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ABSTRACT. In this paper, we study some fixed point properties of n-generalized Bregman
nonspreading mappings in reflexive Banach space. We introduce a hybrid iterative scheme
for finding a common solution for a countable family of equilibrium problems and fixed
point problems in reflexive Banach space. Further, we give some applications and numer-
ical example to show the importance and demonstrate the performance of our algorithm.
The results in this paper extend and generalize many related results in the literature.

1. Introduction

Let E be a real Banach space, and C' be a nonempty, closed and convex subset
of E. Let g : C' x C — R be a bifunction, the Equilibrium Problem with respect to
g denoted by EP(g) is define as finding a point z € C such that

(1.1) 9(z,y) >0, VyeC.

The EP(g) was shown by Blum and Oettli [7] to cover several other optimization
problems such as monotone inclusion problems, saddle point problems, minimization
problems, variational inequality problems and Nash equilibria in non-cooperative
games. In addition, there are many other important problems, for example, the
complementarity problem and fixed point problems, which can be written in the
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form of EP(g) (1.1). Thus, the EP(g) is a unifying model for several problems
arising in physics, engineering, science, optimization, economics etc.

In the last two decades, the existence of solutions of the EP(g) have been men-
tioned in many papers, see for instance [7, 11, 13, 26, 36, 39, 40], and several iterative
methods have been proposed for solving EP(g) and related optimization problems,
see for instance [1, 2, 4, 14, 15, 17, 18, 19, 28, 29, 32, 30, 31, 38, 41, 42] and reference
therein. In solving the EP(g) (1.1) it is necessary to assume that the bifunction g
satisfies the following assumptions:

(A1) g(x,x) =0 for all x € C;
(A2) g is monotone, that is g(z,y) + g(y,z) <0 for all z,y € C;
(A3) For all z,y,z € C

limsupg(tz + (1 — t)z,y) < g(x,y);
tl0+

(A4) For all z € C, g(x,-) is convex and lower semicontinuous.

Definition 1.1. Let f : E — (—o00,40o0] be a convex and Gateaux differentiable
function. The function Dy : dom f x int(dom f) — [0,400) defined by

Dy(y,z) = f(y) — f(x) = (Vf(z),y — z)
is called a Bregman distance with respect to f.

From the definition, we know that the following properties are satisfied (see [6]):

(i) The three points identity, for any € dom f and y, z € int(dom f)
(1.2)  Dy(x,y) + Ds(y, 2) — Dy(x,2) = (Vf(2) = V(y),z —y);

(ii) Four point identity, for any z,w € dom f and y, z € int(dom f)
(D3),y) — Dy(x,2) = Dp(w,y) + Dy(w, 2) = (Vf(2) = Vf(y),z —w).

Definition 1.2. Let C be a nonempty closed convex subset of int(domf) and
T :C — C be a mapping. A point z € C is called a fixed point of T if Tx = x. We
denote the set of all fixed points of T' by F(T'). The mapping T : C — C' is called

(a) Bregman nonexpansive [33] if
Dp(Txz, Ty) < Dy(z,y) Va,y € C;
(b) Bregman nonspreading [23] if

D¢(Tx,Ty) + Df(Ty,Tx) < Dy(Tx,y) + Ds(Ty, x), v,y € C,
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(¢) (o, 8,7, d)-generalized Bregman nonspreading [3, 16] if there exist «, 3,7, €
R such that
aDy(Tz, Ty) + (1 — a)Dy(x,Ty) + 1{Dy(Ty,Tx) — Dy(Ty, )}
< BDy(Tz,y) + (1 — B)Dy(z,y) + 0{Ds(y,Tx) — Ds(y, z)},
Vz,y € C.
for all z,y € C.

Next, we introduce a n-generalized Bregman nonspreading mapping in Banach
spaces.

Definition 1.3. Let f : E — RU {400} be a convex and Gateaux differentiable
function and C be a nonempty closed convex subset of int(domf). A mapping
T :C — C is called a n-generalized Bregman nonspreading mapping if there exist
ai,ﬂi,%,éi eR (Z =1,2,... ,n) such that

> D (T 2, Ty) + (1 =Y ax)Dy(x, Ty)

k=1 k=1
+ ) Dy (Ty, " *2) — Dy(Ty, x)}
k=1
S ZBkDf(TnJrl_km?y) + (1 - Zﬂk)Df(xa y)
k=1 k=1
(1.4) + ) 0Dy (y, T Fa) — Dy (y, )},
k=1

for all x,y € C.
Remark 1.4. From Definition 1.3,

(a) when n =2, (1.4) becomes
a1 Dy(T?z, Ty) + axDy(Tz, Ty) + (1 — ay — ag) Dy (x, Ty)
+m(D(Ty,T?z) — Dy (Ty, ) +72(Dy(Ty, Tx) — Dy(Ty, x))
< B1Dp(T?2,y) + B2 D (T, y) + (1 — B1 — B2) Dy (x,y)
+61(Dy(y, T%x) — Dy (y, x)) + 62(Dy (y, Ta) — Dy(y, ),
which is called 2-generalized Bregman nonspreading in the sense of [44], where
fz) = 3ll=[>.
(b) When n = 1, then (1.4) becomes
a1Dy(Tz, Ty) + (1 — a1)Dy(z, Ty) + 1 (Ds(Ty, Tx) — Ds(Ty, z))
< BiDy(Tx,y) + (1 = B1)Dy(x,y) + 61(Ds(y, Tx) — Dy (y, z)),
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which is the generalized Bregman nonspreading mapping in the sense of [3,
16]. Note that, the 2-generalized Bregman nonspreading mapping reduces to
the generalized Bregman nonspreading mapping if oy = 6, =, = §; = 0.

(¢) The class of generalized Bregman nonspreading mapping reduces to Bregman
nonspreading [23] if &y = 5 =1 =1 and §; = 0.

(d) The class of generalized Bregman nonspreading mapping reduces to Bregman
nonexpansive [35] if «; =1 and 81 =y, =d; =0.

We now present an example of Bregman nonspreading mapping which is not non-
spreading in the usual Hilbert space setting.

Example 1.5. Let £ = R with the usual metric. Let f : E — R be defined by
f(x) = 20 for all x € R and T : [0,0.85] — [0,0.85] be defined by Tz = z%. We
first show that T is not nonspreading, i.e.,

1Tz = Tyl* < llo =yl + 2(x — T2,y = Ty) Va,y€C,
does not hold. Taking x = 0.5 and y = 0.85, then
|T2z — Ty||? = (2% — 3*)* = [(0.5)? — (0.85)%]? = 0.22325625,
while

|z = yl|* + 20z — T,y = Ty) = (z —y)* + 2(z — 2°)(y — v°)
= (0.5 —0.85)% +2(0.5 — 0.5%)(0.85 — 0.85%)
= 0.18625.

Hence, T is not nonspreading. Put
By simple calculations, we obtain

D¢(Tx, Ty) = v%° + 9y*° — 102%y'®,

Dy (Ty, Tz) = y*° + 92%° — 10282,

Dy(Tz,y) = 220+ 9y10 — 109220,

Dy (Ty,x) = y*° + 92'% — 1027y
Then

h(z,y) = 9000 —1) + 929210 — 1) — 10227 (y° — 1) — 1022 (2" — 1)
< 0

for all z,y € [0,0.85]. Thus T is Bregman nonspreading.
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We further give an example of 2-generalized Bregman nonspreading mapping which
is not necessarily 1-generalized Bregman nonspreading.

2
Example 1.6. Let E =R and f(z) = % then the associated Bregman distance is

given by

Di(z,y) = flx)—f(y) —{(x—y,VI(y)

- S (= )()

(.’E - y)2, V.’E, /S R.

