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ABSTRACT. In the present paper, we obtain gradient estimates for positive solutions to
the following nonlinear parabolic equation under general geometric flow on complete non-
compact manifolds

0

8—1: = Au+ a(z, t)u? + bz, t)u?
where, 0 < p,q < 1 are real constants and a(z,t) and b(z,t) are functions which are C? in
the z-variable and C* in the t-variable. We shall get an interesting Harnack inequality as

an application.

1. Introduction and Main Results

Gradient estimates for nonlinear partial differential equations are of classical
interest, and have been extensively studied, leading to many important results,
especially in the area of geometric analysis. They were developed by Li and Yau
[6] as a method to study the heat equation. Hamilton applied this method to Ricci
flow on manifolds with scalar curvature [4]. Since then, there has been a lot of
work on gradient estimates for solutions of differential equations under geometric
flows, see, for instance [5, 7]. Extending some of this work, Sun [9] studied gradient
estimates for positive solutions of the heat equation under the geometric flow. Also,
the differential Harnack estimates plays an important role in solving the Poincaré
conjecture and the geometrization conjecture [8].

In the present paper, we study the following nonlinear parabolic equation under
general geometric flow on complete noncompact manifolds M,

(1.1) % = Au+ alx, t)uP 4+ bz, t)u?

where, 0 < p,q < 1 are real constants and a(x,t) and b(z, t) are functions which are
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C? in the z-variable and C! in the t-variable. Before presenting our main results
about the equation, we motivate its consideration as a topic of study. If a(z,t) and
b(x,t) are identically zero, then (1.1) is the heat equation. In bio-mathematics, the
following equation

ou

5 = Lutalz,tu’,  p>0,
could be used to model population dynamics. Similar equations arise in the study
of the conformal deformation of scalar curvature on a manifold (See [10], equation

(1.4)).

Let (M, g(t)) be a smooth 1-parameter family of complete Riemannian metrics
on a manifold M evolving by equation

agij
ot

(12) = 251‘3'
for ¢ in some time interval [0,7], where s;; are componnents of a symmmetric
(0,2)-tensor s. Notice that

o if 5;; = —R;; then geometric flow (1.2) called Ricci flow,
e if s;; = —1Rg;; then geometric flow (1.2) called Yamabe flow,

o if 5;; = —(R;; + pRgi;) then geometric flow (1.2) called Ricci-Bourguignon
flow,

o if 5;; = —R;; + aV¢ ® V¢ where %(f = 7,¢ then geometric flow (1.2) called
harmonic-Ricci flow.

Now we present our main results about the equation (1.1) as follows.

Theorem 1.1. Suppose (M, g(t)) is the family of complete Riemannian manifolds
evolving by (1.2). Let M be complete under the initial metric g(0). Given xy € M,
and My, R > 0, let u be a positive solution to the nonlinear equation (1.1) with
u > My in the cube Qapr = {(x,t)|d(z, zo,t) < 2R,0 <t <T}. Suppose that there
exist constants K1, Ko, K3, K4 > 0 such that

Ric > —Kig9, —Ksg9<s<Ksg, |Vs| <Ky

on Qe 1. Moreover, assume that there exist positive constants g, 0y, Ve, Yo Such
that ANa < 0, |Va| < e, Db <6, and |V <y in Qag.r. Then for any constant
0<pB<1and(x,t) € Qarr if B<p,q<1 we have

nl

\V4 2
6%+au”_l+buq_l—% < H +Hy+ 22,
U U bt
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where,

+ &Ko + |al(1 — p)M P

n/(n—1)(1+VKiR)c? + ¢y + 2¢3
H, = B( R2

_ (g—1) nc%
0 M ).

2

3
m<2(1 - B)Ks3 + 25K, + §K4)2

_ _ 1 3
+ %{Ml(p 1)9a + Ml(q 1)9b + H(B(Kz + K3)% + §K4)}

el

-2 [(p— BYM{"™Vya + (g = B)M" V)
5 altp Ao~ DM + blla — B)a — )M

]

When R approaches infinity, we get the global Li-Yau type gradient estimates
(see [6]) for equation (1.1) as follows.

