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PRICING OF VULNERABLE POWER EXCHANGE OPTION
UNDER THE HYBRID MODEL

JAEGI JEON, JEONGGYU HUH, AND GEONWOO Kim*

ABSTRACT. In this paper, we deal with the pricing of vulnerable power
exchange option. We consider the hybrid model as the credit risk model.
The hybrid model consists of a combination of the reduced-form model
and the structural model. We derive the closed-form pricing formula of
vulnerable power exchange option based on the change of measure tech-
nique.

1. Introduction

Exchange option with two underlying assets was first proposed by Margrabe
[8], and become one of the most popular options in the over-the-counter (OTC)
market. Since the exchange option was proposed, there have been the extensions
of the exchange option pricing. In particular, credit risk has been considered
when the exchange option is priced because there exists the credit risk in the
OTC market.

Generally, there are two kinds of approaches for modeling of credit risk: the
reduced-form model approach and the structural model approach. Based on
these approaches, exchange options with credit risk, which have been called vul-
nerable exchange option, have been studied in recent years. Under the reduced-
form model of Fard [2], Huh, Jeon and Kim [3] proposed a valuation of vul-
nerable exchange option using the probabilistic approach. Under the structural
model of Klein [7], Kim and Koo [4] derived the closed-form pricing formula
of vulnerable exchange option using the partial differential equation (PDE) ap-
proach and Kim [5] used the probabilistic approach to obtain the same result.
For the credit risk modeling, in this paper, we consider the hybrid model that
combines the reduced-form model and the structural model. In fact, in the
work of Kim [6], the hybrid model was considered to price vulnerable exchange
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option. Motivated by the work of Kim [6], we study the valuation of vulnerable
power exchange option under the hybrid model.

Power exchange option is a generalization of exchange option. Blenman and
Clark [1] first studied the valuation of power exchange option and provided a
closed-form formula of the option. Although there have been several studies for
vulnerable power exchange option, the hybrid model has not been considered
for the vulnerable power exchange option pricing. In this paper, we first deal
with the valuation of vulnerable power exchange option under the hybrid model.

The remainder of this paper is organized as follows. In section 2, we describe
the hybrid model for vulnerable power exchange option pricing. In section 3,
we derive the pricing formula of vulnerable power exchange option under the
proposed model based on the change of measure technique. In section 4, we
provide concluding remarks.

2. Model

We assume that a filtered complete probability space (2, F, {F;}, P) repre-
sents an economic environment with uncertainty, where {F,} satisfies the usual
conditions and P is the risk-neutral probability measure. Under the measure
P, the processes of two risky underlying assets Sy (t) and Ss(t) are given by

dS, (t) =rS (t)dt + 0151 (t)dWl (t), (1)
dSs (t) =7rS, (t)dt + 0955 (t)dWQ (t), (2)
where o; (i = 1,2) is the volatility of the corresponding asset, and r is a risk-
free interest rate. We assume that o; (i = 1,2) and r are positive constants.
To construct a hybrid model for credit risk, we adopt the structural model of
Klein [7] and the reduced-form model of Fard [2]. For the structural model of
Klein, we should define the asset value process V (t) of option writer. The value
process V(t) is assumed to be driven by
dV(t) = rV (t)dt + o3V (t)dWs5(t), (3)
where o3 is the volatility of asset V() of option writer. For the reduced-form
model of Fard, we define the default intensity process A(t) as
dA(t) = a(b— A(t))dt + o4dW4(t),

where o4 is the constant volatility of A(t). We assume that o; (i = 3,4), a and b
are positive constants. Then the default time 7 under the reduced-form model
is defined by

P(r>t)=E" [e_ fMS)dS} .
We also assume that Wy (t), Wy (¢t), W5(t), and Wy(t) are the standard Brow-
nian motions under the measure P with the following correlations
dWl(t)dWJ (t) = pijdt, Z,j = 1, 2, 3, 4,
where —1 < p;; < 1. Then, as in Kim [6], we construct the hybrid model which
is considered both of the reduced-form model and the structural model.
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Power exchange option at maturity T has the payoff of the form
(S7*(T) = 85*(T))™,

where a1 and ap are positive constants. Therefore, the initial price of vulnerable
power exchange option under the hybrid model is given by

C = TEP[(SP(T) - S5 (D)*

1—a)V(T

><<1%>TJTU>D}+(g()u-lh>ﬂVUU>DQ>|f4
e "TEY [(ST(T) — 89*(T)) s, (1)> 0} [ Fo]

