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ABSTRACT. In this paper, we establish the existence of solutions and the approximate con-
trollability for the semilinear neutral differential control system under natural assumptions
such as the local Lipschitz continuity of nonlinear term. First, we deal with the regularity
of solutions of the neutral control system using fractional powers of operators. We also
consider the approximate controllability for the semilinear neutral control equation, with
a control part in place of a forcing term, using conditions for the range of the controller
without the inequality condition as in previous results.

1. Introduction

In this paper, we are concerned with the global existence of solution and the
approximate controllability for the semilinear neutral system in a Hilbert space H:

(1.1)

%[x(t) + g(t,/o a(t, s, z(s))ds)] + Az(t) = f(t,z(t)) + k(t), te (0,T],

z(0) = zo.

Here, —A generates an analytic semigroup in H(see [21, Theorem 3.6.1]). The
nonlinear operator f is assumed to be locally Lipschitz continuous with respect to
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the second variable, and g is Lipschitz continuous. This kind of equation arises in
heat conduction in material with memory, in population dynamics, and in control
systems with hereditary feed back control governed by an integro-differential law.

In the first part of this paper, we establish the well-posedness and regularity
property for (1.1). The solvability for a class of semilinear functional differential
equations has been studied by many authors as seen in Section 4.3.1 of Barbu [1]
and [11, 13, 17]. Our approach is to obtain the L2-regularity under the above
formulation of the semilinear neutral problem (1.1) using the contraction mapping
principle (see the linear cases of [4]). Recently, the existence of solutions for mild
solutions for neutral differential equations with state-dependence delay has been
studied in the literature [8, 9, 10].

Next, based on the regularity for (1.1), we intend to establish the approximate
controllability for the following semilinaer neutral control system with control part
in place of a forcing term:

(1.2)
d t

G0 +(t. [ alt.s.a(s)ds) + Aet) = F(t.a(t) + Bu(t), € (0.7)
x(0) = xy,

namely that the reachable set of trajectories of (1.2) is a dense subset of H. Here,
the controller operator B is a bounded linear operator from a Banach space of
control variables into H and u is a control. This kind of equations arise naturally
in physics, in biology, control engineering problem, etc.

As for the approximate controllability for semilinear control systems, we refer
to [2, 3, 5, 7, 20, 23]. The controllability for neutral equations has been studied
by many authors, for example, the controllability of neutral functional differential
systems with unbounded delay in [5, 6, 15], neutral evolution integrodifferential
systems with state dependent delay in [14, 18], impulsive neutral functional evolu-
tion integrodifferential systems with infinite delay in [19]. However, there are few
literature works treating the systems with local Lipschitz continuity. As a sufficient
condition for the approximate controllabilityl, Wang [24] assumed that the semi-
group S(t) generated by A is compact in order to guarantee the compactness of the
solution mapping(see also [16]).

In this paper, we no longer require the compact property of the semigroup and
the uniform boundedness of the nonlinear term, but instead we need properties
fractional power of operators and conditions for the range of the controller without
the inequality condition as in previous results.

The paper is organized as follows. In Section 2, the results of general linear
evolution equations besides notations and assumptions are stated. In Section 3, we
will obtain that the regularity for parabolic linear equations can also be applicable
to (1.1) with nonlinear terms satisfying local Lipschitz continuity. The approach
used here is similar to that developed in [11, 12, 16] on the general semilinear
evolution equations, which is an important role to extend the theory of practical
nonlinear partial differential equations. Thereafter, we investigate the approximate
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controllability for the problem (1.2) in Section 4. In the proofs of the main theorems,
we need conditions on the range of the controller without the inequality condition
as in previous results(see [16, 25]) without conditions of the compact property of
a semigroup and the uniform boundedness. Finally we give a simple example to
which our main result can be applied.

2. Regularity for Linear Equations

If H is identified with its dual space we may write V. C H C V* densely and
the corresponding injections are continuous. The norm on V, H and V* will be
denoted by ||-||, || and ||-||«, respectively. The duality pairing between the element
vy of V* and the element vy of V' is denoted by (v1,vs), which is the ordinary inner
product in H if vy,v, € H.

For | € V* we denote (I,v) by the value I(v) of I at v € V. The norm of [ as
element of V* is given by

|[2l]+ = sup
vev  [[v]]

Therefore, we assume that V has a stronger topology than H and, for brevity, we
may regard that

(2.1) ull« < ful <|lull, VueV.

Let b(-,-) be a bounded sesquilinear form defined in V' x V and satisfying
Garding’s inequality

(2.2) Re b(u,u) > wy||u]|* — walul?,

where w1 > 0 and ws is a real number. Let A be the operator associated with this
sesquilinear form:

(Au,v) = b(u,v), wu, veV.