Corollary 1.2. Let (M,g(0)) be a complete noncompact Riemannian manifold

0gi;
without boundary, and suppose that g(t) evolves by 8gtj = 2s;; fort € [0,T] and

satisfies
Ric> —Ki1g, —Kyg<s<Ksg, |Vsl <Ky

Also, assume that Na < 0y, Ab < 0y, |Va| < v, and VO] < in M x [0,T) for
some constants 0,0y, v, and . Let u be a positive solution of (1.1) with u > M.
Then for any constant 0 < B < 1, if B < p,q < 1, we have

nl

R

Vul? —
B%—l—au”_l—i—buq_l—% < Hi+ Hy+

where

__ n _ —
= 5 (Veske +1al(1L= )M+ pl(1 )M Y).
As an application, we get the following Harnack inequality.

Corollary 1.3. Let (M,g(0)) be a complete noncompact Riemannian manifold

0915 = 2s;; fort € [0,T] and

without boundary, and suppose that g(t) evolves by 5

satisfies
Ric > —Ky9, —Ks9<s<Ksg, |Vs| <Kjy.
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Also, assume that Na < 0,, Ab < 0y, |Va| < v, and |Vb| < 4 in M x [0,T)
for some constants 0,,0p,7v, and ~y,. Let u(x,t) be a positive solution of (1.1) in
M x[0,T) with u > My where, a and b are positive constants. Then for any constant
0< B8<1,if B<pq<1l, for any points (x1,t1) and (x2,t2) on M x [0,T) with
0 < t1 < ta, we have the following Harnack inequality,

)(tﬁ)% 6‘1/(1?1,$2,t1,t2)+(E+H2)(t2—t1)
1

u(xl, tl) S u(ﬂ?g, tQ

1 — _
where ¥ (z1, g, t1,t2) = inf, fttf @|’y’|2dt, and H = %(\/@Kg—i—a(l—p)Ml(p Dy
b(1 — q)Ml(qfl)), and
”72(2(1 K+ 26K, + 2 K,)?
4B2(1 - B)? ’ Pt

_ _ 1 3
(MP D, + M6, + H(B(KQ + K3)? + 5 Ka)}

(0 = DM v+ (g = B)M P ]? !
a(p— B)(p— M~ +b(q — B)(q — M"Y

Hy =

—

+

@3 I3

{

2. Methods and Proofs

Let u be a positive solution to (1.1). Let w = Inwu, then a simple computation
shows that w satisfies the following equation

(2.1) wy = Aw + |Vw|? + ae®~Dv 4 pela=Dv,
We need the following lemmas of [3, 9] to prove our main theorem.

Lemma 2.1. If the metric evolves by (1.2) then for any smooth function w, we
have

d
E'V“"Q = —25(Vw, Vw) + 2VwVw;

and

%Aw = Awy — 25V?w — 2Vw(divs — %V(trgs)),

where, divs denotes the divergence of s.

Lemma 2.2. Assume that (M,g(t)) satisfies the hypotheses of Proposition 1.1.
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Then for any constant 0 < 8 < 1 and (z,t) € Qr,r, if  <Dp,q <1, we have

(A — %)F > —2VwVF + t{g(wt — |[Vw|? — aeP~Dw _ pela—Dw)?
+la(p = B)(p — De? D" 4 b(q — B)(q — 1)e™" +2(8 — 1)K
28K — S Kyl [V
+2(p — B)ePVUVwVa + 2(q — B)el 4V VwVb
+eP DG 4 eld DUy n(l(Kg + K3)? + g[ﬁ)}

B
F
—a(p—1)ePVYE _p(g—1)eleVvE — 7

where
F =t(B|Vw|* + aeP~ v 4 pela—Dw _ wy).

Proof. Define
F=t(B|Vw|* + aeP v 4 pela—Dw _ wy).

By the Bochner formula, we can write
AVw|? > 2|V2w|? + 2VwV (Aw) — 2K |Vuw|?.
Note that
Awy =(Aw); + 2sV?w + 2Vw (divs — %V(trgs))
=Wy — (\Vw|2)t — apeP=Dw _ gelp=Nw _p la—Dw _ pelg=1w
+2sV2w + 2V (divs — %V(trgs))
=25(Vw, Vw) — 2VwVw; — aeP D — geP—Hv

1
— bela= D _ pela=Dw 4, 4 25V %0 + 2Vw(divs — §V(t7"gs))7

and

Aw = —|Vw|? — aeP~Dv — pela=Dw 4 gy,
1
= (B — 1)(ae(p’1)“’ + bela—Dw _ wy) —
F
= (B- DIV - .