M| = N = S

Define T : [0, 2] — [0, 2] by

0, if zel0,2),
1, if z=2

(1.5) Ty = {
Tt is easy to see that F(T) = {0}. Let
h(l’,y) :Olef(TQZL',Ty) + O‘QDf(Tvay) =+ (1 — Q3 — a?)Df('T7Ty)
+v(Dy(Ty, T?z) — Dy(Ty,z)) + v2(Ds(Ty, Tx) — Dy(Ty, x))

— B1Dy(T?z,y) — B2Dy(Tx,y) — (1 — B — o) Dy(z,y)
- 61(Df(va2x) - Df(y7x)) - 52(Df(y,TSC) - Df(y,l‘)),

for all ,y € [0,2]. We consider the following possible cases.
Case I: Suppose =y = 2, then Tz = Ty = 1 and 722 = 0. Thus

Dy(Tx,Ty) = Dy(Ty,Tx) = Dy(x,y) = Ds(y,x) =0,

—

Df(mva> ZDf(Ty,.%') :Df(T$>y) ZDf(y,Tl') =5
1
2

[\

D¢(T?x,Ty) = Dy(Ty, T?x) = =, D§(T?x,y) = Ds(y, T?x) = 2.

Hence

1

Case II: Suppose # = 2 and y € [0,2), then Tx =1 and Ty = T?z = 0. Thus

(a2 + 2 + B2 +02) — 2(B1 + 01).

DN | =

1
1 1
Dy(Tx,y) = Dy(y, Tw) = 5(y = )%, Dy(x,y) = Dy(y,x) = 5 (y = 2)%,

2
Dy(T%,y) = Dy(y, T%x) = &

o Ds(T%2,Ty) = Dy(Ty, T*x) = 0.



528 L. O. Jolaoso and O. T. Mewomo

Hence

hz,y) = —50°—4y) —2(1 +7) — 3(az +72)
—2(y — 2)(B2 + 61) — 5(2y — 3)(B2 + 52).

Case III: Suppose z,y € [0,2) then To = Ty = T?x = 0. Thus
Dy(Tz,Ty) = Dy(Ty,Tx) = D§(T?z,Ty) = Dy(Ty, T?z) = 0,

1 22
Dy (w,y) = Dy(y,z) = 5(z - y)?, Dy(x,Ty) = Dy(Ty, ) = 5

[N~}

Dy (Ta,y) = Dy(y, Tx) = Dy(T%x,y) = Dy(y, T°x) = L.

2
Hence
ZCQ ZCQ y2
h(z,y) = (1—a1—042)?—5(’71‘*‘72)—3(31-#52)
¢l 25 Y s v
SR R SR Y RS B S

Choosing suitable choices of ay, oz, 1, B2, 71,7,01,92 € R, for instance, oy = ap =
B1=082=7 =7 =1and §; = ds = —1, we see that h(x,y) < 0 for all the cases.
Hence, T is 2-generalized Bregman nonspreading. However, in this case, T is not
1-generalized Bregman nonspreading (since a; # 0,81 # 0,71 # 0,1 # 0).

In 2010, by making use of the Bregman projection, Reich and Sabach [33] stud-
ied some approximation methods for finding common zeros of maximal monotone
operators in reflexive Banach spaces. They also studied some approximation tech-
niques for finding common solutions of finitely many Bregman nonexpansive oper-
ators, see [35]. In the same sense, Kassay et al. [20] studied the approximation
of solutions of system of variational inequalities in reflexive Banach spaces. It is
worth noting that extension of many theory from Hilbert space to general Banach
space suffer some difficulties because many of the useful techniques employed in
Hilbert space (for instance the inner product and the nonexpansiveness of resolvent
operators) are no longer valid in Banach spaces setting.

Motivated by the works given in [21, 35, 46], we prove some properties of the
n-generalized Bregman nonspreading mappings in reflexive Banach space. Further,
we introduce a hybrid method for finding a common solution of countable family
of equilibrium problem and finite family of fixed points of n-generalized Bregman
nonspreading mapping in reflexive Banach space. We also discuss some applications
and numerical example to demonstrate the applicability of our iterative algorithm
and result. The method and results present in this paper generalized and unify
many previously known related results, see for instance [21, 22, 35, 45, 46].
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2. Preliminaries

In this section, we recall some definitions and preliminary results which will be
used in the sequel. We denote the strong convergence (resp. weak convergence) of
a sequence {z,,} C E to a point = € E by x, — x (resp. x,, — ).

Let E be a real reflexive Banach space with the dual space E* and C a nonempty
closed convex subset of E. Throughout this paper, we shall assume that the mapping
f: E — RU{+oc0} is proper, convex and lower semi-continuous and also denote
the domain of f by domf, where domf = {z € E : f(z) < c0}. Let x € int(domf),
the subdifferential of f at z is the convex set defined by

Of (x) ={a" € E*: f(x) + (2",y —x) < f(y), Vy € E}
and the Frénchet conjugate of f is the function f* : E* — (—o00, 00| defined by
") = sup{{y",2) — f(z) : x € E}.
Let € int(domf), for any y € F, the directional derivative of f at x is defined by

(21) fo(os,y) = }ILIL% f(x+hl};) 7f($)

If the limit in (2.1) exists as h — 0 for each y, then the function f is said to
be Gateaux differentiable at x. In this case, the gradient of f at x is the linear
function V f(x), which is defined by (Vf(z),y) = f°(z,y) for all y € E. The
function f is said to be Gateaux differentiable if it is Gateaux differentiable at each
x € int(domf). When the limit as h — 0 in (2.1) is attained uniformly for any
y € E with ||y|| = 1, we say that f is Fréchet differentiable at x. It is well known
that f is Gateaux (resp. Fréchet) differentiable at x € int(domf) if and only if the
gradient Vf is norm-to-weak* (resp. norm-to-norm) continuous at z (see [6]).

Let E be a reflexive Banach space. The function f is called Legendre if and only if
it satisfies the following two conditions:

(L1) f is Gateaux differentiable, int(dom f) # @ and dom Vf = int(dom f),
(L2) f* is Gateaux differentiable, int(dom f*) # () and dom V f* = int(dom f*).
Since E is reflexive, we know that (Vf)~! = Vf*, this together with conditions
(L1) and (L2) implies that

ranV f = domV f* = int(domf*),
and

ranV f* = domV f = int(domf).

The notion of Legendre function in infinite dimensional spaces was first introduced
by Bauschke, Borwein and Combettes in [6]. By their definition, the conditions (L1)
and (L2) also yield that f and f* are Gateaux differentiable and strictly convex in
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the interior of their respective domains. It follows that f is Legendre if and only if
f* is Legendre (see [6], Corollary 5.5, p. 634).

One important and interesting example of Legendre function is %H P (1 < p < o00)
when FE is a smooth and strictly convex Banach space. In this case, the gradient
Vf of f coincide with the generalized duality mapping of E. More examples of
Legendre functions can be found in [5, 6]. In the rest of this paper, we always
assume that f: F — RU {400} is a Legendre function.

Definition 2.1. Let f : E — (—o00,+00] be a convex and Gateaux differentiable
function. The Bregman projection of € int(domf) onto the nonempty, closed and
convex subset C' C domf is the necessarily unique vector Projé(:c) € C satisfying

Df(Projé(a:),x) = inf {Df(y,x) (Y € C’}.

Remark 2.2.

1. If E is a Hilbert space and f(z) = 1||z||?, then the Bregman projection

Projg(ac) is reduced to the metric projection of x onto C.

2. If E is smooth and strictly convex and f(z) = %Hpr (1 < p < 00), then the

Bregman projection Projé(x) reduces to the generalized projection Il (x),
which is defined by

D,(Il¢(x),z) :=inf{D,(z,z) : z € C}.