(1-a)

D

_¥6_TTEP [V(T)(Sftl(T) - 857 (T))+1{T>T7V(T)>D}|f0:| ,(4)

where « is a deadweight cost and D is a value of the option writer’s liability.

e EF [V(T)(S(T) — 552 (T)) | Fo]

3. Power exchange option pricing

We study a valuation of exchange option with credit risk exchange option
with credit risk under the hybrid model in this section. By the law of iterated
conditional expectations, the price C' in the equation (4) is given by

(1-a)

C = e TEN VT)(ST(T) - S5*(T)) I F)

Lo TRP [e— Jo" Myds (gon () _ goa (T))+1{V(T)>D}|J:O}

l-« —r — [T X(s)ds i as
_(’#)e TEP {e Jo Ms)d V(T)(Sl (T) _ 52 (T))+1{V(T)>D}|]:O] )

In order to simplify the notations, we denote that

(1-a)

Ji="F e BT [V(T)(S7(T) — 852(T))*|Fo]
Jp = e TP [ef Ir )\(S)ds(sill(T) _ ng (T))+1{V(T)>D}|]'—O} 7
I-a —r — [T X(s)ds o ag
gy = LoD e P [ IOy (1) (5 () — $52(T) Lwiaromy o]
Then, the price C' can be written as

C=J+Jy—Js (5)
We now calculate Ji, J> and J3 in the following Lemmas, respectively.

Lemma 3.1. Let us consider Jy in Eq. (5), then Jy is given by

5= BO‘) S (0)V(0)e

g0l

2
<T+a1031)13—071+ S >a1T
N(a1)

2 2
o3 | agad
r+0203p23— 5 +—%

(-0

S5 <o>V<o>e< >”TN<a2>, (6)
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where

1 S91(0) aVT

ayp = In

ovT  55%(0)

2
ag. Oég\/T
- (T - ?2 + a10102p12 + 0203023> P

1 . S5%(0) o2 VT
1 -
az = oT T 552(0) + (r ) + Q20102p12 + 0103013 .
VT

2
92 2
- (r 5 + ooy + 0203P23)

2
01 2
+ (7“ 5 + ayo7 + 0103/)13)

. 2 2 2 2 2 1 a1y
2
with 02 = ajo? + a305 — 2a1a30102p12 and N(a) T f e dx.

Proof. We write J; as

(1 — Oé) —7 o
J1 = D € TEP [V(T)Sl ! (T)]‘{STI(T)>S;2 (T)}|]:O:|
(1 B a) — o
— ST T B (VTS5 (D)L 500 )5 552 (oo
11—« 11—«
To calculate I7, we define a new measure (1 as
Q1 _ W1 (T Wy(T) — 2(a202 + 02 + 2 T
P exp 1ot Wi(T') + o3 Ws(T) — 5(041‘71 + 03 + 2a1p130103)T'| .
By Girsanov’s thoerem,
Ql (T) = W1 (T) - alolT - nglgT,
WQl(T) = Wa(T) — ano1p12T — 03p23T,
WQI(T) = Wg( ) — O’gT — Oél(flplgT
are the standard Brownian motions under the measure Q1. Then we have

ar
dQ

= SP OV

— Sin (O)V(O)eaer"‘ alzo% (a1 =1)T+ar0103p13T

I = eTTEQl{ V(T)Sf”(T)l{S?l(T)>S§2<T>}|f°}

g0l
2

(al—l)T+alolaap13TpQ1 (S?I(T) > 532 (T))

XPQl <0420'2W2 1(T) — 0410'1W1Ql (T) <In (Sl (0)>

S52(0)
U% 2 U%
+ 7‘—74-04101 +o103p13 | T — T—7+a10102p12+0103013 o T | aT

alal

of
r+o103p13— 5 +

= S O)V(0)e D N, (®)
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To calculate I5, we define a new measure () as

d 1
% =exp |0 Wi (T) + o3W3(T) — 5(04%‘7% + 03 + 2aap230203)T | .