F
B
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We can write,
AF = t(ﬁA\Vw\Q + Aae®Dw) 1 A(pela—Dwy _ Awt).
According to the above computations, we obtain

BAIVw|? >26|V2w|? 4+ 28VwV (Aw) — 28K |Vw|?
=26|V?w|* + 2BVwV([(% — 1)(ae(p*1)w + bela—Dw _ wy) — %])
—26K,|Vuw|?
2
=28|V2w|? — “VwVF +2(1 - B)eP~ VT yVa
+2(1 — B)el VT wVh
+2a(1 - B)(p — 1)e® "V |Vw|? 4 2b(1 — B) (g — 1)el?~ V|V
+2(1 — B)VwVuw, — 2K 6|Vwl|?,

and, we know

Alae®= vy = eP=DUAG 4 9(p—1)eP " VUVwVa + a(p — 1)2eP~ V| Vw|?
+a(p — 1)~V Ay
= P VAG+2(p — 1)ePVTVwVa + a(p — 1)2eP~ D | Vy?

rF
+a(p —1)eP"V[(B — 1)|Vw|? — 7]
So we have

AF > t{2ﬁ\V2w|2 - %VwVF +2(1 — B)e?P~VUVYuVa 4 2(1 — B)el7 DUV Vb

+2a(1 = B)(p = el |Vul® +2b(1 = B)(q — 1)~V |V
+2(1 — B)VwVw, — 2k B|Vw|? 4+ P~V Ag 4 2(p — 1)eP~ DV Va

Falp — 120D Tuf? + ap - el (8 - 1)|Vul? 1]
+el @™ DUAD 4 2(q — 1)el TV Tw Vb + b(g — 1)%el 0D |[Va?
+b(g = D5~ )|Vl — 7] = [~ (Vw) - aelr "
—a(p —1)eP Dy, — peld=D (g —1)el 1™V, + 25V 2w

+2Vw(divs — %V(trgs))} }
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and

F, = + 14 2B8(|Vw|?); + a;e® D" 4 a(p — 1)e® VW, 4 breld—Dw

+ b(g—1)el ™ wy, — wtt}
= —+ t{ZBVwth —28s(Vw,Vw)
4+ a PV La(p— 1)eP Dy, 4 beld—Dw
+b(q — l)e(qfl)wwt - wtt}.
This equation implies that

0
(A — &)F

—2VWVF + t{26|V2w|2 +2(8 — 1)s(Vw, Vuo)

+a(p = B)(p = e’V |Vwl? + blg = B)(q = el |Vul?
+2(p — B)e® V*VwVa + 2(g — B)e T VU VwVb
4ePDwA G 4 ela-Dw Ay
1
—2K:B|Vw]? — 2sV?w — 2Vw(divs — EV(trgs))}
—a(p—1)eP~ DR
F

—b(g—1)elrVvp — T

By our assumptions, we have
—(K2+ K3)g < s < (K3 + K3)g
which implies that
|s|* < (K + K3)?|g|* = n(K2 + K3)*.

Using Young’s inequality and applying those bounds yields

1 8 n
2<§22—2<722—KK2.
5%l < FIVRl? + goll? < SIVRl + g (K + Ko
On the other hand,
1 y 1 3 3
|divs — iv(trgsﬂ = 9" Visji — 59 Visijl < §|9HV5| < 5\/7;K4-

Finally, with the help of the following inequality,

1 1 1
[V2w|? > = (trV?w)? = = (Aw)? = = (—|Vw|? — ae®~ D — pela=Dw 1 q4p,)2,
n n n
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We obtain

(A — %)F > —2VwVF + t{g(wt — |Vw|? — aeP~Dv — pela—tw)2
+a(p—B)(p— 1) V" [Vul® +b(g - B)(q — 1)V |Vul?
+2(p — B)eP"VUVwVa +2(q — B)e 4" VUVwVh
+ e DU Aq 4 0D A 4 2(8 — 1) K3|Vw|?

— 28K, |Vuw|? - %(KQ + Ks)?

F
- 3\/ﬁK4|Vw|} —a(p—1)ePDUE _p(g—1)eld Vv E — T
Applying AM-GM inequality, we can write

2
8V K|Vl < 3Ka(5 + W;”‘ ),

> —2VwVF + t{é(wt — |[Vw|? — aeP~ D — pela=tw)2
n
+la(p— B)(p— DeP" +b(qg — B)(qg— 1)l V" +2(8 — 1)K;

3
— 28K, — §K4]|Vw|2 +2(p— B)e(p_l)“’VwVa +2(qg— B)e(q_l)“’Vwa

1 3
+ e DU NG 4 DU Ap — n(B(K2 + K3)? + §K4)}

F
—a(p—1)ePVYE _p(g—1)eleVvE — T
This completes the proof. O
Let’s take a cut-off function ¢ defined on [0, 00) such that 0 < ¢(r) <1, ¢(r) =1
for r € [0,1] and, ¢(r) = 0 for r € [2,00). Furthermore ¢ satisfies the following
inequalities for some positive constants ¢; and cs.

