h7 k)
©1(ts, 54, ﬁh;ﬁ(t*)}h ﬁk)
From Ay (h, h, k) € Py, we have A1(x,u,y) € P, and hence, Ay : P, x P, X Py, — Pj,.
Analogously we obtain Ay : P, X Py X P, — Pg.
Now, since Ay (h,h,k) € Py, Aa(h, k, k) € Py, there exists \g € (0,1) such that

1 1
Aoh 2 Ar(h,h k) = )\—h and Ak < As(h,k, k) < )\—k:.
0 0

It follows from (C5)(i) that there exist tg,so € (a,b) such that 71(t9) = Ao and
T2(s0) = Ao, which gives

1 1
< A
7_1(150)h and 7o(sg)k = As(h, k,k)T2(so)

Set g9 = min{7y(to), 72(s0)}. Then we have 1;(to, s0,¢5) < i(to, 50,64 "), for
all n =1,2,... and ¢ = 1,2. By (C2)(#), we can choose a positive integer m such
that

(27) [T [l )] L g 11 Llond)], L
i=1

- €
=1 0 0 0

(2.6) T1 (to)h =< Al(h, h, k) =< k.

€0
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Put g = €g*h, up = L h, vy = —k and yo = €'k. It is clear that zg,ug € P, with

To = ed™ug < ug and Yo, Vo € Pk with yo = e2™vy < vg. Furtheremore, for any

€ (0,e2™) C (0,1), xp = rug and yo = 7vy. Also, by the mixed monotone prop-
erties, A1 (wo,uo,y0) = A1(uo, To,vo) and Az(wo,vo, yo) = A2(uo, Yo, v0). Moreover,
combining (C3)(i4) with (2.6) and (2.7), we have on the one hand,

1 1 L
i T e (o)

1 m—1
g ")

_ To(s0)]™ !
e o)
1

= Y1 (to, 50,6 1) Ay <[Tl(t°)]m%’ [ra(to)]m 1

= 1 (to, S0, 0" )01 (to, S0, 1) A1 (R, b, k)
= 1 (to, 0,0 )1 (to, S0, 1) 71 ()b
= Y1(to, 50,€0")---Y1(to, 50, €0)e0h

A1 (wo, w0, y0) = Ax (ﬁ(to)[n(to)]mlh,
= p1 (to,so, [71(to)]™ th

A (I,

b (sl )

On the other hand,

1
Aq(ug, zg,v 71 (¢ h,——k
( 0, L0 O (7_1 tO 1( 0)] [7-2(50)]7” )
1
w%t%MM)hM%me&w@
1
T mlh,k)
( (11 to b Inlto)] [T2(s0)]™ !
1 1
< A h, [r1(t mlh,k)
-mum%¢0>1<m0ﬂm4 S T
1 1
Ay(h ke
~ ¥1(to, s0,€5")  1(to, S0, €0) 1 )
1 1 1 L
~ 11 (to, S0,€0") " Ui(to, so.€0) Ti(to)
1
j 7mh = Ugp.
€o
in a similar way, we obtain
As(xo,v0,y0) = yo and Az(uo, yo,v0) = vo. O

Theorem 2.3. Let P be a normal cone in a Banach space E. Consider two
operators Ay, As : P X P x P — P such that (C1), (C2) in Lemma 2.2 hold. Then
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618 A. Sadrati and D. Aouragh

the operator ® = (A1,As) : Py X Py X P, X Py — P, X Py, defined by (2.1),
has a unique fized point (z*,y*) € Pp X Py, that is, ®(a*,y*,z*,y*) = (¢*,y*), or
equivalently Ay (x*, z*,y*) = «* and As(z*,y*,y*) = y*. Moreover, for any initial
To,ug € P, and yg,vg € Pk, constructing successively the sequences

Tpn = Al(xnfl,unflvynfl)v Yn = A2($n717vn71,yn71),

n=172
Up = Al(un—hxn—lavn—l)v Un = A2(un—17yn—1vvn—1)7

(2.8) 25,
we have ||z, — x*|| — 0, |Jup — 2*|| — 0 and ||y, — v*|| — O, ||lvn —y*|] — O
(as n — o).