It is known from [10] that z = Projé(x) if and only if
(Vf(x) =V f(z),y—2) <0 forally e C.
We also have
Df(y,Projé(a:)) + Df(Proj(f;(a:),x) < Dy(y,x) forallz e E, yeC.

Similar to the metric projection in Hilbert space, the Bregman projection also has
a variational characterization which is given below.

Lemma 2.3. ([33] (Characterization of Bregman Projection)). Let f be totally
convex on int(domf ). Let C be a nonempty, closed and convex subset of int(domf)
and x €int(domf), if w € C, then the following conditions are equivalent:

(i) the vector w is the Bregman projection of x onto C, with respect to f,

(ii) the vector w is the unique solution of the variational inequality

(2.2) (Vi) =Vf(z),z—y) 20  Vyel,
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(iii) the vector w is the unique solution of the inequality

Dy(y,z) + Dg(z,2) < Dy(y,xz)  VyeC.

Definition 2.4. Let f : E — (—o00,+00] be a convex and Gateaux differentiable
function. The function f is called:

(1)

(i)
(iii)

(iv)
(v)
(vi)

totally convex at x if its modulus of totally convexity at x € int(domf), that
is, the bifunction vy : int(domf) x [0, +00) — [0, +00) defined by

(2.3) vp(2,t) = inf{Ds(y,x) : y € domf, ||y — z|| = t}
is positive for any t > 0,

totally convex if it is totally convex at every point = € int(dom f),

totally convex on bounded subset B of E, if v¢(B,t) is positive for any
nonempty bounded subset B, where the function v; : int(dom f) x [0, +00) —
[0, 4+0¢] is defined by

(2.4) vp(B,t) = inf{vs(z,t) : ¢ € BNint(domf)}, t>0.
cofinite if domf* = E*,
coercive if limy|q(|— oo (%) = 400,

sequentially consistent if for any two sequences {z,, } and {y,} in E such that
{zy} is bounded,

(2.5) im Dy (yn,n) = 0= lim ||y, — z,|| = 0.
n—oo

n—oo

For further details and examples on totally convex functions see [8, 9, 10].

Lemma 2.5. ([9]) The function f : E — R is totally convex on bounded subsets if
and only if it is sequentially consistent.

Lemma 2.6. ([34]) Let f : E — R be a Gateaux differentiable and totally convex
function. If xog € E and the sequence {Dy(xg,x,)} is bounded, then the sequence
{z,} is also bounded.

Lemma 2.7. ([10]) Let f : E — (—o00,+00] be a convex function whose domain
contains at-least two points. Then the following statements holds:

(i)

f is sequentially consistent if and only if it is totally convex on bounded sub-
sets.

(ii) If f is lower semicontinuous, then f is sequential consistent if and only if it

is uniformly convexr on bounded subsets.
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(iil) If f is uniformly strictly convex on bounded subsets, then it is sequentially
consistent and the converse implication holds when f is lower semicontinu-
ous, Fréchet differentiable on its domain, and the Fréchet derivative V[ is
uniformly continuous on bounded subsets.

Lemma 2.8. ([33]) If f : E — R is uniformly Fréchet differentiable and bounded
on bounded subsets of E, then V f is uniformly continuous on bounded subsets of E
from the strong topology of E to the strong topology of E*.

Let f : E — R be a convex Legendre and Gateaux differentiable function. The
function Vy : E x E* — [0, 00) associated with f defined by

Vi(z,z*) = f(z) — (=", z) + f*(z), Vo € E,z* € E*.
Then, V; is non-negative and V¢(x, 2*) = Dy¢(z, Vf*(2*)) for allx € F and 2* € E*.
More so, by the subdifferential inequality,
Vie,z") + {y", V(") —2) < Vp(z,2" +y7)

for all x € F and z*,y* € E* (see [24]). In addition, if f : E — (—o0,+0o0]
is a proper lower semicontinuous function, then f* : E* — (—o0,40o0] is a proper
weak* lower semicontinuous and convex function. Hence, V¥ is convex in the second
variable. Thus, for all z € F

N N
(2.6) Dy (21" (3 V(@) £ tiDy(zm),
i=1 i=1

where {z;} C E and {t;} C (0,1) with Zfil t; =1

Let E be a Banach space and let B, := {z € E : ||z]| < r} for all » > 0. Then,
a function f : F — R is said to be uniformly convex on bounded subsets of F if
pr(t) > 0 for all ¢ > 0, where p,. : [0, +00) — [0, 00] is defined by

af () + (1= a)f(y) — flow + (1= a)y)

2.7 (1) = in
27) (1) z,yE€ B, ||z —y||=t,a€(0,1) a(l—a)

The function p, is called the gauge of uniform convexity of f. More so, the function
f:E — (—o00,+00] is called totally coercive if

f(:v))

1m (— = 400
llzl|>+o0 \ |||

Lemma 2.9. ([27]) Let v > 0 be a constant and let f : E — R be a continuous
uniformly convex function on bounded subsets of E. Then

(2.8) P cnan) <3 anflan) = asagpi(llas — ).
k=0 k=0

for alli,j e NUO, ), € By, oy, € (0,1) and k € NUO with > -, ax = 1, where p}
is the gauge of uniform convezity of f.
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Let [*° be the Banach lattice of bounded real sequences with the supremum norm.
It is well known that there exists a bounded linear functional p on [°° such that the
following three conditions hold:

(i) if {t,} in I*° and ¢, > 0 for every n € N, then u({t,}) >0,
(ii) if ¢, =1 for every n € N, then p({t,}) =1,
(il) p({tn+1}) = p({tn}) for all {t,} in 1.

Here, {t,+1} denotes the sequence (ta,ts,...,tn, tnt1,...) in {°. Such a functional
o is called a Banach limit and the value of p at {¢,} in [ is denoted by p,t,.
Therefore, condition (3) means pint, = pntn+1. If 1 satisfies conditions (1) and (2),
we call 4 a mean on [ (see, for example, [43] for more details).

Lemma 2.10. ([12]) Let C be a nonempty, closed and convex subset of a real
reflexive Banach space E. Let f : E — R be strictly convex, continuous, strongly
coercive, Gateauz differentiable, locally bounded and local uniformly conver on E.
Let T : C — C be a mapping and {x,} be a bounded sequence of C' and p be a mean
on [*°. Supposet that

i D (20, Ty) < pinDy(zn,y) Vy € C.
Then, T has a fized point in C.

Let T be a mapping from C into itself. A point = € C is said to be an asymptotic
fixed point of T if there exists a sequence {x,} in C' which converges weakly to p
and lim,,_, o ||2n — Tz, || = 0. We denote the set of all asymptotic fixed points of T
by F(T).
Recall that a mapping 7' : C — C is said to be Bregman quasi-nonexpansive [27] if
F(T) # 0 and

Ds(p,Tx) < Ds(p,x) Va € C,pec F(T).

A mapping T : C — C is to be Bregman relatively nonexpansive [27] if the following
conditions are satisfied:

(i) F(T) is nonempty;

(ii) Dy¢(p,Tv) < Dy(p,v), Vp e F(T), v € C;

(iii) F(T) = F(T).
Lemma 2.11. ([37]) Let C be a nonempty, closed and convex subset of a real
reflexive Banach space E and let f : E — R be a strictly convex and Gdateaux
differentiable function. Let g : C x C — R be a bifunction satisfying conditions

(A1)-(A4). For all X > 0 be any given number and x € E, there exists z € C' such
that

(2.9) 9(z9) + %(V(z) _V(@)y—2) >0, VyeC.
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Define the resolvent mapping T, : E — 2€ as follows
1
(2.10)  Res{ ,(2) = {z € C: g(=,9) + —(Vf(2) = Vf(z),y = 2) 20, ¥y € C},

then, Resig has the following properties:
(i) Resi’g is single-valued;
(i) Resig 18 a firmly nonexpansive mapping, that is;
(Resi’gz - Resf\,gy, Vf(Res{ygz) - Vf(Res{ygy»
< <Res{ygz — Resf\’gy, Viz)—Vf(y)
Vz,y € E;
(ii) F(Res] )= EP(g);
(iv) EP(g) is closed and convez.