Then — A is a bounded linear operator from V' to V* by the Lax-Milgram Theorem.
The realization of A in H which is the restriction of A to

D(A)={ueV:Aue H}
is also denoted by A. From the following inequalities
willull* < Rea(u,u) + waluf® < |Aul Ju| + wolul® < max{1, wa}|ull peaul,

where
lullpay = (JAul® + |uf?)'/2

is the graph norm of D(A), it follows that there exists a constant Cy > 0 such that

1/2
(2.3) l[ul] < Collul [y lul /2.
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Thus we have the following sequence
(2.4) D(A)cV CHCV*C DA,
where each space is dense in the next one which continuous injection.

Lemma 2.1. With the notations (2.3), (2.4), we have
(V,V*)1)22 = H,
(D(A), H)122 =V,

where (V,V*)1 /50 denotes the real interpolation space between V' and V* (Section
1.8.3 of [22]).

It is also well known that —A generates an analytic semigroup S(¢) in both H
and V*. For the sake of simplicity we assume that ws = 0 and hence the closed half
plane {A : Re A > 0} is contained in the resolvent set of A.

If X is a Banach space, L%(0,T; X) is the collection of all strongly measur-
able square integrable functions from (0,7) into X and W12(0,7; X) is the set of
all absolutely continuous functions on [0,7] such that their derivative belongs to
L?(0,T; X). C([0,T]; X) will denote the set of all continuously functions from [0, T’]
into X with the supremum norm. If X and Y are two Banach spaces, £L(X,Y) is
the collection of all bounded linear operators from X into Y, and £(X, X) is simply
written as £(X). Let the solution spaces W(T') and W;(T) of strong solutions be
defined by

W(T) := L*(0,T; D(A)) nW"?(0,T; H),
Wi (T) := L*(0,T; V) nWh2(0,T; V*).
Here, we note that by using interpolation theory, we have
W(T) c C([0,T]; V), Wi(T)cC C([0,T]; H).

The semigroup generated by —A is denoted by S(t) and there exists a constant
M such that
SO < M, [[SH)][« < M.

The following Lemma is from Lemma 3.6.2 of [21].

Lemma 2.2. There exists a constant M > 0 such that the following inequalities
hold for allt > 0 and every x € H or V*:

(2.5) Stz < Mt~ 2 |zll.,  [1S(O)z|| < Mt™2|a].

First of all, consider the following linear system

x' (t) + Az(t) = k(t),
(2.6) { z(0) = mo.
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By virtue of Theorem 3.3 of [4](or Theorem 3.1 of [11], [21]), we have the
following result on the corresponding linear equation of (2.6).

Proposition 2.3. Suppose that the assumptions for the principal operator A stated

above

(1)

where

are satisfied. Then the following properties hold:

For zg € V. = (D(A), H)1/2,2(see Lemma 2.1) and k € L*(0,T;H), T > 0,
there exists a unique solution x of (2.6) belonging to W(T') C C([0,T]; V) and
satisfying

(2.7) l[zllwery < Cilllzol| + [|E[lL2(0,1; )5

where Cy is a constant depending on T .

Let xo € H and k € L*(0,T;V*), T > 0. Then there exists a unique solution
x of (2.6) belonging to W1(T) C C([0,T]; H) and satisfying

(2.8) 2llw, @y < Crllzol + [[F][L20,15v+));

C1 is a constant depending on T'.

Corollary 2.4. Suppose that k € L?(0,T; H) and x(t fo (t — s)k(s)ds for
0 <t <T. Then there exists a constant Co such that

(2.9)
(2.10)

and

(2.11)

Proof.

l|2]|z20,m5004)) < ChllEllL20,7;H) 5
2l L2 0,750y < CoT[l|L2(0,75),

2]l L2 0,1m5v) < C2\/T\|’</’\|L2(O,T;H)-

The assertion (2.9) is immediately obtained by (2.7). Since

||x||%2(O,T;H) fo ‘ fo t - S )d‘9|2dt < Mfo fo |]€ ‘ds)2dt
§Mf0 tfo |k(s) 2dsdt§MT7f0 |k(s)|?ds

it follows that

2]l L2 0,50y < TN M /2Kl 120, 1:8)-

From (2.3), (2.9), and (2.10) it holds that

l|2]|L20,m5v) < Cov CIT(M/2)1/4‘|k||L2(O,T;H)-

So, if we take a constant Cy > 0 such that

Cy = max{/M/2, Co\/C1(M/2)"/*},
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the proof is complete. O

3. Semilinear Differential Equations

From now on, we establish the following results on the local solvability of the
following equation;
(3.1)