Proof. Let xg,ug € Pr, yo,v0 € P and r € (0,1) be as obtained in Lemma 2.2 . By
constructing successively the sequences as in (2.8), and using Lemma 2.2 combined
with the mixed monotone property of the operators Ay, Ay, we obtain

To 2T 2. 2Ty 2 DUy 2 S Up X U,
Y231 2 DY D vy 2 2 2 g

In addition, we have

Tp 2= To 2= TUQ = TlUp,
n=12,..
Yn = Yo = TV = T'Un,

We put
rn =sup{r >0:xz, = ru, and y, = rv,}, n=1,2,...
Then, z,, = ru, and y, = r,v,, n = 1,2, ..., and therefore

Tpgl & Tp 2= Tply = Tplnil, 1.9
n=12,..
Yn+1 = Yn b T'nUn = TnUn+1,

Hence, 7,41 > Ty, that is, {r,} is an increasing convergent sequence with {r,} C
(0,1]. Set r* = lim,,_, o 7. We claim that r* = 1, otherwise, 0 < r,, < r* < 1.
By (C2)(4), there exist t*,s* € (a,b) such that 71 (¢*) = r* and 72(s*) = r*. We
distinguish two cases.

First case. There exists ng such that r,, = r*.
r, = r* and

Thus, for all n > ng we have

1
Tnt+l = Al (xn; Unp, yn) t Al <rnuna rxna Tn”n)

n

— A <7’1(t*)um ﬁxn TQ(S*)%>

i @1(t*, S*aunaxn7vn)Al(unaInvvn)

i wl (t*7 5*7 5()nl) un+17
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Analogously we have
Ynt1 = Yot 8%, 0" Jont1.
Which means that
Tn+1 = ’I"* Z min{’(/)l (t*7 8*7 €6n)7 '(/}2(75*’ S*a Em)}
> min{7 (t*), 2(s")} = r*.

This is a contradiction.

Second case. For all integer n, r, < r* < 1, then 0 < T—Z < 1. By (Cs)(i), there
r
exist ap, Bn € (a,b) such that 71 () = 2 = 79(8,). In this case we have

r*

Tn+1 = Al(xna Un, yn)

1
t Al (Tnuna 7xna Tn“n)

n

* ]
= A1 —7 *un, — —— T, —T *Un
7,* TTL 7’* 7,*

=4 (Tl(an>7"*unv #i*xnv T2(ﬂn)r*vﬂ)

T1(a,)
t ©1 O‘nyﬁnar unvi*xn7r Un Al T ’LLTHTZ'”,T Un
r r
t ¢1(05na /BTH (T*fo)m)¢1 (t*v 5*7 531)Un+1-
Analogously we obtain
ynJrl t ’(/}2 (047“ /81’7,7 (T*Eo)m)l/é (t*a 5*7 56n)Un+1~
It follows that
g1 > min{ey (i, Bn, (r7e0)™ )1 (t", 57, €0"), Yo(an, Bn, (1 e0)™ ) (t™, 5™, €0") }
> min{7y (a, )1 (t7, 8%, e0"), Ta(Bn)P2(t”, 8%, €0") }
= min{:—zwl (t*, s*,e0h), %Qlig(t*, s, e}
If n — oo, we get
r* > min{y1 (t*, s, e0"), a2 (t*, %, ¢0) }
> min{7 (t*), 2(s*)} = r*.

This is also a contradiction.
Now, by the same reasoning as in [4, Theore 2.2] and [26, Lemma 2.1] we obtain
lim,, o0 Tp = limy,, o0 Uy, = ¥ and lim, oo ¥y, = lim, oo v, = y*. Hence

Tp41 = Al(xn7un7yn) j Al(x*ax*ay*) j Al(urufrmvn) = Un+1,
Yn+1 = A2(mnyvn7yn) j A2($*’y*7y*) j A2(unaynavn) = Un+41-
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If n — o0, we get a* = Ay (z*, 2", y*) and y* = Ay(z*, y*,y*). That is, (z*,y*) is
a fixed point of ® in P, X Py.