It is easy to see that the resolvent operator satisfies the following inequality: for all
r>0,u € EP(g) and x € E, then

(2.11) Dy(x, Resigx) + Df(Re.s{’gx, u) < Dy(z,u).

3. Main Results

In this section, we present the existence and some properties of fixed points of
n-generalized Bregman nonspreading mapping in a reflexive Banach space. This
result extend the corresponding results of [45] and [25] to reflexive Banach space.

Proposition 3.1. Let E be a real reflexive Banach space and f : E — R be a strictly
conver and Gateaux differentiable function. Let C C int(domf) be a nonempty,
closed and convex set and T : C' — C' be a n-generalized Bregman nonspreading
mapping. Then, the following are equivalent

(i) F(T) is nonempty;

(ii) {T™z} is bounded for some z € C and m € N.

Proof. First we show that (i) implies (ii). Suppose F(T) # (), then {T™z} = {z}
for z € F(T). So {T™z} is bounded. Next, we show that (ii) implies (i). Let {T™z}
be bounded for some z € C. Since T is n-Bregman generalized nonspreading, then
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there exist «;, 8;,7i,0; € R for i = 1,2,...,n, such that

> DT Fa, Ty) + (1= Y ar)Dy(x, Ty)

k=1 k=1
+ > w{ Dy (Ty, T *a) — Dy (Ty, )}
k=1
<Y BRD(T R, y) + (1= Be) Dy (,y)
k=1 k=1
(3.1) + > 0Dy, T ) — Dy(y, )},
k=1

for all z,y € C. Replacing x by T™ 'z in (3.1), we have that for any y,z € C,

ZakDf(T”H*kTm*lz,Ty) +(1- Zak)Df(Tmflz,Ty)
k=1 k=1

+ > W{Dp(Ty, T AT 2) — Dy (Ty, T 2)}

k=1
n n
<Y BRD (TR ) + (1= Be) D (T 2, y)
k=1 k=1
(3.2) + 3 0Dy (y, T AT ) = Dy (y, T 1 2))
k=1

Since {T™z} is bounded, we can apply Banach limit p to both sides of (3.2), then
we have

n
um(z arD (T2 Ty) + (1 — Zak)Df(Tm_lz,Ty)

n

k=1 k=1
+ Z Ye{ Ds(Ty, T"H'"_kz) — Ds(Ty, Tm_lz)})
k=1
< g (S0 BDH(T™ ) 4+ (1= 37 B DS (T 2, y)
k=1 P

+ 30 0Dy (y, T E2) = Dy(y, T2} ).
k=1
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Thus, we obtain

n

> @ DT 2, Ty) + (1= > ar)pm Dy (T2, Ty)
k=1 k=1

> W D (Ty, T *2) — o Dy (Ty, T 2)}
k=1

n n
< Bt Dy (T 2,9) + (1= Bi)pm Dy (T 2,)
k=1 k=1
(3.3) + Z Sk {um Dy (y, Tm+n_kz) — 1tm Dy (y, Tm_lz)}'
k=1
Then
n n
Z O‘k,ume(Tmz’ Ty) + (1 - Z O‘k),ume (Tmzv Ty)
k=1 k=1
+ > W{pm D (Ty, T™2) — i Dy (Ty, T™2)}
k=1
<D BrumDp(T™z,y) + (L= Y Bi)pm D (T2, y)
k=1 k=1
+ > 0k{pm Dy (4, T™2) — i Dy (y, T™2) }.
k=1
Hence

UmD(T™2,Ty) < pumDs(T™2,y).
Therefore by Lemma 2.10, T has a fixed point in C. This completes the proof. O

The following results follow as direct consequences of Theorem 3.1.

Corollary 3.2. Let C' be a nonempty, closed and convex subset of a smooth, strictly
convex Banach space E, let p be a real number such that 1 < p < 400 and let f be
a function defined by f(x) = %Hx”p and T : C — C be a n-generalized Bregman
nonspreading mapping. Then, the following assertions are equivalent:

(i) F(T) is nonempty;

(if) {T™z} is bounded for some z € C.
Corollary 3.3. Let C be a nonempty bounded closed convex subset of a real reflexive
Banach space E and f : E — R be a strictly convex and Gateauz differentiable

function. LetT : C — C be a n-generalized Bregman nonspreading mapping. Then,
T has a fized point.
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Remark 3.4. Corollary 3.2 is a generalization of the corresponding result in The-
orem 3.2 of [45], where the equivalence between the two assertions was shown for
p=2.

We now show another important property of the fixed points of n-generalized
Bregman nonspreading mapping.

Proposition 3.5. Let C be a nonempty, closed and convex subset of a real reflexive
Banach space E and f : E — R be a strictly conver and Gateaur differentiable
function. Let T : C — C be a n-generalized Bregman nonspreading mapping such
that F(T) # (. Then F(T) is closed and conver.

Proof. Let u € F(T), then putting u =2 € F(T) in (1.4), we have

> Dy(u,Ty) + (1= ax)Dy(u,Ty) + > w{Dys(Ty,u) — Dy(Ty,u)}
k=1 k=1 k=1
<Y BeDs(uy) + (1= B)Dys(w,y) + Y 66{Dys(y,u) — Dy(y,u)},

k=1 k=1 k=1

which implies that
(3.4) D¢(u, Ty) < D¢(u,y), Yue F(T),y e C.

This means that T is quasi-Bregman nonexpansive. Now let {z,} C F(T) such
that z,, — p. Then

Dy(p,Tp) = lim Dy(xn,Tp) < Dy(wn,p) = Dy(p,p) = 0.

Hence, p € F(T). Therefore F(T) is closed.
Next, we show that F(T) is convex. For any x,y € F(T) and A € (0,1), let
z=MAx+ (1 —MN)y. Then

D¢(2,Tz) = [f(z)— f(Tz)—(Vf(Tz),z—Txz)

= [(2) = f(T2) = (Vi(T2), e + (1 = Ny = Tz)
= f(2) + ADj(2,T2) + (1 = N Dy (y,Tz) = Af(z) = (1 = N f(y)
< fR)+ADf(w,2) + (1= A)Df(y, 2) = Af(x) = (1= A) f(y)
= )= f(z) (ViR Az + (1 =Ny —2)
= [(2) = f(z) = (V[ (2),z = 2)

(3.5) = 0.

Hence, z = T'z. Therefore, F(T') is convex. O

Using Corollary 3.3 and Proposition 3.5, we prove the following common fixed
point theorem for a commutative family of n-generalized Bregman nonspreading
mapping in a reflexive Banach space.
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Theorem 3.6. Let f : E — R be a strictly convex and Gateauz differentiable func-
tion, C be a nonempty bounded closed convex subset of a real reflexive Banach space
E and let {Ty}acr be a commutative family of n-generalized Bregman nonspreading
mappings from C into itself. Then {Ty}acr has a common fized point.

Proof. By Theorem 3.5, we know that F(7,) is a closed convex subset of C. Since
FE is reflexive and C' is a bounded closed and convex subset, C' is weakly compact.
To show that Nyer F(Ty,) is nonempty, it is sufficient to show that {F(T,)}aer has
a nonempty finite intersection property.