%[x(t) + g(t,/ a(t, s, z(s))ds)] + Azx(t) = f(t,z(t)) + k(t), te (0,1
0
z(0) = wo,

where A is the operator mentioned in Section 2 and f is a nonlinear mapping from
[0,7] x V into H which will be assumed later. It is also well known that A% is a
closed operator with its domain dense and D(A%) D D(A?) for 0 < a < 8. Due to
the well known fact that A~ is a bounded operator, we can assume that there is
a constant C,, > 0 such that

(3.2) HA ) £ Coay [ AT cvev) £ O

Lemma 3.1. For any T > 0, there exists a positive constant C,, such that the
following inequalities hold for all t > 0:

« COC «@ Ca
(3-3) 1ASOlem < o 1A*SOllew,m < 557 -

Proof.  The inequality (2.5) implies (3.3) by properties of fractional power of A
and the definition of W (t). For more details about the above lemma, we refer to
[21, 17]. O

We give the following assumptions.
Assumption(A). Let a : Rt x RT x V — H be a continuous function. Then
there exists a constant L, such that

la(t,5,0)] < La, la(t,s,2(s)) —alt, s,y(s))| < Lallz(s) —y(s)]]

Assumption(F). Let f:[0,7] xV — H be a nonlinear mapping such that There
exists a function L : Ry — R such that

[f (&) < L(r), |f(t,x) = f(t, )] < L(r)l|z — yl|
hold for any t € [0,T7], ||z|| < r and ||y|| < r.
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Assumption(G). Let g:[0,7] x H — H be a nonlinear mapping such that there
exist constants 5 > 1/3 and L, satisfying the following conditions hold:

(i) For any x € H, the mapping ¢(-, ) is strongly measurable;
(ii) There exist positive constants Ly and § > 1/3 such that
9(0,0) =0, [|A%(t,0)| < Ly, [APg(t,x) — A%g(t,2)| < Lglz — &I,
forallt € [0,7], and z, & € H.

(ili) 0;g is measurable in t € [0,T] for each € H and continuous in = € H
for a.e. t € [0,T], where 0;g is the partial derivative with respect to i-th
coordinate and the value 0;9(t, x) is the Gateau derivative of g(¢, x) for each
i=1,2, and

[0:g(t,0)| < Lg, 10;g(t,w1) — 0ig(t, w2)| < Lylw1 — 22|

fort <T and z{, o € H.

Let us rewrite (Fz)(t) = f(t,z(t)) for each x € L?(0,T;V). Then by Assump-
tion (F), there is a constant, denoted again by L(r), such that

|Fal|L20.mm) < LOVT,  ||[Fay = Faol |20, ram) < L(r)lJe1 — @2l| 2207
hold for 1, @2 € B,(T) = {z € L*(0,T; V) : |2||r2(0,7:v) < T}
Lemma 3.2. Let us assume Assumptions (F),(G) and (A) for 0 < s <t, we have
(3.4) |Aﬁg(3,/ a(s, 7, z(7))dr)| < Lg(La\/i||m||Lz(07t;V) + Lot + 1),
0
and

(3.5)
|Aﬁg(s7/ a(s,r,z(1))dr) — Aﬂg(S,/ a(s, 7, y(r))dr)| < LgLa\/¥||a: —yllL20,6v)-
0 0
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Proof. From Assumptions (G), (A) and using Holder inequality we have

Ag(s, [ als.r.atr)in)
—14%(s. [ als mar)an) - Ag(5,0)] +1479(5,0)
< Lg(/os la(s, T, z(T))|dT + 1)
< Lg(/os la(s, T, 2(T)) — a(s, ,0)|dT + /08 la(s,,0)|dr + 1)
< L,(La /O #(F)|ldr + Lot + 1)
< Ly(LoVH||2|| 220 720y + Lat + 1).
Moreover, we have
gt [ als.a(r)ar) = A%g(s. [ as,(ryar)
< Ly( [ lals.7a(r) ~ als,p(r)ar

< Lyt [ llotr) ~ y(r)lar

< LgLa\/in - y||L2(0,t;V)‘
O

Theorem 3.3. Let Assumptions (F), (G) and (A) be satisfied. Assume that xo €
H, k € L?>(0,T;V*). Then, there exists a time Ty € (0,T) such that the equation
(3.1) admits a solution

(3.6) x € L*(0,Ty; V) n WH2(0, Ty; V*) € C([0, To); H).

Proof. For a solution of (3.1) in the wider sense, we are going to find a solution of
the following integral equation

z(t) =— g(t,/ a(t, s, x(s))ds) + S(t)xo + / S(t — s){(Fz)(s) + k(s)}ds
0 0
(3.7 +/O AS(t— s)g(&/ a(s, 7, z(T))dr)ds.