Now, for any xzg,ug € P, and yg,v9 € Pk, we can choose a small number
A1 € (0,1) such that

1 1
)\1h = o, U = 7h’ >\1k = Yo, Vo = —k.
M A1
From (C2)(%), there exist ¢1,s1 € (a,b) such that 71 (1) = A1 = 72(s1), and hence
1
h, 72(s1)k 2 yo,vo X ——k.

_1
71(t1) T2(s1)

Similarly to Lemma 2.2, set €1 = min{[71(¢1)], [2(s1)]} and choose a sufficiently
large integer m such that

T1(t1)h = zo, up <

m

ﬁ [1/}1(751,81,89] 1 d [¢2(t1,81,5’i)] > 1
i=1 € ; &1

1 €1

Put 7o = €T'h, wy = #h, Ty = #k and 7, = e*k. Then, To,up € Pp and
Yo, Vo € Py, with Tp < 2o, uo < T and Yy < yo, v < Uo. Construct the sequences

Ty = Al(f’n—hun—la?n—l)a ?n = AQ(En—la@n—la?n—l)7

_ _ _ - - . _ - n=12,..
Up = A1<un,1,$n,1, Unfl)y Un = A2(un717yn—17 Unfl)a

Therefore, there exist (u*,v*) € P, x Py such that ®(u*,v*,u*,v*) = (u*,v*) and
limy, oo T, = liMy oo Up, = w*, limy 500 Y, = limy, 00 U, = v*. By the uniqueness
of fixed points of operator ® in Pj, X Py, we have x* = u* and y* = v*. Moreover, by
induction, T,, =X xn,Up X Uy and Y,, = Yn, Uy X Uy, for n = 1,2, ... Finally, by the
normality of the cone P we get lim,, oo T, = limy,, o0 up, = * and lim,, o0 Y =
lim,, oo U, = V. O

2.2. Competitive Mixed Monotone Vector Operator

We will give below, another result of existence and uniqueness of a fixed point
concerning competitive mixed monotone vector operators. Similarly to the case
of cooperative mixed monotone vector operators, we will have a lemma, then the
existence theorem. The steps of the proofs are not very far from those of the
previous case, for that we leave them to the reader.

Lemma 2.4. Let E be a real Banach space and P be a cone in E. Consider two
operators A1, As : P x P x P — P such that ® = (Ay, As) satisfies the following
conditions:

(C1) @ = (A1, As) is competitive mized monotone, and there exist h,k € P with
h # 0,k # 0 such that

Ay(h,h,k) € Py and Ay(h, k. k) € Py;
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(C2)' There exist positive-valued functions T on interval (a,b), 1,92 on (a,b) x
P x P x P and 41,12 : (a,b) x (0,1] such that

(i) 7:(a,b) — (0,1) is surjection.
(ii) For any x,u € Py, for anyy,v € Py, for anyt € (a,b) and any ¢ € (0,1]

inf ¥1 (ta Z,u, y) = 1/)1 (ta 8) > T(t)7
z,u€leh,Lh],yclek, L k]

inf P2 (ta €, v, y) = 1?2 (t7 5) > T<t)
z€leh,Lh]v,y€lck, k]

and

Al (T(t){l}, y) = gol(t,:c,u,y)Al(x,u,y),

1 1
HORE0)
Ay (lx iv T(t)y> = @o(t,x,v,y)As(x,v,y).
T(t) ) T(t) ) —_ ) b 9 ) )
Then Ay : Py X Py x Py — Py, Ay : Py X Py X Py, — Py. Moreover, there exist
xo,uo € Pn, yo,v0 € P and r € (0,1) such that

{Tuo = xo =X ug, and {330 = Aq(z0,u0,v0) = A1(uo, o, yo) < uo,

Tv0 = Yo X Vg Yo = Aa(uo,vo,y0) = A2(xo, Yo, v0) = vo.