Now, let {T},Ts,...,Tn} be a commutative finite family of n-generalized Breg-
man nonspreading mapping from C into itself. We prove by induction that
{T1,T5,...,Tn} has a common fixed point. To do this, we start by showing the case
for N = 2. By Corollary 3.3 and Theorem 3.5, F(T}) is nonempty, bounded, closed
and convex. Let u € F(T1), since T1Ty = T5T7, then we have T1 Tou = ToThu = Thu.
This implies that Tou € F(Ty). Hence, F'(T1) is To-invariant. Thus, the restriction
of T5 to F(T1) is a n-generalized Bregman nonspreading self mapping. By Corollary
3.3, Ty has a fixed point in F(7}), that is, we have z € F(T}) such that Thz = z.
Hence, z € F(T1) N F(T3).

Suppose that for some N > 2, I' = NM_, F(T) is nonempty. Then T is a
nonempty, bounded, closed and convex subset of C' and the restriction of Ty11 to T’
is a n-generalized Bregman nonspreading self mapping. By Corollary 3.3, T 11 has
a fixed point in I'. This implies that T'N F(Tv4+1) is nonempty. Hence, ﬂN+1F(T )
is nonempty. This completes the proof. O

The following result will be used in the sequel.

Proposition 3.7. Let E be a real reflexive Banach space and let C be a nonempty,
closed and convex subset of E. Let f : E — R be a strongly coercive Legendre
function which is bounded, uniformly Fréchet differentiable and totally convex on
bounded subsets of E. Let T : C — C be a n-generalized Bregman nonspreading
mapping. Then, for any x,y € C, ay;, Bi,7vi,0; € R, fori=1,2,...,n, we have

n
0 < Z k= i) (D (1" "R, Ty) — Dy (2,Ty) ) + Dy(Ty,y)

n

+(Vf(Ty) — Z (T 1%y —x) 42— Ty)
(3.6) + Z Su{Dys(y, T" T "%2) — Dy(y,2)} = > A Dy (Ty, T" T "F2) — Dy(Ty, z)}.
k=1

Proof. From the definition of n-generalized Bregman nonspreading mapping, we
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have
ZakDf(T""'l_kx,Ty) +(1- Zak)Df(x,Ty)
k=1 k=1
+ Z 7k{Df(Ty7 Tn+1_kx) - Df(Ty7 {L‘)}
k=1
S Z 5kDf(Tn+likxa y) + (1 - Z Bk)Df(xa y)
k=1 k=1
(3.7) + Y 0k {Ds(y, T F2) — Dy (y, )},
k=1

for all x,y € C. This implies that

0 < > BDy(T" " Fa,y)+ (1= Br)Dys(x,y)
k=1 k=1

+ Z (Sk{Df(yv Tn—H_kx) - Df(y7 z)}
k=1

= Dy (T Fa, Ty) — (1= aw) Dy(x, Ty)

k=1 k=1
= w{Dy(Ty, T F2) — Dy(Ty, x)}.
k=1

Hence, from the three points identity (1.2), we have

0 < Z Bk (Df(TnJrlik‘Tv Ty) + Df(Ty7 y) + (Vf(Ty) - Vf(y), TnJrlikx - Ty>>

k=1
+(1= 3280 (Dy(w, Ty) + Dy(Ty,y) + (VF(Ty) = V(). — Ty))
k=1
- Z ap Dy (T Fx, Ty) — (1 - Zak)Df(x,Ty)
k=1 k=1
— > w{Dy(Ty, T " *2) — Dy(Ty, )}
k=1

k=1
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Therefore
0 < zn: Br — (Df(T"+1 ko, Ty) — Df(x,Ty)> + D¢(Ty,y)
k=1
HVf(Ty) ~ ZB T e — ) + 2 — Ty)
+ 37 Dy, T ) — Dyl )

k=1

> w{Dp(Ty, T ~*2) — Dy(Ty,x)}.
k=1

O

The following result is another important property which characterized the n-
generalized Bregman nonspreading mapping.

Proposition 3.8. Let T : C — C be a n-generalized Bregman nonspreading map-
ping. Suppose F(T) # (), then T is Bregman relatively nonexpansive.

Proof. 1t is clear that
D¢(p,Tx) < Dy¢(p,xz) Vpe F(T),zeC.

We show that F(T) = F(T). It is easy to see that F(T) C F(T). Now let p € F(T),
that is, there exist a sequence {z,} C C such that x, — p and ||z, — Tz,|| — 0.
Since f is uniformly Fréhet differentiable on bounded subsets of E, then Vf is
uniformly continuous and thus

(38) T [|f(za) = f(Taa)l| = T ||V (rn) = Vf(Ta)|| = 0.

Putting x = z,, and y = ¢ in Proposition 3.7, we have
n
k:l
HVF(Tq) = V), Y Be(T™ 'z, — ) + 2, — Tq)
k=1

+3 " 0u{Dy(q, T "*w,) — Dy(q, 20)}
k=1

(3.9) = DT, " * ) — Dp(Tq, 2)}-
k=1
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Observe that

Df(Tn+17k$n7 TQ) - Df(fna TQ) = f(Tn+17k33n) - f(TQ)
—(Vf(Tq), T" 2, — Tq)
—flazn) + f(Tq) + (Vf(Tq), zn — Tq)
= f(Tn+17kx7t) — f(zn)
HVf(Tq),zn —Tq)
—(Vf(Tq), T"" "z, — Tq)
= f(Tn-H_kwn) — f(zn)

(3.10) +H(Vf(Tq),z, — T Fg,).
Similarly
D.f(qun+1_kxn) - Df(qaxn) = f(xﬂ) - f(Tn+1_kxn) + <vf(xn)aTn+1_kxn - -Tn>
(3.11) +H(Vf(xn) = VTR 2), ¢ — ),
and
Df(TQ7 TnJrlikl‘n) - Df(TQa -Tn) = f(xn) - f(Tn+17k‘Tn)
+<vf('rn)aTn+1_k$n - Jjn>
(3.12) HV f(xn) = V(T F2,), Tq — ).

Substituting (3.10), (3.11) and (3.12) into (3.9), we have

n

0 < 3 (B —an) (ST 2,) = fwa) + (V(Tq) 20 = T Fa,))

k=1
+Dy¢(Tq,q)

n

HVF(Tq) = V@), Y Be(T" " *wy — ) + 2 — T4)
k=1

£ 0 ) — FE™ K 4 (V) T — )
9 o)~ VI ) g )
S ) — FT R ) + (Y F ), T — )
(3.13) +<k;}(xn) — V(T Re,), Tg — z,)).
Taking limit as n — oo in (3.13) and using (3.8), we have

0 < Di(Tq,q) +(Vf(Tq)—Vflq),q—Tq).
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Using the four points identity (1.3), we have

0 < D¢(Tq,q)+Dy(Tq,Tq) —Ds(Tq,q) — Ds(q,Tq) + Dy(q,q)
= —Dy(q,Tq).

Thus Ds(¢,Tq) < 0 and then Dy(q,Tq) = 0. Since f is strictly convex, we have

q = Tq. Hence, ¢ € F(T). Therefore F(T) ¢ F(T). This thus implies that
F(T) = F(T). O

4. Convergence Analysis

In this section, we introduce a hybrid algorithm for finding common solutions

of countable family of equilibrium problem and finite fixed points of n-generalized
Bregman nonspreading mapping in reflexive Banach space.
Let {an; @ n,i € N;1 < 4 < N} be sequences of real numbers such that
{an:} € (0,1). We define the following W,, : C — C mapping generated by T°,
i =1,2,...,N and {ay,}, where T%: C — C is a finite family of n-generalized
Bregman nonspreading mappings.

Spor = x,

Spax VI an V(T ) + (1 — an1)V ()]

Spor = Vf*[amgi(TQSn)lx) + (1 - O‘n,2)vf(5n,1m)]
Spsr = Vi ansVF(T3S,22) + (1 — anz)VF(Sy2)]

s

(4.1) :
Sn,N—lx = vf*[an,N—lvf(TNilsn,N—Qx) + (]- - Oén,N—l)vf(Sn,N—Qx)]
W, = nN = Vf*[an7NVf(TNSn7N_1JZ) + (1 — Oén,N)Vf(Sn,N_lx)].