S
0
To prove a local solution, we will use the successive iteration method. First, put

xo(t) = S(t)xo + /Ot S(t— s)k(s)ds



Approximate Controllability for Semilinear Neutral Systems 567

and define xj41(t) as

t

w4 (t) =0(t) — g(t, / alt, s, 2;(s))ds) + / S(t — 5)(Fz;)(s)ds

0
t s
(3.9) + / AS(t— 8)g(s, / a(s, 7 2;(7))dr)ds.
0 0
By virtue of Proposition 2.3, we have xo(-) € W1 (), so that
(3.9) llzollw, ¢ty < C1llwo| + |kl L2(0,6v+)),
where (' is a constant in Proposition 2.3. Choose
r > C1(|zo| + [|E[|L2(0,6v+))-
Putting
t
pi(t) = / S(t — s)(Fxo)(s)ds,
0
by (2.11) of Corollary 2.4, we have
(3.10) Ip1llz20.0:v) < CoVE||Fo|| 20,0y < CoL(r)t.
Let
pals) = [ aS(s=)gtr. [ alr.oo()do)ar
0 0
Then From Assumption (G), (A), (3.3) and (3.4), we have
(3.11)
t s T
2 1
HpQHLz(O’t;V) = [/ ||/ AS(S—T)g(T,/ a(r, U,xo(a))da))dTH ds]2
Cl B (Lt Lot +1)dr} d
3(1-8)/2 ( ||x0||L2(OtV)+ + T} S]

S—T

N

1
2

t s
1 2
<Cl BL (L \/HmOHLQ(OtV +L t+1)</(; (/O (S_T)wdT) dS)

2 =22
zgﬁ_l\/zcl ,BL (L \[||$0||L2 0tV)+Lt—|—1) 2

m

Set

p3(s) = g(s,/os a(s, T, xo(7))dr).
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Then by Assumption (G), (3.2) and (3.4),

(3.12) psll2(0.0v) = (/Ot g (s, /OS a(s, 7, wo(7))dr|[*ds)*
= ( /0 A7 A%y (s, /Osa(sm xo())dr *ds)*
< C—BLg(/Ot(La\/ﬂxdL2(0,t;V) + Lot 4 1)%ds)?
< C_gLg(LaVt|lolL2(0,6v) + Lat + 1)Vt

Put

(3.13) M; = max {C’QL(r)t7

2 1 35
35_1\/;01ﬂLy(La\/ZHfEOHLZ(O,t;V) + Lot + 1)t 2,
C*ﬁLQ(La\/EHxOHLQ(O,t;V) + Lot + 1)\/5}.

Then for any ¢ satisfying M7 < r, from(3.6) and (3.7),
||331\|L2(o,t;V)
2 38
2

1
<r+CL(r)t+ 35-1\ %Cl—BLg(La\/ﬂ|xOHL2(0,t;V) + Lot + 1)t
+C_gLy(LaVt||lollL2(0,6v) + Lat + 1)Vt < 4r.
By induction, it can be shown that for all j = 1,2, ...,
|25l L2(0,6v) < 4r.

Hence, from the equation
Ty () — 25(8) = —g(t, / alt, 5, 35(s))ds) + g, / alt, 3,251 (s))ds)
+ [ 8= tas) ~ t.a,a(5)ds
0

+ /Ot AS(t — s){g(s, /OS a(s,, a:j(T))dT)ds - g(s, /03 a(s, T, xj_l(r))) }dr)ds.

Put

2
V3(36 - 2)(38 +3)

38+3

)%t I

(3.14) My := C_gLyLat + CoL(4r)Vt + C1_pLyLa(
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In a similar way to (3.11) and (3.12) and Assumption (F), we can observe that the
inequality

2541 — 25llL2(0,6v) < Mallzj — zj-1ll22(0.45v)
< (M) ||y — ol 220,657

Choose Ty > 0 satisfying max{M;, M>} < 1, Then {x;} is strongly convergent to
a function z in L?(0,Tp; V) uniformly on 0 < ¢ < Tp and so is in WH2(0,T;V*)
by (iii) of Assumption (G). By letting j — oo in (3.8) has a unique solution z in
Wi (Tp). a

From now on, we give a norm estimation of the solution of (3.1) and establish the
global existence of solutions with the aid of norm estimations by similar argument
using (3.1) and (iii) of Assumption (G).