~/
—ipli(r) <ci, &"(r) > —ca.
¢z (r)

Define r(z,t) := d(x, zo,t) and, set

ol t) = o120

Using Corollary in page 53 of [2], we can assume ¢(z,t) € C?(M) with support in
Q2r,7- A direct calculation indicates that on Q2r, 7, we have

Vel _

(2.2) <
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According to the Laplace comparison theorem in [1], we can write

(n—1)(1+ VEKiR)c} + ¢?
(2.3) Dy > — P .

For any 0 < Ty < T, suppose that ¢ F attains it maximum value at the point (zo, to)
in the cube Q2r 1,. We can assume that this maximum value is positive (otherwise
the proof of our main theorem will be trivial). At the maximum point (zg,to), we
have

V(eF) =0, A(pF)<0, (pF) =0,

which follows that

0 0
0> (A~ 2)(PF) = (AQ)F — @ F + (& — £ )F + 2VpVF
So, we can write
0
(2.4) (DQ)F = ouF + (D = 2 )F = 2F " [Ve|” <0,

Also, we know (see [9], p. 494) there exists a positive constant ¢ such that
—piF > —\/cs Ko F.
The inequality (2.4) together with the inequalities (2.2) and (2.3) yield

)
(2.5) P(D>— 5 )F < HF,

where , )
—1D(1++VEKiR)c5 +co+2
= O DUEVIRAT R 20 | ok,

Proof of Theorem 1.1. At the maximum point (xg,tg), by (2.5) and Lemma 2.2, we
have

0> (A — %)F —~ HF > —HF + ¢{—2VwVF + @(wt — |Vw|? — aelP~Dv
n
—be D)2 tola(p — B)(p— eV + b(g — B) (g — el V¥ +2(8 - 1)K

— 28K, — gK4]|Vw|2 + 2to(p — B)eP VUV Va + 2to(q — B)el TV TwVh
1
+ toe(pil)wﬂa + toe(qil)wﬂb — ntO(B(KQ + K3)2 + 2K4)

F
—a(p—1)ePVYE _p(g—1)eleDvE — t—}
0



640 Gh. Ramandi and S. Azami

Bto

>—HF +2FVuwVe + —cp(wt [Vw[? — ae®P~1w — pela—1w)2

v

+topla(p — B)(p — 1)e®™ " + (g — B)(q — 1)el ™ +2(8 — 1)K;

- 20K, — §K4]|Vw|2 + 2top(p — B)eP VY wVa + 2top(q — )" VUVw Vb

3
(Ks + K3)* + S Ky)

1
+ toeP VY Ag + topelT DY AD — nt()(p(* 5

B
—a(p —1)ePVUF — (g — 1) VYF — ot ' F

— HF + 2FVwVy + @gp(wt |Vw|? — aeP~Dv — pela—1w)2
n
—topllal(p — B)(p — DMP ™V + |bl(qg — B)(g — DMLV +2(1 - B) K
3 _ _
+ 28Ky + SKl|Vl® + 2000(8 = p)M{"™ Vvl Vo] + 2t00(8 — @) M;" ™3| V|

3
(K + K3)* + S Ky)

—t<pM(p 19 —t an Hb—ntocp( 5

B
+lal(p — DMPVF + [bl(q — DMV oF — otg'F

— HF +2FVwVy + %(p(wt — |[Vw|? — ae®P~Dw — pela=Dw)2
— topllal(p — B)(p — DMP ™ + |bl(q — B)(g — VM V)| V]
~ topl2(1 — By + 28K + S KullVul ~ togl2(p — /)M D,
+2(g — B)M{" V]| V|

%(KQ + K3)? + %m)]

+lal(p — DMPVF + bl(q — DMV oF — pt5 ' F.

— top[MP V0, + M0, +n(

For the sake of simplicity, set

—~ 3
Cr=2(1-B)K3 + 28K + §K4

—~ 1
Cy = P 1)9 _|_M(‘I 1) gb_i_n(,

B(KQ + K3)2 + gK4)

and

~ [(p— BYMP 4 (g — B)MUI™V )2 .
alp - B)(p— )MP D+ |bl(g — B)(q — )M
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b2
Using the inequality az? + bx < T which holds for a < 0, we obtain

t
0>— HF + 2FVwVy + @go(wt — |[Vw|? — aeP~Dv _ pela=tw)2
n

- to‘/’[a; + 6; + a|Vw|2] + |a\(p _ I)Ml(pfl)gOF
+1b)(g = DM VF — ot 'F.