Under the measure Q2,
WQ2 (T) W1 (T) — 0620'2/)12T — nglgT,
W5*(T) = Wa(T) — a205T — 0337,
W2 (T) = W3(T) — 03T — az02pa3T

are the standard Brownian motions and I can be calculated in a similar way
above. This completes the proof. (]

Lemma 3.2. Let us consider Jo in Eq. (5), then Js is given by

o2 o202 o1o4p ) )
Jy = e—T‘TSlOél (0)M; (T)e(r—%)alT-&-#T—il a1 [T f(s,T,a)daN2(b1, by, 01)

T T 83 (0) My (T)er = FIosT+ HAT 2354234 [T f(s T Ny, (1, 1, ),

where
(6% —
0, = ( S o 202p23)»02 = Ol101 + CVQJZ — 2a10000102p12, f(s,t,u) =1- e_U(t_S)’
A0) —b
ai (1) = exp | <7 = 20 =L (0, 700) +*/ f*(s.T,a)ds |,
a
1 521(0) oF T T 2 T
y s toalr )T e (rm )T (0307 — 1020102p12)
1= ax/T
e [ (s, Toa)ds + oo [T (s T, a)ds
ovT ’
b In Y52+ (Tﬁ %g)T+O‘10103P13T* %fon(S,T,a)ds
2= O'3\/T 7
| 521 (0) o2 T o2 T 2452\T
ba — Ngmg Tal\r—3 )L —a(r—35 )0+ (102010212 — 0303)
3= oVT
e [ (s, Toa)ds + oo [T f(s, T, a)ds
ovT ’
b In Y52+ (Tﬁ %g)T+a20203P23T* cazass [ f(s, T, a)ds
4= O’3\/T 7
and

(z® —2zyp+y?)
Ny(nyi,na, p) = / / e2<1f>> dydzx.
e /
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Proof. We write J, as

—p — [T \(s)ds qa
Jy = e "TEF [6 Jo M) Sl1(T)I{Sfl(T)>S§2(T),V(T)>D}‘]:0}
—-Tr — T S S (6%
—e"TE" {6 Jo Me)d SQ2(T)I{Sfl(T)>S;’2(T),V(T)>D}|}—0}
= e T —e Ty, (9)
To calculate I, we define a new measure Q3 such that
dQs e~ fOT A(s)ds

dP E[e*foT As)ds| o1
Then, I3 is given by
Is = My (T)E® {S?I(t)l{sf‘l(T)>S§2(T),V(T)>D}|}—0} ; (10)

where M1(T) = Ele” I As)ds| 7], To calculate Eq. (10), we define a new

measure @3 such that

dQ~3 Q3 1 2 2
it 1% T — = .
s exp [0410'1 1 ( ) ajo0] I

Then, under the measure @3,

_ T
W (T) = Wy (T) + %/ F(5,T, a)ds — aron T,
0
Q 04pP24 T
W2 3(T‘) = WQ(T) + T/ f(S7T, a)ds — 0[10'1p121—‘7
0
Q 04034 T
W3 (T) = Ws(T) + T/ f(s,T,a)ds — azo1p137,
0

- T
W(T) = Wa(T) + % / f(s,T,a)ds — ayo1p14T
0

are the standard Brownian motions. Under the measure ég7 we have
52 a202 o1oup T T Vs D
Iy = S (0) My (T)er=)aTH =t T= =558 o S Tia)ds Qs [1 g oy s s, 1y v (1> 03 [ F0) 5
and
E@ {1{551@»5;2 (1).V/(1)>D}
= P9 (S{(T) > S5*(T), V() > D)
= Pé3 (OéQUQWQC?a(T) — 0510'1W1C?3(T) < bla\/T, —0'3VV3Q3 (T) < b20'3\/T>
= ]Dé3 (Zl <by,zo < bg) .

Since z; and z are correlated standard normal variables, we obtain

I = S (0) My (T)e(r— = )en T+ =5t T =S8 [ (s Toa)ds N (b by 6),
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where 61 is the correlation between z; and zs.
Under the measure ()3, I4 is represented by

Iy =

My(T)E? |52 (0150 rys g2y vimysoyFo) - (1)

For the calculation of Iy, we define a new measure @3 such that

aQ 1
% = exp [a202W2 (T - 2a§U§T] .
Then, under the measure @3, we can calculate I in a similar way to I3. O

Lemma 3.3. Let us consider Js in the equation (5), then Js is given by

Jz =

where

In

(1-a)

D

0’2 «@ 0’2
sm(o)v(o)J“‘””“’“ﬁ”%)C“T
1

s T JJ (s Toa)ds— masess [ J(sTa)ds py (T')Na(c1, c,01)

(1-a)

D

G2 (O)V(O)e <T+0'20'3p237é+0<27a%> -
2

__agogoypa4 (T : ,_9394pP34 T N
<e 2 Jo f(s,T,a)ds 4 Js f(s,T,a)dle (T)NQ (017 Co, 01)7

S71(0)
532 (0)