Theorem 3.4. Under the Assumptions (A), (F) and (G), there exists a unique
solution x of (8.1) such that

x € Wi (T) = L*0,T;V)n W20, T;V*) c C([0,T); H), T > 0.
for any xo € H, k € L*(0,T;V*). Moreover, there exists a constant C3 such that
(3.15) [|zllw, < C3(1+ [ol + ||KllL20,75v+))

where C3 is a constant depending on T

Proof. Let x be a solution of (3.1) on [0,Tp], To > 0 satisfies max{Mj, Mz} < 1.
Here, M7 and M5 be constants in (3.13) and (3.14), respectively. Then by virtue of
Theorem 3.1, the solution x is represented as

x(t) =xo(t) — g(t,/o a(t, s,z(s))ds) —l—/o S(t— s)(Fz)(s)ds
+/0 AS(tfs)g(s,/o a(s, 7, z(T))dr)ds.

where .
xo(t) = S(t)xo + / S(t— s)k(s)ds
0
By (3.9), we have x¢(-) € W1(Tp), so that
l[zollw, (7o) < Cr(|zol + [[kllL2(0,705v+))

where C; is a constant in Proposition 2.3. Moreover, from (3.9)-(3.12), it follows
that

(3.16) 21w, (70) < Crlzol + K[| L2(0,70;v+)) + max{ My, Ma}||z||w, (1,)-
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Thus, Moreover, there exists a constant C'5 such that

[2l[w, (zp) < C3(1+ [wo| + [|k]|L2(0,10:v+))-

Now from
To
|S(To)zo + S(To — s){(Fx)(s) + k(s)}ds|
0
< Mlzo| + MToL(r) + M~/Tol|kl| L2 (0,701
t
[~ alt, [ alt,s.a(6)ds)] < Ly(Lavilalla ) + Lot + 1),

0

and

t s
|/ AS(tfs)g(s,/ a(s,7,m(7))d¢)ds|
0 0
t Cl—ﬂ \[
< [ =it evilelo s, + Lot + Dlds

=2(8+ 1) PTI2C gLy (LaVH||2||20,6v) + Lat +1).
it follows that

[2(To)| < Mlxo| + MToL(r) + M~/Tollkl 20,711

+ Lo(LaVt||z]| 120 4:v) + Lat + 1)

+2((8+1) "B +1)/2C1 s Lg(La V|2l 12(0,6v) + Lat + 1) < 00,
Hence, we can solve the equation in [Ty, 27p] with the initial value z(7j) and obtain
an analogous estimate to (3.16). Since the condition (3.13), (3.14) is independent
of initial values, the solution can be extended to the interval [0, nTp] for any natural

number n, i.e., for the initial u(nT}) in the interval [nTy, (n + 1)T}], as analogous
estimate (3.16) holds for the solution in [0, (n + 1)T1]. O

From the following result, we obtain that the solution mapping is continuous,
which is useful for physical applications of the given equation.

Corollary 3.5. Let the Assumptions (A), (F) and (G) be satisfied and (xo,k) €
H x L*(0,T;V*) for each T > 0. Then the solution = of the equation (5.1) belongs
tox € Wi(T) = L*(0,T; V) nW12(0,T;V*) C C([0,T); H) and the mapping

H x L*(0,T;V*) 3 (w0, k) = x € Wi (T)

18 continuous.
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Proof.  From Theorem 3.4, it follows that if (zo,k) € H x L?(0,T;V*) then x
belongs to Wy (T). Let (xo;, k;) € H x L*(0,T;V*) and z; € W1(T) be the solution
of (3.1) with (zg;,k;) in place of (xg,k) for ¢ = 1, 2. Hence, we assume that x;
belongs to a ball B,.(T) = {y € W(T) : ||ly[lw, (1) <7}

Let

t

(p;)(t) = — g(t, / alt, s, 2;(s))ds) + / S(t — 5)(Fa;)(s)ds

0

0
+ /Ot AS(t — s){g(&/os a(s,, xj(T))dT)ds.

Then, by virtue of 2) of Proposition 2.1, we get

(3.17)

|21 — z2llw, () < Ci{lwor — zo2| + |[k1 — K2l|z2(0,15v+ + |[PT1 — pr2l|L2(0,15v+) }-

Set || - |[2(0,19;v) = || || 2 for brevity, where Ty > 0 satisfies max{M;, Mo} < 1.
Then, we have

(3.18)
llpx1 — pra||L2(0,v+) < |lpr1 — pal[L2

— |- g(t. / alt, s, 2;(s))ds) + g(t, / alt, 5, 25-1())ds)]|

+| [ 8= 9(Fa)@) - Fre)as]
+ H /0 AS(t — s){g(s,/os a(s,T,xl(T))dT>ds - g(s,/os a(s, T, iEQ(T)))}dT)dSHL2
< M|z — @2l| 2.
Hence, by (3.17), (3.18) and (iii) of Assumption (G), we see that
Ty > x € Wi(Tp) = L*(0, To; V) N WH2(0, To; V).

