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ON OPTIMALITY THEOREMS FOR SEMIDEFINITE LINEAR
VECTOR OPTIMIZATION PROBLEMS

MoonN HeEe Kim

ABSTRACT. Recently, semidefinite optimization problems have been inten-
sively studied since many optimization problem can be changed into the
problems and the the problems are very computationable. In this paper,
we consider a semidefinite linear vector optimization problem (VP) and
we establish the optimality theorems for (VP), which holds without any
constraint qualification.

1. Introduction and Preliminaries

Semidefinite optimization problems have been intensively studied since many
optimization problem can be changed into the problems which are very compu-
tationable [9]. Jeyakumar, Lee and Dinh [6] proved the sequential optimality
conditions for convex optimization problem, which held without any constraint
qualification and which were expressed in terms of sequences. The optimality
conditions have been studied for many kinds of convex optimization problems.
In particular, Lee and Lee [8] studied sequential optimality conditions for effi-
cient solutions of an abstract convex vector optimization problems. Kim, Kim
and Lee [7] investigated sequential optimality conditions for a semidefinite linear
optimization problems.

In this paper, we establish sequential optimality theorems for a properly
efficient solution, efficient solutions and weakly efficient solutions of (VP), which
holds without any constraint qualification and which are expressed by sequences.

Let X be a Hilbert space with inner product (-,-). For a subset D C X, the
closure of D, induced by the norm topology on X, is denoted by clD.

Let C be a closed convex cone in X. Then the positive dual cone of C' is
defined by

C*:={z€eX : (z,2) 20 Yz e C}.
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The indicator function §4 : X — R U {400} is defined by

Py 0 if xeA,
47\ +oo otherwise.

Let h : X — RU {+o0} be a function. The conjugate function of h, h* :
X — RU{+00}, is defined by

h*(v) :=sup{(v,z) — h(z) | = € domh}

where domh := {z € X | h(z) < +o0}.
The function h is said to be proper if A does not take on the valued —oo and
domh # (). The epigraph of the function h is defined by

epih := {(z,r) € X xR : h(z) < r}.

We say that h is proper if h(z) > —oc for all z € X and domh # ). Moreover
if liminf, ,,h(y) = h(zx) for all z € X, we say that h is lower semicontinuous.
A function h : X — RU {400} is said to be convex if for all A € [0,1],

h(Az + (1= Ny) £ Mh(x) + (1 = Nh(y) for all z,y € X.

Lemma 1.1. [1] Let hy,hy : X — RU {400} be proper lower semicontinuous
convex functions. Then epi(hy + ha)* = cl(epi hi + epi h%). If, in addition, one
of h1 and ho is continuous at some xg € dom hy N dom ho, then

epi(hy + ha)™ = epi hi + epi hi.

Lemma 1.2. [4] Let I be an arbitrary index set and let h; : X — RU {400} be
proper lower semicontinuous convex functions. Suppose that there exists xg € X
such that sup;c; hi(zo) < co. Then

epi(sup h;)* = clco U epi h}
iel iel
where sup;e; h; + X — RU{4o00} is defined by (sup;e; hi)(x) = sup;cr hi(x) for
allz € X.

TrA is the trace of n x n matrix A. For a symmetric n X n matrix A,
A > 0 means that A is positive semidefinite and A > 0 means that A is pos-
itive definite. Let ST = {X € S™ | S = 0}. Let S™ be the space of n x n
symmetric matrices. Then Tr(- -) is the inner product on S™ and S™ is the
finite-dimensional Hilbert space with T'r(- -) ([2]).

In this paper, we consider the semidefinite linear vector optimization prob-
lem:

(VP)  Minimize  (Tr(C1X),- -, Tr(C,X))
subject to X =0, Tr(A,;X)=b;, j=1,---,m,

where C; € S, i=1,---,p, A; € 8™, b;,j =1,--- ,m are given real numbers.
Let A:={Xe€S"| X =0, Tr(4,X)=0b;,i=1,--- ,m}.
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Definition 1. (1) X € A is said to be an efficient solution for (VP) if there
exists no other feasible X € A such that

(Tr(01X),--- ,Tr(CpX)) < (Tr(C’lX), . ,TT(CPX)>
and (Tr(ClX), . jr(C,,X)) £ (Tr(Cl)_(), . ,Tr(c,,)‘()).

(2) [3] X € A is said to be a properly efficient solution for (VP) if it is
efficient for (VP) and if there exists a scalar M > 0 such that for each i, we
have _

TT(CJX) — TT(CJX) -
for some j such that Tr(C;X) > Tr(C;X) wherever X € A and Tr(C;X) <
T’I“(CZAX:)

(3) X € A is said to be an weakly efficient solution for (VP) if there exists

no other feasible X € A such that

(Tr(C’lX), . ,Tr(CpX)> < (Tr(Cl)_(), . ,TT(CPX)).