Using the above definition, we have the following lemma.

Proposition 4.1. Let C be a nonempty, closed and convex subset of a real reflexive
Banach space E and let f : E — R be a coercive Legendre function which is bounded,
uniformly Fréchet differentiable and totally convex on bounded subsets of E. Let
{T}YN.| be a finite famiy of n-generalized Bregman nonspreading mapping of C
into itself such that ﬂf\[:l F(T?) # 0. Let {ani} be real sequence in (0,1) such
that iminf, o oy > 0, Vi € {1,2,...,N}. Let W,, be a Bregman W-mapping
generated by T',T?,..., TN in (4.1). Then

(i) mfilF(Ti) = F(Wn)a
(ii) W, is Bregman quasi-nonexpansive,

(iii) If in addition, T is Bregman relatively nonexpansive mapping, for each i,
then W,, is Bregman relatively nonezrpansive.
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Proof. Let x € NY F(T?). Then T'x = z,i = 1,2,..., N. From (4.1), we have that
Sp1x =2, Spoxr =x,..., Sy yx = x. Thus N, F(T%) C F(W,,). Conversely, let
y € F(W,) and = € N, F(T"). Then
Df(x>y) = Dy(w, Way)
Df(i[,’, Vf*(an,Nvf(TNSn,Nfly) + (]- - Oén,N)Vf(Sn,Nfly)))
= (@)~ 20w TV S aw) + (1 )V (S n-10)
+f*(an,Nvf(TNSn7N—ly) + (1 - an,N)Vf(Sn,N—ly))

< o n(f(@) = (@, VATV Sy no1y) + £ (VTN Snn-19)))
+(1 = an,N)(f(2) = (2, V(Sn,n-19)) + [* (VTN Snn-1Y)))
—an N (1= an N)pr([IV (TN Sp N -1y) =V (Sn.n-19)]])
= oszDf(x,TNSmN_ly) + (1 —annN)Dys(z, Sn.N-1Y)
—ay, N(1— an,N)p:(va(TNSn,N—ly) = Vf(Sn,n-1Y))
< Dy(x,Snn-1Y)
—an (1= an N)pr([IVF(TN Spn-19) = VI (Snn-19)]])
< Dy(x,y) — an1(1 = an1)pr([VF(T y) = V)I)

—a2(1 — an,Q)p:(va(T2Sn,1y) = V£(Sn19)ll)
(4.2) — = an (L= an W) (VA (TN Sp n-1y) = V[ (Snnv-19)]])-
This implies that
a1 (1= an )i (IIVF(TYy) = V(»)l])
= 2(1 = n2)pr (I[VF(T?Sn19) = V(Snay)l])
= =Nl = an )P (VTN Spn-1y) = V[ (Sun-19)l]) = 0.

Then by the property of p} from Lemma 2.9 and the norm-to-norm continuity of
V f*, we have

Ty =y,
T2Sn,1y = Sn,lyv
TNSn,N—l = Sn,N—1y~

It follows that
Dy(y,Sn1y) = Dp(y, VI (an1 V(T y) + (1 — an1)VI(y)))
an,lDf(yale) + (1 - an,l)Df<yay) = 0

Therefore y € F(S,,1) and consequently, y € F(T"). Following similar argument,
we have that y € F(T?) for i = 1,2,..., N and hence y € ﬂivzl F(TY).

IN
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(ii) Let y € F(W,,). Then

Di(y,Wnz) = Dy, VI (annV (TN Sy nv12) + (1 = an n)V (S, n-17)))
< an,NDf(y,TNSn’N,lx) + (1 —an,n)Dy(y, Sn,n—12)
< apnnD¢(y,Snnv_12) + (1 — an n)Ds(y, Sn,n-17)
Df(y, Sn,N—lx)
= Dy, VI (anna V(TN 'S nox)
+(1 = ann-1)Vf(Sn.n_21)))
< N1 Dp(y, TV 1S, noow) + (1 — an n—1)Df(y, Sp N —2)
< D¢(y, Sp,n—21)
< Dy, ).

(iii) Let {x,} C C such that z,, — Z and ||W,x,, — 2,|| — 0 as n — oo. From (4.2),
we have
Df(-fa ann) < Df(i"xn) - an,l(l - an,l)p:(va(Tlxn) - Vf@‘ﬂ)”)
— apa(l— an,2)P:(||vf(T25n,1xn) = Vf(Snazn)ll)
(4.3) - = CVn,N(l - an,N)P:(HVf(TNSn,N—lxn) - Vf(Sn,N—lxn)m'

Using three points identity (1.2), we obtain

Dp(z,2n) — Dp(z,Wyzn) = (T — 20, Vf(Wyzn) — Vf(zn))
(4.4) —Dy(xp, Whay).
Since x,, — Z and lim, 0 ||2n — Wpz,|| = 0, we obtain

|Df(jaxn) - Df(?, Whrn)| <2 — 2|V (Whwn) — Vf(2)]]
(4.5) —D¢(xp, Wpzp) -0 as n— oo.

Therefore from (4.3), we have

a1 (1= an)pr(IIV (T ) = V f(zn)l]) + an2(1 = an2) i ([[VF(T2Sp,120)
= Vf(Snaza)ll) + ..

+ an,N(l - an,N)p:(va(TNSn,N—lxn) - vf(Sn,N—l'rn)H)
< Df(.’i', Tn) — Df(f,.%‘n).

Taking limit as n — oo, using (4.5) and property of p¥, yields
nh_>H(>10 ||Vf(T1xn) — V()| = nh—>H;o ||vf(TQSn,1$n) = Vf(Snazn)|| =
= lim [[VF(TV S0 n-120) = Vf(Snn-120)] = 0.
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By the norm-to-norm uniform continuity of V f on bounded subset of E*, it follows
that

lim ||T 2, — z,]| = lim [|T2S,12n — Spazal| = -
n— 00 n—r00
(4.6) = lim [TV Sp n-12n — Snn-124| = 0.

n—o0

We next prove that Sy, ;x,, —x, — 0 for eachi=1,2,..., N —1. From (4.1), we get

Dp(zn, Sn,lxn) = Df(l'na Vf*[alef(Tlxn) + (1 - O‘nl)vf(fcn)])
< an,lDf(xn,Tlxn) + (1 —an1)Dy(zn, zn).

Taking limit as n — oo and using (4.6), we have

lim D¢ (xn, Snizy) =0,

n—oo
hence
lim ||Sp12n — x|l = 0.
n—oo
Thus

TSy 120 — | <||T?SnaTn — Sni®n|| + |[Sn12n — 2nl] = 0 n — 0.
Similarly, we have
Df(x’ru Sn,2xn) = Df(xnv vf*[an,2vf(TQSn,1wﬂ) + (1 - Oln72)Vf(Sn’1!En)])
< an,2Df(5L'n; TzSn,lxn) + (]- - Oén,Q)Df(xnv Sn,lxn)~
Taking limit as n — oo, we have

lim Df(.l?n, Sngl‘n) = 0,

n—r oo

and hence

lim ||Sy 220 — zp|| = 0.
n— o0

Following similar approach as above, we have

lim ||Sps2n — zpl| = Um |[Spazy, —zp|| = = lim ||Sp n_12n — 20| = 0.
n—o0 n— 00 n— oo
Therefore

lim ||Sp,izn —xn||=0 foreach i=1,2,...,N —1.

n— oo

This together with the Bregman relative nonexpansiveness of each T° for i =
1,2,..., N, implies that & € F(S,;) for i = 1,2,...,N. Hence & € F(W,). This
therefore implies that W, is Bregman relatively nonexpansive. O
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We are now in position to introduce our iterative algorithm.