Noting the fact that 0 < ¢ < 1 and multiplying both sides of the above inequality
by top, leads to

0 > — HtopF + 2topFVwVe + %g<p2(wt — [Vw|? — aelP~Dw — pela=Dw)2
— Ci3?|Vuwl? — (Cz + C3)t3¢?
+lal(p — )M Vto@F + [bl(g — 1)M{* VtopF — oF
>~ HingF — “iggF|Vulp? + Jal(p — DMP VigpF
+1bl(g — DM VtgpF — oF

+ 2820w~ [V — ac0=0% — pelr=I)2 — B ] — (G + o)
where in the last inequality the following fact is applied
—20VwVF = 2FVwVy > =2F|Vw||Ve| > —%¢%F|Vw|.
Assume that
y = ¢|Vwl|?, 2= p(aeP~ Vv 4 peli= v _ ),

So, we can write

_ _ 2c
0 2pF(~Hto + lal(p — DM" o + [bl(q = DM* ™Vt — 1) = Zo-toF| V|

12 N~ —_
+ %gpﬂ(wt - |Vw|2 — qeP~ v _ be(qfl)“’)2 — BC’l|Vw|2] —(Cy+ Cg)tggaz

>QF(~Hto + |al(p — )M Vo + bl(g — )M Vtg — 1)
Bts 2 N -1,3 1 AL A2
+7{(yfz) — EClnynclR y2(y — Bz)}*(CZJFCl%)t@

2
For all a,b > 0 the inequality az? — bz > “Ia holds for every real number z. Using
a
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this inequality, we obtain

S0y - 2P - 50w~ maR Ny - 52)

Bt o Z\9 2v 2 Ny 2 ney Ly 2
18 (y*E) + 1 =5y *BCly+[2(ﬁfﬂ Jy =2y ](y ﬁ)}
B3 5 %9 nQaQ n?c? z
27{6 (y_ B) - 452(1 _6)2 - QRQ(B_/BQ) (y - B)}
—~2
B 9 nCy t2 ncito
W e -
Hence,
% (@F) + [~ Hto + laltp — )ME Vs,
_ 1t
bl = Mg — 1 = ) (0F)
—~2
nCl t% -~ N2
. . 9 . 2B C
As we know, the inequality Az® — 2Bx < C| yields x < 0 + \/; So, we get
- . it
o < % (Hto+ (1= p) Mt + (1= )Mty 1+ )
—~2
n nC ~  ~—13
[5(746(1 — 5 + Oy +C3)| " to.

If d(x,x0,T1) < 2R, we know that ¢(z,71) = 1. Then

F(z,Ty) = Ty (B|Vw|? + aeP~D% 4 peld=Dw _4,)
S (pF(mOatO)

2
n (p—1) (g—1) neito
o i ) ety
2 (Ht0+ al(1 = MVt + b= )MVt 41+ )

Nl=

—~2
n nCq ~
n [3(745(1 Gt GG

Since 77 was supposed to be arbitrary, we can get the assertion. O

Proof of Corollary 1.3. For any points (z1,t1) and (z2,t2) on M x [0,7) with
0 < t1 < t9, we take a curve y(t) parametrized with v(¢t1) = z; and v(t2) = x2. In
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the ray of Corollary 1.2, one can get
logu(xa, ta) — logu(zy1,y1)

:/t ’ ((logw)¢ + (Vlogu,y'))dt

to
2/ ([3|Vlogu|2 +auPt bt — Hy — Hy — % - \Vlogu||fy’|>dt

t1

tz2 1 — n
> [ (=P —aurt —but + H, + H +—)dt
=z /t1 (45|’Y| 1 2 Bt

to.n — 2] 72
> — = — J—
> (1og(tl)ﬁ + (Hy + Ha)(t2 t1)+/ el dt)

t1

which means

,t to . n — 2 1
IOgM <log(2)% + (Hy + Ha)(ts — t1) +/ @Iw’ﬁdt-

u(xg,tz) tl t1

Hence,

to . n ST
u(xlatl) é u(xQ;t2)(t72)73eql(Il@277:1J2)+(H1+H2)(t2_tl)7
1

1 — _
where U(z1, z2,11,t2) = inf, fttl2 @|'y’|2dt, and Hy = %(\/C?KQ —|—a(1—p)M1(p by
b(1—q)M™), and

Hy = 5 (2(1 - B)K3 + 28K, + gm)2

[452(1 —B)
+ =AMV, + M0, + n(%(KQ + K3)? + gm)}

BV .1 Pl Ut il
B alp—B)p — DMV + bl = B)(q — )M
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