Now we give the following necessary optimality theorems for a properly effi-
cient solution, efficient solution, weakly efficient solution of (VP):

Theorem 1.3. Let X € A. Then the following are equivalent:
(i) X is a properly efficient solution of (VP);
(ii) there exist \; > 0,4 =1,---,p (3°5_; \; = 1) such that

(0,0) € (Zp: A Ch, ij AiTr(Ci)_()) + {0} x RY

i=1 i=1
+Cl( U Domi(4y,65) + (=57) x R+);
pi€R j=1

(iii) there exist Ay > 0,0 = 1,---,p (0 A =1),pk € R, j=1,---,m,
Vie S such that

p m

. : La _ vyl =
Sonci fm[3ouia; 1] =0
i=1 Jj=1
and lim Tr(V'X) =0.

l— 00

Proof. ((i) = (ii) = (iii)) Let X be a properly efficient solution of (VP). By
Theorem 2 in [3] there exists A; > 0,4 =1,--- ,p such that

P P
i=1 i=1
Let F(X) ="  NTr(C;X). Then F(X) =2 F(X), VX € A. Since F(X) +

Sa(X) = F(X). Hence Tr(0X) — [F(X) +0(X) g ~F(X) VX e€A.
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Since sup {Tr(OX)— [F(X)+5A(X)}\ X e A} < —F(X). Then (F +

52)*(0) £ —F(X). Since (0, —F (X)) € epi(F +6a)*, (0,—F(X)) € epiF* +
epid. Here epiF* = {(3-7_, \iC;,0)} + {0} x R* and

epidh = epz( sup [Zu] (Tr(4;) — bj)JrTr(—Z-)b*
5&5" 7=t

= clco( U epi[iuj(Tr(Aj.)—bj)-i-TT(—Z-)b*

pi€R j=1
zesy

= cz( U epi[iuj(Tr(Aj-)—bj)}*_F U epi{Tr(—Z)}*)

; ER j=1 Zesy

= a( U S i)+ (-57) < BY)

;i ER j=1

and

(0, —Zp:)\iTr(Ci)_()) c {(zp: /\iCi,O>} {0} x RT
(U Zu] S")XR"’).

piER j=1

Hence there exist A\; > 0,i=1,---,p (3-7_, \; = 1) such that

(0, (ZAC“ZATrCX))JF{o}XW

i=1
+e( U Sy (Ag.by) + (—57) xR*).
i ER j=1

Therefore there exist \; > 0,4 = 1,---,p X0_ A = 1), ,ué e RV ¢ ST,
r € RT and r! € R* such that

p m
Z: NGy + lliglo [z_: /JéAj — Vl} =

and Z)\TT CX)+r+ hm [Z,ujb —&—r} =0.

i=1

Since

m

Z)\ ;T ( C'X)—|— hm TT(ZMA —V)X

i=1 Jj=1
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= 711111(2#]6 +r)f1"+hm {TT(Z‘LLJ )XfTr(VlX)

l—o0

— —lim [7" +Tr(VX)] -

l—o00
Since 7! = 0 and Tr(V!X) = 0 then r = 0, llim rl =0 and llim Tr(VX) = 0.
— 00 — 00

Therefore there exist A; >0, =1,---,p (O 0_, A = 1), ué- eR, Vie S% such
that

p m
: l l
S i [Sa, v -
i=1 j=1
and lim Tr(V'X) =0
l—o0
((#5i) = (4)) Suppose that (iii) holds. Then for any X € A,
VAT H(CHX = X))+ lim [ pTr(A; (X = X)) =Tr(VI(X-X)| = 0.

So, >0 NTr(Ci(X — X)) + llim <7T7"(VIX)> =0 for any X € A. Thus
— 00

P NTr(CiX) 2 3P \Tr(C;X) for any X € A. By Theorem 2 in [3], X
is a properly efficient solution of (VP).
O

Theorem 1.4. Let X € A. Then the following are equivalent:
(i) X is an efficient solution of (VP);
(ii) for each i =1,---p,

(0,0) € (C;, Tr(C; X)) + {0} x R
+cz( U > w500 + U S m(Cr, Tr(Cu X)) + (—5%) xR+);
;i €ER j=1 ne20 ki

(#ii) for each i =1,---p, there exist ué- eR, nL =20, Vle S% such that

C; + lgrgo {Z ué-Aj + Zn,lcC’k - Vl} =0
=1 ki

and lim Tr(V'X) =0
l—00
Proof. ((i) = (ii) = (iii)) Let X € A. Then X is an efficient solution
of (VP) if and ouly if for each ¢ = 1,--- ,p, X is an optimal solution of the
following problem (VP);;
(VP), Minimize  T7r(C;X)
subject to  Tr(CypX) S Tr(CyX), k #1,
Tr(A;X)=b;, j=1,---,m,
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Let i € {1,---,p} be fixed. Let Fi(X) = Tr(C;X) and G = {X € S" | X =
0, Tr(CyX)=Tr(CyX), k#1i, Tr(A;X)="0bj, j=1,--- ,m}. Then

(0, —Fi(X)) € epiF} + epids. (1)
Here epiF; = {(C;,0)} + {0} x RT and

epids
= epi( sup [Z wi(Tr(A;-) —bj) + an(Tr(C’k-) —Tr(Cp X)) + Tr(—Z-)D
S ki
Mk =20
ZeSy