This implies that (z,(Tp), (xn)1,) — (2(To),x7,) in HxL?*(0,T;V*). Hence the
same argument shows that x,, — x in

L*(Ty, min{2T,, T}; V) N WH2(Ty, min{2Ty, T}; V*).

Repeating this process we conclude that z,, — z in W1 (T). o

4. Controllability

Let U be a Banach space of control variables, and let B be an operator from
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U to H, called controller. In this paper, we are concerned with the approximate
controllability for the following the semilinear neutral control system with a control
part Bu in place of k of (3.1):

(4.1)
G100+ 90t [ alt,s,o(s)d9)] + Actt) = f(t0(6) + Bu(t), ¢ € (0.7),
0
z(0) = zo.

Let x(T; f,u) be a state value of the system (4.1) at time T corresponding to the
nonlinear term f and the control wu.

Definition 4.1 The system (4.1) is said to be approximately controllable in the
time interval [0,T] if for every desired final state x; € H and € > 0 there exists a
control function u € L?(0,T;U) such that the solution z(T%; f,u) of (4.1) satisfies
|2(T; f,u) — 1] <e.

In order to obtain results of controllability, we need the stronger hypotheses
than those of Section 3:
Assumption (A1). Let a:R" xRt x H — H be a continuous function. Then
there exists a constant L, such that

la(t,5,0)| < Lo, alt, s,2(s)) = alt, s,y(s))| < Lalz(s) = y(s)|-
Assumption (F1). Let f:[0,7] x H be a nonlinear mapping such that
(i) t— f(t,z) is measurable;

(ii) f is locally Lipschitz continuous respect to x, that is, for each r > 0, there
exists a constant Ly = L(r) > 0 such that

[f(t,2) = f(t, )| < Lylz -yl

hold for any ¢ € [0,7], |z| < r and |y| <r.

Assumption (G1). Let g:[0,7] x H — D(A) be a nonlinear mapping such that
there exists L, satisfying the following conditions hold:

(i) (i) and (iii) of Assumption (G) in Section 3 are satisfied.
(ii) There exists positive constants L, such that
9(070):07 |Ag(ta0)| SL!]? |Ag(t,£€)*Ag(t,JA?)| SL9|‘T*i’|7
for all t € [0,T], and z, & € H.
We define the linear operator S from L?(0,T; H) to H by

T
Sp = / S(T — s)p(s)ds for p € L?(0, T; H).
0
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Assumption (S). For any ¢ > 0 and p € L*(0,T; H) there exists a u € L*(0,T;U)
such that

|Sp — Sdu| < ¢,
1BullL20,60) < dllpllz2m), 0<t<T.

where ¢ is a constant independent of p.

Here, we remark that Assumptions (Al), (F1) and (G1) are actually sufficient
conditions for Assumptions (A), (F) and (G), respectively. So, if (zo,k) € H x
L?(0,T;V*) then from Theorem 3.2 and Corollary 3.1, it follows that the solution
x of the equation (4.1) belongs to z € L2(0,T;V) N W12(0,T;V*) c C([0,T]; H)
and the mapping

H x L*(0,T;U) > (zo,u) — x € Wi (T)

is continuous.

Lemma 4.2. Let u; and ug be in L*(0,T;U). Then under the Assumptions (A1),
(F1)7 (G1)7 and H$(7 f7 ul)HC([O,T;HD <r, we have

(4.2) (-5 fyur) — 25 fouz)lleqo,rm < MeM*Vi||Buy — Bual|r2(0.7;m)
for 0 <t < T, where

(4.3) Ms = (||A~Y|LyLy + MLy + ML,L,T)T.

Proof. For brevity, we set x;(t) = x(t; f,u;)(i = 1,2). Let

t

(p:)(t) :fg(ty/ a(t,s,xi(S))dS)Jr/ S(t—s)f(t x;(s))ds

0

n /Ot AS(t — s){g(s/o als, 7, xj(f))df)ds.

Then, we see

(4.4) () — 2a(t)] < |pwy — pra| + I/0 S(t = s)B(ur(s) — ua(s))ds|.

Here, by Assumptions (F1) and(G1), he following inequalities hold:

t
45)  |prr — paal < (A V| Ly Lo + ML; +MLaLgt)/ (21 (s) — a(s)|ds,
0
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and
t

@6) | [ St = 9)Blur(s) - uals))ds| < MVAl|Bus - Buallpao iy
0

Thus from (4.4)-(4.6) and using Gronwall’s inequality, it follows that

21 () — 22 (t)] < MV/EellAT Lot ML+ ML Ly T)T | By Bus|| 20,4 m)-

Therefore, (4.2) holds. O
Theorem 4.3. Under the Assumptions (A1), (F1), (G1) and (S), the system (4.1)

is approximately controllable on [0,T].