2 2
+ (afo7 + o103p13 — Q12010212 — (20203p23)T + (T -

&1

— Q9 <’I’

oVT
— L%) T — 011”154[’14 fOT f(S,T, a)ds + 012(72;74024 fOT f(S,T, a)ds

+

v

ln#wL

)

2
oT
(r + ”é) T + ayoy03p13T — F272L54 fOT f(s,T,a)ds

Cy =

In

571 (0)
57(0)

)

O'3\/T

2 2
+ (a10p0102p12 + 01 0103p13 — Q505 — (0203p23)T + g (7“ -

C3 =

+

— Q2 (r

oVT
_ Lz%) T — 0416/154;’14 fOT f(S,T7 a)ds + 0420254%4 fOT f(S,T, a)ds

)

2
ovVT

R (7‘ + 07?’) T + apo203p2sT — Z2732%4 foT f(s,T,a)ds

Cq4 =

)

0'3\/T

and 61, o, f, Mi(T) and Ny are defined in Lemma 8.2.
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Proof. Js is represented by
(1-a)

—r — [T X(s)ds o
Jso= e TEP {6 Jo As)d V(T)Sl1(T)l{s;*l(T)>s§2(T),V(T)>D}|f0]
(1 — a) —r — [T X(s)ds a
D e TEP |:e fo >\( )d V(T>SQ2(T>1{S§¥1(T)>S;2(T),V(T)>D}|]:O:|
(1—a)

(1-a)
= Is —
D 7 D
I5 and Ig can be calculated under the measure Q3 defined in Lemma 3.2.
Thus, under the measure Q3, I5 is given by

Is = My(T)e " E® [V(T)Sin(T)l{sl"‘l(T)>S‘2’2(T),V(T)>D}|}-O} , (13)

where M;(T) is defined in Lemma 3.2. With the standard Brownian motions
under the measure ()3, we define a new measure )4 such that

d 1
d%gi = exp {04101W1Q3 (T) + 03 W3(T) — 5 (afof + oF + 20[1'0130103)71} .

2
By Girsanov’s thoerem,
WEHT) = WE(T) — ayor T — a3p1sT,
W (T) = Wi (T) — aro1p12T — 03p2sT,
WEH(T) = W3 (T) — 03T — ayo1p13T

are the standard Brownian motions under the measure Q)4. Then, we obtain

Is. (12)

<r+a1a3p13—71+ i )alT—% S §(s,T\a)ds— 2324834 [T f(5,T,a)ds

I = SU0)V(0)e
x My (T)E9 {l{sfl(T)>S§2 (T),V(T)>D}|}—0}

Since £ {1{5‘111(T)>S§2(T),V(T)>D}|]:0} = P9 (S7*(T) > S3*(T),V(T) > D),
we can obtain

B [1{Sf‘1(T)>S§2(T),V(T)>D}|f0} = Na(c1,c2,01).

In a similar way, we represent Ig under the measure Q)3 as

Is = e ""M(T)E® {V(T)Sé” (T)I{Sf‘l(T)>S§2(T),V(T)>D}‘]:0} - (14)
To calculate I, we define a new measure Q5 equivalent to Q3 by
d 1
d%z = exp {a202W2QS (T) + oW (T) — 5(@@03 + 02+ 2a2p230203)T} .

By Girsanov’s thoerem,
W2 (T) = W(T) — azozp12T — o3p13T,
Wy (T) = I/VQQ3 (T) — agooT — o3p23T,
W25 (T) = W23(T) — 03T — asoapasT
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are the standard Brownian motions under the measure Q5. Using these Brow-
nian motions and a similar way to the calculation for I5, we can calculate I
under the measure Q)5. This completes the proof. O

Combining the Lemmas, we finally present the closed-form formula for vul-
nerable power exchange option price under the hybrid model.

Theorem 3.4. The price at time 0 of vulnerable power exchange option under
the hybrid model is given by

C=J+Jy—Js,

where Jy,Jo and J3 are defined in Lemma 3.1, Lemma 3.2 and Lemma 8.3,
respectively.

4. Concluding remarks

In this paper, we consider the hybrid model for the valuation of vulnerable
power exchange option. The hybrid model is constructed as a combination
of the reduced-from model and the structural model. Applying the change of
measure repeatedly, we derive the closed-form pricing formula of the option.
Finally, we provide the formula using the bivariate normal cumulative function
and the standard normal cumulative function
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