Theorem 2.5. Let P be a normal cone in a Banach space E. Consider two
operators Ay, As : P X P x P — P such that (C1)" and (C2)" of Lemma 2.4 hold.
Then, the operator ® = (A1, Aa) : Py X Py X Py X Py — P, X Py, defined by (2.1)
has a unique fized point (x*,y*) € Py X Py, that is, ®(a*, y*, a*,y*) = (x*,y*), or
equivalently Ay (x*,xz*,y*) = «* and As(x*,y*,y*) = y*. Moreover, for any initial
xg,up € Pn and yo,vg € Py, constructing successively the sequences

Tp = Al(xnflaunflavnfl)» Yn = AQ(unfl,Unflaynfl)a

n=1,2
Up = A1 (Un—1,Tn-1,Yn-1), Vn = A2(Trn-1,Yn—1,Vn-1),

b2,
we have ||z, —x*|| — 0, ||up, —z*|| — 0 and ||y, —y*|| — O, |lon —y*|| — O
(as n — 0.

3. Applications

In this section, we study the existence and uniqueness of the solution to a system
of nonlinear boundary value problems (SNBVPs for short), as applications to the
fixed point theorems in the previous section.

Consider the following systems of NBVPs

—a"(t) + 0%x(t) = Mf(t,2(t), x(t
(3.1) —y"(t) +w y(t) By(t, (), y(t),y(t)), 0 <t <1,
2'(0) =2'(1) =1, y'(0) =4'(1) = 0,

~
—~
~
~—
~
S
N
~
N
—_



622 A. Sadrati and D. Aouragh

where 6 and w are positive constants, A and § are positive parameters, f and g are
continuous functions.

Note that the existence results of the scalar version of the above systems, namely
nonlinear boundary value problems (NBVPs for short), was studied by many re-
searchers (see, e.g., [2, 12, 22, 23, 24] ) by using fixed piont theorem in cone.

Let C[0, 1] be the Banach space equipped with the sup norm. Set

P ={zeC[0,1],z(t) > 0,t € [0,1]}.

It is easy to show that P is a normal cone in C|0, 1] of which the normality constant
is 1. By a positive solution of (3.1) we means a couple of functions (z,y) € C?[0, 1] x
C?[0, 1], with z(t) and y(t) are positive on (0, 1), such that (z, y) satisfies the system
of differential equations and the boundary conditions in (3.1). It is well known that
the Green’s function G,,(t, s) for the boundary problem

—2"(t) + m?z(t) =0, 0 <t <1,
(3.2) {x'(O) _ (1) =1

_ 1 ) Un(s)vm(1 - 1), <t<l1,
(33) Gm(t75) - o {wm(t)¢m(1 _ 5)7 0<t<s<l,

mt 4 e=mt) In addition, 1, (t) is increasing

where p,, = im(e™—e™™), hy, (t) = 1 (e
t), 0 <t,s < 1. Also, we have the following

inte0,1] and 0 < Gy (t,5) < Gy (8,
lemma.

Lemma 3.1.([24, Lemma 2.1]) Let G, (t, s) be the Green’s function for the boundary
value problem (3.2). Then

G (t,8) 2 Cthp (£)Vim (1 — )G (o, 8), t,to,s € ]0,1],
_ 1
where C = m

In the sequel, we will need the following notations.
For t € [0,1], let

(3-4) h(t) = ¢o(t)e(1 — ) and k(t) = Yo () (1 - 1),

where constants 6, w replace m in the BVP (3.2). Then it is easy to check that

1 1
ho = min h(t) = =(e? +e 2 +2). KO = h(t) = =(e? +e7?
0 tre%%] ®) 4(6 te+2), tgl[éa,)f} ®) 2(6 +e™),

1
ko= min k(t) = —(e¥ +e ¥ +2), k= k(t) = =(e“ +e™).
0 tre%g]() L€ e +2), fen[?,’i() 5 (e +e™)
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Now, we are able to formulate and prove the main results in this section. The
following theorems give sufficient conditions so that SNBVP (3.1) has a unique
positive solution.