Proof. Let us define a reachable set for the system (4.1):
Ry = {x(T; f,u) : u € L*(0,T;U)}.

Then we will show that D(A) C Ry, i.e., for given ¢ > 0 and & € D(A) there
exists u € L2(0,T;U) such that

&7 — (T fLu)| <e.
Noting that
ott, [ alt.sa(e)ds) = [ St —s){ote. [ atts.a(s)is
+ sAg(t,/O a(t,s,x(s))ds)/t}ds,

the solution of (4.1) is represented as
x(t; f,u) = S(t)xo —|—/O S(t— s)G(s,xz(s; f,u))ds —I—/O S(t—s)Bu(s)}ds, t<T,
where
@7) Gs,2(s)) =g(t, / alt, s,2(s))ds) + sAg(t, / alt, s, 2(s))ds) /t + £ (s, 2(s))

0 . 0

+ Ag(s,/o a(S,T,CU(T))dT>.

As &7 € D(A) there exists a h € L?(0,T; H) such that

gh = fT - S(T)Jfo,
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for instance, take h(s) = (&7 +sAér) —S(s)xo/T. Let uy € L2(0,T;U) be arbitrary
fixed. Since by Assumption (S) there exists ug € L?(0,T;U) such that

[S(h = G(-a(-, fw)) = §Bus| < 3,

it follows

ler — S(T)xo — SG(-, (- f,u1)) — SBus| < 2
We can also choose we € L?(0,T;U) by Assumption (S) such that
(4.8) S(G(-a(-19. fu2) = G(-al-3g, fm)) = SBws| <
and by Assumption (S)
|Bwallz20,6:m < qllG(- 2(5 fiwn)) — G(-o2(5 frue))l[ 20,60

for 0 <t <T. Choose a constant r; satisfying

(s fru)lleqogsmy < (s frug)lleqo,gm < -
According to a simple calculation of (4.7), from Lemma 4.1 we have

(4.9)
G (s,2(s; fLur)) — G(s, x(s; fou2))|
<A + 2 Lo Ly T + Ly (-5 fruw) = 2(-5 fru2)lloqo.n:mys s € (0,1,
<{(JA™M| + 2) Lo LyT + L} MM "VE|| Buy — Bus||22(0.7:m)

where M3 is the constant of (4.3). For the sake of simplicity, set
L= {(|JAY+2)LaLyT+ L} MM, 7> 0.

Thus, in view of (4.9) and Assumption (S), we see
||Bw2||L2(0,t;H) < Q{/Ot |G(7, z(T; f,u2)) — G(1, x(T; faul))|2d7_}%
< ai [ 7Bz~ Bl e}
< qf/(/ot TdT)%HBuz — Bua||p2(0,4:m)

A 2
¢L(5)[|Buz = Burl|20,6:m0)-

Put uz = us — wy. We determine ws such that
N A €
|S(G(,.’I)(7f,U3)) _G(ﬂx(7f7u2))) _SB’U}3| < §7
[Bws||r20,6m) < allG(- (-5 frus)) = G- 2 (-5 fru))lpz0,6m)
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for 0 <t <T. Let ro be a constant satisfying ro > r; and

(-5 f, U3)Hc([o,t];H) < 7.

Then, we have

[[Bws||L2 (0,6 1)

t
<o [ 16 alri frus)) - Glrars fou)| P
0
t
< al{ [ rliBua ~ Bl )
0
t
- 1
<al{ [ 7llBusla )
0
X t . 27_2 ) L
<al{ [ aLP 7 I1Bua - Burlffsgo )
0

t 3
A T 1
< quz(/ ?dT)QHBUQ — Buil|2(0,t:m)
0

1
2-4

2 1
= ¢*L*(5—)7||Buz — Buyl|12(0,4;11)-

By proceeding this process, the following holds

|1B(tn — tns1)||L2(0,66) = [|Bwnl|L2(0,65m)

15 1 t2n—2 N
<g" L (—— )2||Bus — B .
>~q (2'4'..(217/72)) || U2 ulHLz(O,t,H)
_ tq n—17n—1 1 _
- (\/i) L (TL — 1)' ||BU2 BUIHLQ(O,t;H)v

it follows that

o0
Z [|Bupt1 — Bun||L2(07T;H)

n=1

oo tq R 1
<N (=)L) —— - . .
< nzo(\/i) L ) . ||BUQ BulHL?(O,T,H) < 0
Therefore, by virtue of Assumption (F1), there exists u* € L?(0,T;U) such that

(4.10) lim Bu, =u* in L*0,T;H).