Theorem 4.2. Let C be a nonempty, closed and convex subset of a real reflexive
Banach space E and f: E — R be a coercive Legendre function which is bounded,
uniformly Fréchet differentiable and totally convex on bounded subsets of E. Fori =
1,2,...,N, let {a,;} € (0,1), T : C — C be finite family of n-generalized Bregman
nonspreading mappings and W, : C — C be a Bregman W-mapping generated by
{ani} and TV, T%,..., TN in (4.1). Let g; : C x C — R be bifunctions satisfying
assumptions (A1)-(A4) and suppose T' := ﬂf\;l F(TH N ﬂj‘;l EP(g;) # 0. Define
the sequence {x,} by the following process

ro=x € C,Cy=Qy=0C,

2 =V [BaoV (@) + 3252, Buy VI (Resi  wn)l,
Yn = V[0,V f(20) + (1 = 0,)Vf(Wn2n)l,
Co={zeC:Dz,y,) < Df(z,xn)},
On=1zeC: (Vf)—Vn) zn—2)> o},

_ -f
Tp+1 = PTOJC,,LQQ”:L"

for alln > 0, where {\,} C (0,00), {Bn,;} and {6,} are sequences in [0,1) satisfying
the following control conditions:

(i) E;io Bn; =1,V neNU{0}

(ii) There exists k € N such that liminf, .o By jBnk > 0, Vi € NU{0};
(ifi) 0 <6, <1, Vn €N and liminf, o0 6, < 1;
(iv) liminf, o Ayp > 0.

Then, the sequence {x,} converges strongly to ProjIJ:x as n — oo.

Proof. We divide the proof into several steps.

Step 1: We show that I' C C,, N Q,, and x,,41 is well defined.
It is clear that C),, and @), are closed and convex. Then C, N Q,, is closed and
convex for n > 0. Obviously, I' C Cy N Qq. Suppose I' C C},, N Q,,, for some m € N.
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Let p € T, then

IN

IN

Hence

(4.8)

Di(p, VI [0mV f(@m) + (1 = 6m)V f(Winzm)])

Vf(p, SV f(@m) + (1 = 0m)V f(Winzm))

f®) = P 6mVf(zm) + (1= 0m) VI (Winzm))

+f (6mV f(@m) + (1 = 6m)Vf(Wizm))

om[f(p) = (0, VI (@m)) + £ (2m)]

+(1 = 6)[f(p) — (0 VEWinzim)) + f*(Winzm)]

—0m (1 = dm)pr([[Tm — Winzml|)

omDy(p,xm) + (1 = 6m) D (ps 2m) — Om (1 = ) oy ([|Tm — Wiziml|)
onDy(p,2m) + (1 = 0m) Dy (p, V¥ [Bm.oV f(2m)

+3 B VI (Reshppywm)))

j=1
~0m (1 = 0m) Py (|| Tm — Winzml|)-

< (5me(}9, Tm) + (1 — 5m)[ﬁm,ODf(p» Ton)

+ Z Bm,ij (p, Resép(g)xm)
=1

B0 > B ior([[@m — Resp iy Tml|)]

=1

—0m (1 — (Sm)p:(me - szm”)

6me(p7 xm) + (1 - 5m)[ﬁm,ODf(p, l'm) + Z ﬁm,ij(pa xm)}

Jj=1

—(1 = 6m)Bm.o Z Bin.j oy ([|Tm — ReS{EP(g)mmH)
=1

—0n (1 — 6m)pj~(||xm - szm”)

= Df(p» xm) - (1 - 5m)5m,0 Zﬂm,jp:(me - Resgp(g)xmm

j=1
—0n(1 = 8n)pr(l|em — Winzml|)
< Df(p, :Em)'

IA

Hence p € C),, which implies that I' € C,,. Since ;41 = Projémemac7 then
(Vi) = Vi(@ms1),2 — Tma1) < 0V 2 € Cp N Qp. In particular, (Vf(z) —

Vf($m+1)7p -

Tmt1) < 0Vp eT. Thus p € Qp41. This proves that T' C Cppq1 N



548 L. O. Jolaoso and O. T. Mewomo

Qm+1. Therefore I' C C, N Q,, ¥V n > 0. Consequently, since C}, N @), is closed and
convex, then x, 1 = Proféannx is well-defined.

Step 2: We prove that {z,}, {yn},{zn}, {Resimgj:rn} and {W,z,} are bounded.
Since I' C C,, N Q,, for every n > 0 and 11 = Projéannx, then

So {Dy(p,zn)} is bounded and hence there exists a constant M > 0 such that
D¢(p,zn) <M VneNU{0}.

In view of Lemma 2.6, we conclude that the sequence {x,} is bounded. Similarly,
the sequences {yn}, {zn}, {Resimgjmn} and {W,z,} are bounded.
Step 3: Next, we show that lim, oo ||Tn+1 —2n|| = 0, lim, 00 ||Resf\£mg7mn—mn|\ =
0 and lim, o0 [[Whzn — 24| = 0.

Since xp41 € Cp, N Qy C @y and z, = Projé;n (), we have

Df(an,Projé;n (x)) + Df(Projé;n (1), 2) < Dg(2n41,).
Thus
(4.10) D¢ (xny1,2n) + Dy(xpn, 2) < Df(n41, ).

Therefore the sequence {Dy(zy, )} is non-decreasing and thus lim, . Df(zy, z)
exists. Hence, it follows that lim, oo Dy(zp+1,2,) = 0, and by Lemma 2.5, we
have

(4.11) nlin;o [|Zne1 — znl|| = 0.
Also, since x,41 € Cp,, we have
Df(anrlv yn) S Df(anrla xn)
This yields that lim, oo Dy(Zp41,¥s) = 0 and thus
Jm |z —ynll = 0.
Therefore from (4.11) and (4.12), we get
(4.12) Jim ||y — 2] = 0.

By the uniform continuity of f and V f on bounded subsets of E and E* respectively,
we have

(4.13) lim || f(yn) = f(zn)l| =0

n—oo
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and

(4.14) Jim [V f(yn) = Vf(zn)]« = 0.
Furthermore,

Dy(p,xn) = Dy(pyn) = f(p) = fzn) = (p— 20, Vf(2n))

—f(@) + f(yn) + P = Yn, V(yn))
= fyn) = f(@n) + 0= Yn, VI (yn)) = (0 — Tn, Vf(20))
= f(yn) - f(xn) =+ <17n — Yn, vf(yn»

—(p = 2n, VI(yn) = V(xn))

Therefore from (4.12) - (4.14), we get

(4.15) lim [Df(p,2,) — Ds(p,yn)] = 0.

n—oo

Note that from (4.8), we have

Dy(p,yn) < Dy(p,an) = (1=6)Bn0 Y Bujpi(|[en — Res) , wnl])
j=1

—0n (1 = 0n)pr(|[en — Whznl])-

Using the property of p and conditions (ii) and (iii) together with (4.15), we have

(4.16) lim [z, — Res{ , anll=0

and

(4.17) lim ||z, — Wypz,|| =0.
n—oo

By the uniform continuity of V f on bounded subsets of E*, we have

lim ||V f(zn) - Vf(Resl _ x,)||=0.

ns>9;5

Hence from (4.7), we get

[V £(z0) = VAl = lim S 81V F(Resf, , 2a) = Vi)l = 0.

Jj=1

Furthermore, since f is Fréchet differentiable on bounded subset of F, then V f* is
uniformly continuous on bounded subsets of E*. Thus

(4.18) lim ||z, —zp]| = 0.

n—oo



550 L. O. Jolaoso and O. T. Mewomo

Therefore
(4.19) n11_>ngo [|[Whzn — zn|| = nll)n;o[Hann — Tpl| + ||zn — 2a]|]] = 0.