Theorem 3.2. Let f,g : [0,1] x [0,00) x [0,00) X [0,00) —> [0,00) be functions
satisfying

(H1) f,g :[0,1] x [0,00) X [0,00) X [0,00) —> [0,00) are continuous functions
such that for all t € [0,1], the functions f(t,.,u,y), f(t, z,u,.), g(t, ., u,y),
g(t,z,u,.) are nondecreasing and f(t,x,.,y), g(t,x,.,y) are nonincreasing.

(H2) There exist positive-value functions 1; on (0,1), ¢; on (0,1) x (0,1) x [0, 00) X
[0,00) x [0,00) (¢ =1,2) such that
(i) 71,72 :(0,1) = (0,1) are surjections.

(it) For all x,u,y € (0,00), for all t € [0,1] and all v,v € (0,1)

1
- / (t, (e~ m(u)y) > 61 (s vy, y) F(ts 0, ),

1
g (t’Tl(IY)x7 U,TQ(V):U) > ¢2(’77 v,r,u, y)g(ta $7U,y)'
m2(v)
Moreover, for any e € (0,1)

inf ¢1(’77V7x7uay) > min{71(7)772(u)},
@,u€[cho, 2 h0],y€leko, L k0]

(3.6)

inf ©2(7, v,y u, y) > min{Ti(7), 2(v) }-
Ie[Eh(j’%ho]’u,ye[gkO’%kO]

(H3) There exist continuous functions a;,b; : [0,1] = R (i = 1,2) and numbers
p,7,q,q € R such that

¢ t
fming LEDUY g e SBTWY)

Y bt
I(z,9)|=+oo,u—0+  |(z,y)|P (z,y)|=+o0,u—0+  |(z,y)[P 1t
uniformly int € [0,1] (with |(z,y)| = |z|+ |y|is the usual norm in R xR) and

t t
lim sup f(t,z,u,y) = ay(t), lim sup 79( L)

Nz = ba(t)
[(2,9) | =0+ u—stoo (T )] (2,9) =0+ u—too (T, Y)|7

uniformly in t € [0, 1]. Moreover,

(3.7) A+@ and B+ o,

where A ={s €[0,1] : a1(s) # 0} and B = {s €[0,1] : b1(s) # 0}.
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Then, the SNBVP (3.1) has a unique positive solution (z3,ys) in Py x Py.

Proof. We are going to prove that all hypotheses of Theorem 2.3 are verified for
adequate vector operator. First, it is a standard result that (z,y) is a solution of
the SNBVP (3.1) if, and only if

1
£ = / Golt, 5) (5, 2(s), 2(s), y(s))ds,
y(t) = B / Guult, 5)g(s, 2(5), y(s), y(5))ds,

where Gy(t, s) and G,,(t,s) are the Green’s functions as in (3.2). Define
Araleus)(O) =) [ ot 015 (6)(s) (6 s,

Ay p(z,0,4)(t) = B / 2(s), 0(s), y(s))ds,

for any x,y,u,v € P and set @y g)(x,y,u,v) = (A1 x(7,u,y), A2 g(z,v,y)). Then,
(wx,yp) is a solution of SNBVP (3.1) if, and only if ® (5 gy(zx, ys, x,ys) = (Tx,Yp)-
By (H.), it is easy to see that A; x, A2 g : P x P x P — P and that A; »,As
are mixed monotone operators.
On the one hand, since Gy(t,s) > 0, for all ¢,s € [0,1], using (3.7) we have
for ¢; € [0,1] fix, fol Go(t1,s)a1(s)ds > 0. It follows that for any € > 0 verifying

fol Gy(t1,8)(a1(s) — e)ds > 0, there exist numbers §, M with 0 < § < M such that
[t zu,y) = (a(t) —e)(@ +y)P,V(x,y) : (x+y) = M,Yu <6,V € [0,1].