= clco( U epi [i pi(Tr(A;-) —bj) + an(TT(Ck-) —Tr(CeX)) + TT(—Z-)D*
j=1

pj €R ki
Nk 20
ZeST
= cl( U epi[Zuj(Tr(Aj«) fbj)r + U epi [an(TT(C’k~) fTr(C’kX))T
mi€R i=1 7620 k1
+ U eniTr(-2)")
Zesh
- cz( U S w00+ U Y m(Cr, Tr(Cr X)) + (—57) xR+).
pi€R j=1 N 20 k#i
So, from (1),

0,-Tr(C;X)) € {(Ci,0)} +{0} xRy

tel ( U S w00+ U S m(Cr, Tr(CuX)) + (—57) x R+).

i ER j=1 K20 ki

Hence
(0, 0) < (CZ, TT(CzX) + {0} X R+

—|—cl( U S w4500 + | S me(Cr, Tr(CLX)) + (—57) xR+).

ni €R j=1 20 ki

Therefore there exist r € RT, ,ué €ER, n, =20, V! € ST and r' € RT such that

Ci+ lim (- uha; + Y nkCr— V') =0 2)
j=1 ki

and Tr(C;X) +r+ lllglo (Z; ,ué»bj + gnkTr(C,g)_() + Tl) =0. (3)
j= j
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From (2), Tr(C; X)+lim;_, o (E;ﬂzl ué-Tr(AjX)—FZk# nfCTT(CkX)—Tr(VlX)> =
0. Thus, from (3), —r + limy_, e (—Tr(le) - rl> = 0, that is

r+ lim (TT(VIX) + rl> =0.
l—o0

Since 7 = 0, ' = 0 and Tr(V!X) =2 0, r = 0, lim_0, Tr(V'X) = 0 and
lim;_, 00 7" = 0. Therefore for each i = 1, - - - p, there exist ué» € R, 77§C >0, Ve
S such that

ot Jim (3455 + 3k = V1) =0
j=1 kti
and lim Tr(VlX) =0.
l— o0

((#4i) = (7)) Suppose that (iii) holds. Then for any X € G,

Tr(Ci(X—)_())—i-ll_i)r(I)lo (zm: pETr(Aj(X=X))+ n;Tr(ck(X—X))—Tr(vl(X—X))) = 0.
j=1 k#i

Since lim;_,o, Tr(V!X) = 0, for any X € G,

Tr(Cy(X — X)) + lim (Z L Tr(CL(X — X)) — Tr(VlX)) = 0.
l—o0 oy
So, for any X € G, Tr(C;X) = Tr(C;X). Thus for each i = 1,---,p,
Tr(C;X) = Tr(C;X) for any X € G. Hence X is an efficient solution of
(VP). O
Since X € A is an efficient solution of (VP) if and only if,

P
Minimize Z Tr(C; X)
i=1

subject to  Tr(C;X) £ Tr(C;X), i=1,---,p,
TT(AjX) = b]? ] = 17... ,m,
X =0,

by proof similar to one of Theorem 1.5, we can obtain the following theorem for
the efficient solution of (VP):

Theorem 1.5. Let X € A\. Then the following are equivalent:
(i) X is an efficient solution of (VP);
(ii) 0,0) € { (T, G Tr(20, X)) } + {0} x RY

m

+‘j( U Do w450+ U D me(Cr, Tr(CrX)) + (-S%) xR+);

i €R j=1 ne20 k=1
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(iii) there exist ,ué €R, nj, 20 and V! € ST such that

P m P
SoCi+ Jim [S Ay + Y nkci - v =0
i=1 j=1 k=1
and lim Tr(V'X) =0.
l—o0

Theorem 1.6. Let X € A. Then the following are equivalent:
(i) X is a weakly efficient solution of (VP);
(ii) there exist \; 20, i=1,---p (3XV_, \i = 1) such that
P

(0, 0) S (Z 2 Cs, Z AlTT(CZX)) + {O} x RT

i=1 i=1
el (U D mi(A,b) + (=57) x RY);
1 €ER j=1

(iii) there exist Ay =2 0,1 = 1,--+ ,p (X0 N = 1),#2 ER, j=1,---,m,
Vie ST such that

<l

p m
. ! 1 _
Z)\,-Ci +l1—l>Igo{Z#jAj — V} =0
=1 Jj=1
and lim Tr(V'X) = 0.
l—o00
Proof. ((i) = (ii) = (4ii)) Let X € A. Then X is a weakly efficient solution

of (VP) if and only if there exist A\; =2 0, =1,---,p (3%, Xi = 1) such that
X is an optimal solution of the following problem:

p
Minimize Z NTr(CiX)

i=1
subject to  Tr(4;X)=1b;, j=1,---,m,
X = 0.
Let F(X)=>"  X\Tr(C;X). Then F(X) =2 F(X), VX € A. By the method
similar to the proof of Theorem 1.4, we can prove the result. O
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