Since {z,} is bounded, there exists a subsequence {z,, } of {x,} which converges
weakly to ¢ € E. Since ||Wyz, — z,|| = 0 and ||z, — z,|| — 0 as n — oo, then from

Lemma 2.11 we have that ¢ € F(W,,). Hence q € ﬂfvzl F(TY).
Also from Lemma 2.11, we have for each j = 1,2, ...

1
gj(Resimgjxmy) + /\—<y - Resf\cmgjxm Vf(Res{mgjxn) —Vf(zn) >0 Vyecl.

Hence

1
g5 (Res, o @nsy) + —(y = Res] |, wn, Vf(Res{  an,) = Vf(zn,)) =0 VyeC.

Ani
From the assumption (A2), we have

1
oo ||y—Res§nk 7gjxnk||||Vf(Res§nkgjxnk) — V()
1
> Tnk<y — Resink ’gjxnk,Vf(Res];nk ’gjxnk) — Vf(2n,))

> —gj(Resf\cnkgjxnk,y) > gj(y,Res{”k,gjxnk) Yy € C.

Taking the limit as k — oo in the above inequality, from (A4) and condition (iv),
we have z,,, — ¢, ||Vf(Res§\c 9:Tn) — Vf(zn,)[| = 0, we have that g;(y,q) <0
ny 935

forally € C. For 0 < t < 1 and y € C, define y; = ty+ (1 —t)q. Noting that y; € C,
which yields g;(y¢,q) < 0. It therefore follows from (A1) that

0=g;Weyt) <tgi(ye,y) + (1 —1)gi (v, ) < tg;(Ye,y)-

That is g;(ys,y) = 0.
Let ¢ | 0, from (A3), we obtain g;(¢,y) > 0 for any y € C, j = 1,2,.... This implies
that g € ();2; EP(g;). Therefore ¢ € ' := NY, F(T") N N1 EP(g;)-

Now since z,+1 = Projéannx, we have
(VFx) = VF(@ni1),Tns1 —2) >0 V2 € C,N Q.
Since I' C C),, N Q,,, we have
(Vf(x) = Vf(xns1),Tn1 —2) >0 VzeTl.
Taking the limit of the above inequality, we have
(Vf(x)=Vfg),q—2) >0 Vzel.

Therefore ¢ = Projf:x. This completes the proof. O
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5. Application to Zeros of Maximal Monotone Operators

Sabach [37] showed that under some properties of the function f, the solution set
of the equilibrium problem is equivalent to the set of zeros of a maximal monotone
operator, that is the points z* € dom A such that

(5.1) 0* € Az*,

where A : E — 2" is a maximal monotone operator. We denotes the set of zeros
of A by A71(0*). An operator A : E — 2F" is said to be monotone if for any
z,y € dom A, we have

E€Ax and pe Ay=(£—pu,x—y)>0.

A monotone operator A is said to be maximal if the graph of A, Gr(4) := {(=,£) :
& € Az} is not contained in the graph of any other monotone operator. The problem
of finding the zeros of monotone operators is very important due to its applications
in differential equations, evolution equations, optimization and other related fields.
Many algorithms have also been introduced to find its solutions in Hilbert and
Banah spaces.
Let g : C x C' = R be a bifunction and define the following operator A, : £ — 2F”
in the following manner

J{§eE iglxy) > y—a) Vyel}, zeC,
(52)  A) = {@

x ¢ C.

The following result was proved for the mapping A, in [37].

Proposition 5.1. (Sabach [37]) Let C be a nonempty, closed and convex subset of
a reflexive Banach space E and let f : E — R be a coercive Legendre function which
18 bounded, uniformly Fréchet differentiable and totally convexr on bounded subsets
of E. Assume that the bifunction g : C x C — R satisfies conditions (A1)-(A4),
then:

(i) EP(g) = Ag*(0%);

(ii) Ay is mazimal monotone operator;
(iii) Resg = Resﬁg.

Based on the above result, we propose the following which can be obtain from
Theorem 4.2 for finding common fixed point of finite family of n-generalized Breg-
man nonspreading mapping and zeros of maximal monotone operators in reflexive
Banach space.

Theorem 5.2. Let C be a nonempty, closed and convex subset of a real reflexive
Banach space E and f: E — R be a coercive Legendre function which is bounded,
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uniformly Fréchet differentiable and totally convex on bounded subsets of E. For i =
1,2,...,N, let {a,;} € (0,1), T : C — C be finite family of n-generalized Bregman
nonspreading mappings and W, : C — C be a Bregman W-mapping generated by
{ani} and TV, T?,..., TN in (4.1). Let g; : C x C — R be bifunctions satisfying
assumptions (A1)-(A4), Ay, + E — 28" be as defined in (5.3) for j =1,2,... and
suppose T == (L, F(TH) N N2, A, (0%) # 0. Define the sequence {x,} by the
following process

ro=x€C,Ch=Qy=C

en = VI B0V (@n) + 352 Ba VS (Reshy xa)),

C, = {z € C:Dy(z,yn) < Df(z,xn)},

O, = {z €0 (Vf(x) = V(an),an —2) > o},

Ln+1 = P?"Ojéann.’E,

for alln >0, where {B,;} and {5,} are sequences in [0,1) satisfying the following
control conditions:
(1) 252 Bny =1,V neNU{0}L
(i) There exists k € N such that liminf,_, B, jfnk > 0, Vj € NU{0};
(iil) 0 <0, <1,Vn €N and liminf,, . §, < 1.

Then, the sequence {x,} converges strongly to Projljix as n — oo.

6. Numerical Example

We give a numerical example to demonstrate the performance of our algorithm
4.7.

Example 6 1. Let £ = R, C = [-10,10] and let f : R — R be defined by
f(x) = 222 Let g : CxC%Rbe defined by g(z,y) = z(y — z), Vz,y € C and
T:C —> C be defined by Tz = Em 1 =1,2,...,N. It is easy to observe that
f is coercive Legendre function which is bounded, uniformly Fréchet differentiable
and totally convex on bounded subset of R and Vf(z) = Sx Also since f*(a*) =
sup{(z*,z) — f(z) : @ € R}, then f*(z) = 222 and Vf*(z) = 2z. Further, T* is

1-generalized Bregman nonspreading mapping and Resf\f i = m.

Choose {ay;} = { n+z)2} {6n} = {(n+1 } {\} = {3} and for each n € NU{0},
and j > 0, let {8, ;} be defined by

1 .
3T (Til) ) n>j,

Png = \1=550 1%  n=j
0 n < j.
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Observe that g satisfy Assumption (A1)-(A4) and I' = {0} # (). After simplification,
the hybrid iterative scheme (4.7) reduces to the following: Given x,

% Bny()%(xn) JFZ;'”;l 571,]’%} ;
_3 4 1 4 )
Yn = 1 |3tmr1)2 (zn) + (1 - W) E(ann):| ;
6.1 _ 2(12—0— i) .
( ) C,= 10 %] :
Qn = [O,ZCn] 5
Tpt1 = Projéannxo,

)

where W, z, is computed as follow:

Sn,OZn = Zn,
Zn 1
T e < (n+ 1)2) :
Zn 1
(62) > 6n+27 ( (n+2)2> 1
z 1
Wn n — On = — l1——— Sn —14n-
‘ N 3N(n + N)2 +< (n+N)2> N2

Finally, we select the following values

Case(i): N =10 and g = —1,
Case(ii): N =50 and xg = 0.5,
Case(iii): N =100 and z¢ = 2.

Using Matlab 2016(b) and ¢ = 10~ as stopping criterion, we plot the graphs of
error ||z,+1 — x,|| against number of iteration in each case. The computational
results can be found in Figure 1.
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Figure 1: Example 6.1, Top-Left: Case(i); Top-Right: Case(ii); Bottom:
Case(iii).
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