Choose a € (0,1) satisfying L (ho + ko) > M and ah® < 4. It follows that there
exist y,v € (0, 1) such that 71(7) =« and 72(v) = . Then for all ¢ € [0, 1]

Av(hy by k) (1)
- A/O Golt, 5)f (5, h(s), h(s), k(s))ds

_ )\/ Golt,s)f (s,n(’y)%h(s), ley)ﬁ(’y)h(s)ym(l,)Tl

> )\/ Gy(t, s) <fy, v, %h(s),n(w)h(s), k(s)) (ai(s) —¢) [é(h(s) + k(s))]pds

TQ(V)
> / Cupa(t)ba(1l — )Go(tr, $)(ar(s) — £)a’~? [(s) + k(s)]” ds
> ACh(t)a' " (ho 4 ko)? /1 Go(t1,s)(a1(s) —e)ds.

0
Thus

Aia(h, h k) = ()\C’al_p(ho + ko)p/o Go(t1, s)(ar1(s) — s)ds) h.
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On the other hand, for any ¢’ > 0 there exist numbers §', M’ with 0 < §' < M’
such that

fltz,uy) < (az(t) + &) (@ +y),V(z,y) : (z+y) <& Vu> M Vte|o,1].

Choose o/ € (0,1) satisfying Lho > M’, o/(h® + k%) < ¢'. Tt follows that there
exist 7/, v" € (0,1) such that r (’y )=1d and To(v') = «’. Then for all ¢t € [0, 1]

Apx (R by E)(E)

- /\/ Golt, 5)f (s, h(s), h(s), k(s))ds

S)\/O Go(t,t)f <s77_1 —~71(7)h(s), (") 1 h(s), 1 Tg(yl)k(s)> ds

1 1 / / q
< )\/O Golt ) 5 oy () + &) [0/ (o) + h(a)) s
1

1
< A—h(t)(a") (R0 + ko)q/O (as(s) +€')ds.

Po

1

Ay a(h, hy k) = ()\plg(o/)ql(ho + ko)q/o (az(s) —i—e’)ds) h.

Consequently, A; x(h, h, k) € Pp,. Similarly, we get As g(h, k, k) € Py. The verifica-
tion of (C1) in Lemma 2.2 is completed.
Next, we prove that (Cs) holds. Let z,u € Py, y € P, and 7,v € (0,1). Set

a(z, u,y) :min{seir[g)fl]w(S),Sei%fl]U(S), éﬁ)fuy( s)},

b(z, u,y) = max{ sup xz(s), sup u(s), sup y(s)},
s€[0,1] s€[0,1] s€0,1]

and define

901(%%957%@ = inf ¢1(%V70¢777»/~L)~
a,n,u€la(z,u,y),b(z,u,y)]

Then, the first inequality of (2.3) in (Cb) is verified and

T1

A <T1(7)w7 %%72(’/)?/) (t)

1
m1(7)

1
> A/ Go(t, 8)p1(v, v, 2(s), u(s), y(s)) f (s, 2(s), ul(s), y(s))ds

0

Y / Golt, ) F (5, 1(7)2(s), ——u(s), T2()y (5))ds
0

> 01(7,v,2, 4, )\ / Golt, 5) (5, 2(s), ul(s), y(s))ds.
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Which means that
1
A]-,A (Tl (7)3"7 w’uﬂ TQ(V)Q) t ©1 (77 v,xr,u, y)Al,)\(‘r7 u, y)

Analogously, we do the same reasoning for A, g. This complete the proof. O

Remark 3.3. Note that in [26, Theorem 3.1], the authors suppose a condition
on their function f, which is equivalent in our case to f(t,ho,h° ko) > 0 and
g(t, ho, kY, ko) > 0, for all t € [0, 1]. But, our condition (3.7) in Theorem 3.2 is less
restrictive.