n— oo
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From (4.8), (4.9) it follows that
(7 = S(T)g — SG(, (s fu2)) — SBus|
= |ér = S(T)g — SG(-,x(:s f,u1)) — SBuz + SBuws
- S[G(7 1?(, fv uQ)) - G(a I‘(, fv ul))“
1 1

< (27 + 2*3)5

By choosing choose w,, € L?(0,T;U) by the Assumption (S) such that

S(G(- (-3 foun) = Gl -5 frun-1)) = SBua| < 57,

putting u,4+1 = u, — wy,, we have

|ér — S(T)g — SG(-7 x(5 fyun)) — SBun+1|
1

1
< W)Ev

22
Therefore, for € > 0 there exists integer N such that

+ o 4 n:127....
N ~ g
and

|60 — S(T)g — SG(-,z(+; f,un)) — SBun|
<lér — S(T)g — SG(-, z(; f,un)) — SBun1| + [SBun i1 — SBuy]|

LY

1 1 €
<(27++W)5+§§6
Thus the system (4.1) is approximately controllable on [0, 7] as N tends to infinity.
O
5. Example

Let
H = L*0,7), V= H}0,7), V* = H*(0,7).

Consider the following semilinear neutral differential control system in Hilbert space

H:
(5.1)
L la(toy) + 000 [ e[y alt + s)a(s, y)ds)dt = Ax(t, y)

+ 2l 2O 4 (Bu(t)(y), (t,y) € [0,T] x [0,7], >0,

1+[z(t,y)—=(0,y)]
x(07y) = .To(y), Yy e [077T]a
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where h > 0, a1(+) is Holder continuous, and A; € L(H). Let

o, v) = /0” du(y) dv(y) dy.

dy dy
Then
A=0%/0y* with D(A)={x € H*(0,n):2(0) = xz(r) = 0}.
The eigenvalue and the eigenfunction of A are A, = —n? and z,(y) = (2/7)*/? sin ny,

respectively. Moreover,
(al) {zn :m € N} is an orthogonal basis of H and

Stz =Y " (w,20)20, VreH, t>0.

n=1
Moreover, there exists a constant M such that |[S(t)||zz)y < M.

(a2) Let 0 < a < 1. Then the fractional power A* : D(A%) C H — H of A is
given by

A%y = ana(x,zn)zn, D(A%) :={xz: A% € H}.
n=1

In particular,

oo

1
—1/2 Zi (,2n)7n, and [|[A7Y2|] = 1.

3

The nonlinear mapping that appears on the control system for a diffusion and
reaction process in an enzyme membrane is defined as

U(x(ta y) — .’E(O, y))

fz(t,y) = 1+ |z(t,y) — z(0,9)|

Then since

U(l + 2|x2(t,y) - m(07y)|) ' |ac1(t,y) - xQ(t’y”
(1 + |$1(tay> - x(o’yﬂ)(l + |x2(t,y) - .%'(O,y)‘ ’

‘f(xl(tay)) - f(xQ(tay)” <

we can see that f satisfies Assumption (F1).
Define g : [0,7] x H — H as

t o T t
a(t,s,z(s))ds) = en’ (t=9) a s)x(s s .
ot [ alt.s.2(s))ds) ;/ ([ att+ st .t>0
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Then it can be checked that Assumption (G) is satisfied. Indeed, for x € II, we
know

At [ alt.s.a(s)ds) = (1= 5(0) [ alt+ s)as,pis)at,

where I is the identity operator form H to itself and, we assume that there is a
constant p > 0 such that

|a(0)| <p, |a(5) - a(T)l < p(S - T)Ev 8, TE [07T]

for a constant x > 0. Hence we have

\Ag(t,/o a(t, s,x(s))ds)| <(M + 1){’/ (a(t + s) — a2(0))z(s)ds|

#| [ aosteyas]

<(M 4+ 1)p{ (26 + 1) R 4 A} |l 20,750 -

Tt is immediately seen that Assumption (G1) has been satisfied. A simple example of
the controller operator B which satisfies Assumption (S) is introduced by Naito [16]
as follows. Consider H = U and define the intercept operator B, 1), 0 < a < T,
on L*(0,T; H) by

0 0<t<a
B, t)=1q" P
(B(a.myu)(t) {u(t)7 a<t<T, welL?0,T;H).

Then as seen in [16], for a given p € L?(0,T; H) there exists a control u €
L2(0,T; H)such that Sp = SB((X 7yu. Thus, all the conditions stated in Theo-
rem 3.1 have been satisfied for the equation (5.1), and so there exists a solution
of (5.1) belongs to Wy(T) = L?(0,T;V)) N W12(0,T;V*) — C([0,T]; H), and by
virtue of Theorem 4.1, the system (4.1) is approximately controllable on [0, T].
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