Example 3.4. Let a,b : [0,1] — (0,+00) be continuous functions. For any
positive numbers ¢, ¢/, d, d’ with 3¢’ > ¢ > ¢’ and 2d’ > d > d’, consider system (3.1)
by setting

+y)?

x c o4 )3
f(t’x’uvy):a(t)(m+y)((xﬂJ)gic, and g(t,x7u,y):b(t)(m+y)( +y)”+d

(x+y)* +d"’

for all z,u,y € [0,400) and all ¢ € [0,1]. Then, we have for any surjective functions
71,72 : (07 1) — (07 1)7 and Y,V e (07 1)

and

nMr+n@y)?’ +c (@+y?’+c

W)+ (z+y)?+ec

(m(y)z+n@y)?+d (z+y)*+d
(x+y)2+d’

61(3,v,2,u,y) = min{ri (1), 72()) ((

¢2(7a v, x,u,y) = min{Tl(,)/)’ TQ(”)}

Thus, all hypotheses of Theorem 3.2 are verified. Therefore, system (3.1) with the

above functions has a unique solution in P, X Py, where functions h and k are given
by (3.4).

As an application of Theorem 2.5, we give the following result. The proof in
this case will be similar to that of Theorem 3.2. Since this is almost verbal, we leave
it to the reader.

Theorem 3.5. Let f,g : [0,1] x [0,00) x [0,00) x [0,00) — [0,00) be functions
satisfying

(H1) f,9:]0,1] x[0,00) x [0,00) X [0,00) —> [0,00) are continuous functions such
that for all t € [0,1], the functions f(t,.,u,y), g(t,z,u,.) are nondecreasing
and f(t,xz,.,y), f(t, z,u,.), g(t,.,u,y),9(t, z,.,y) are nonincreasing.

(Hs)' There exist positive-value function T on (0, 1), positive-value functions ¢1 and
¢2 on (0,1) x [0,00) x [0,00) X [0,00) such that

(i) 7:(0,1) = (0,1) is surjection.
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(ii) For all x,u,y € (0,00), for all t € [0,1] and all v € (0,1)

) 2 i) )
1

1
g (tv mma 7_7)/“77—(’7)3/) > ¢2(7,x,u7y)g(t,x,u,y).

(
Moreover, for any e € (0,1)

inf sxou,y) > 1Y),
“”“G[Ehm%h‘l],ye[eko,%kﬂ]%<7 y)>7(7)
inf 902(%37,u7y) > 7—(,7)_

x€leho, 2 hO]u,y€leko, L kO]

(Hs)' There exist continuous functions a;,b; : [0,1] = R (i = 1,2) and numbers
p,7,q,q € R such that

t
lim inf lim inf fltwuwy) =ay(t),
(u,y)—(0+,0F)u,y7#0,x—+o00 xP
4
lim inf lim inf gt uy) by (t)

(@,u)—=(0F,00)z,ut0,y—+o00 Yy’
uniformly in t € [0,1] and
f(t’ x? u? y)

lim sup lim sup = as(t),
z—=0+ 270, (u,y)—(+00,+00) ?
t,x,u
lim sup lim sup M = bo(t)

y—0T y#0,(z,u)—(+o00,+00) Y9
uniformly in t € [0, 1]. Moreover,
:Zl #+ @ and 103 £,
where A ={s €[0,1] : a1(s) # 0} and B = {s € [0,1] : b1(s) # 0}.
Then, the SNBVP (3.1) has a unique positive solution (z3,ys) in Ph x Py.

Example 3.6. Let a,b : [0,1] — (0,400) be continuous functions. For any
positive numbers ¢, ', d,d with 3¢’ > ¢ > ¢’ and 2d’ > d > d’' , consider system
(3.1) by setting

Y2 +d

322 +d’

2
Ty +c¢
t = a(t)z—"——
[t z,u,y) a()xxgy o

for all z,u,y € [0,+00) and all ¢ € [0,1]. Then, we have for any surjective functions
7:(0,1) — (0,1), and « € (0,1)

and g(t,x,u,y) = b(t)y

T(V)2*y+ec 2y+c
T(y)aty+c 2Pyt
Ty’ +d yPa® +d

T(V)yda2 +d ydx? 4+ d’

and

d)l (77 €T, u, y) = T(’Y)
¢2 (’yv z,u, y) = T(’Y)
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Thus, all hypotheses of Theorem 3.5 are verified. Therefore, system (3.1) with the
above functions has a unique solution in P, X P, where functions h and k are given
by (3.4).
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