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Abstact

In this paper, the power spectral density(PSD) for Multilevel Minimum Shift Keyed signal
with modulation index h = 1/2 (M-ary MSK) are derived using the mathematical method of
the Markov Chain model. At first, according to an essential requirement of the phase continuity
characteristics of MSK signals, a complete model of the whole process of signal generation is
built. Then, the derivations for autocorrelation functions are carried out precisely. After that,
we verified the correctness and accuracy of the theoretical derivation by comparing the derived
results with numerical simulations using MATLAB. We also divided the spectrum into four
components according to the derivation. By analyzing these figures in the graphic, each
component determines the characteristics of the spectrum. It is vital for enhanced spectral
characteristics. To more visually represent the energy concentration of the main flap and the
roll-down speed of the side flap, the specific out-of-band power of M-ary MSK is given.
OMLCD(Optimum Maximum Likelihood Coherent Detection) of M-ary MSK is adopted to
compare the signal received with prepared in advance in a code element T to go for the best.
And M-ary MSK BER(Bit Error Rate) is compared with the same ary PSK (Phase Shift Keying)
with M=2,4,6,8. The results show the detection method could improve performance by
increasing the length of L(memory inherent) in the phase continuity.

Keywords: M-ary MSK, Power-Spectral-Density, Markov Chain Process Strategy,
Optimum Maximum Likelihood Coherent Detection.
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1. Introduction

In this paper, we analyzed the M-ary MSK communication system in two aspects: spectral

properties of M-ary MSK (Multilevel Minimum Shift Keyed) signal with modulation index
h=1/2 and optimum performance of optimum maximum likelihood coherent detection in BER.
We derive the PSD expression using the mathematical method of the Markov Chain model to
make the process more streamlined. The results can help us search the key points specific to a
particular formula that affects the spectral characteristics and facilitates spectrum modification.
The simulation of M-ary MSK in BER can be used to assess the stability of communication
system transmissions. The MSK signals are very widely used in the VLF(Very Low Frequency)
communication field. The benefits of the modulated signal possess a consistent envelope and
a high bandwidth efficiency. Chen Xingbo [1] changed MSK’s carrier to LFM (Linear
Frequency Modulation) signal, MSK-LFM. He analyzed the energy leakage of MSK-LFM
based on the spectrum in expression and simulation. Dong [2] demonstrated a receiver using
PLL (Phase-Locked Loop) to get a high-speed transmission with a low BER. Wang [3] derived
the BER of MSK modulation based on the gamma-gamma channel model with coherent
detection and analyzed the BER performance of MSK in weak, medium, and strong turbulence.
This continuous phase limitation affects the signal with two crucial aspects. At first, with the
transient effects, lessened spectral bandwidth will get better. Secondly, the continuous phase
will improve demodulation performance by making decisions with several symbols rather than
one symbol only [4]. M-ary MSK also has the advantages of MSK apply for Very Low
Frequency to ensure no excessive power during phase shift. It can not only increase the
communication rate but also improve spectral efficiency. Le Nguyen Binh applied the M-ary
MSK modulation scheme for long-haul optically amplified transmission systems. According
to the numerical result, a significant increase is achieved in transmission rates [5]. For a variety
of MSK-derived communication systems, M-ary MSK is used to improve spectral efficiency.
For example, Tao analyzed IRZ-MSK in a high-speed optical fiber transmission system from
[6], research can be continued on multi-decimal.

However, using multi-decimal symbols instead of binary symbols within a code element
can result in a significant increase in transmission rate [7]. While improving transmission
efficiency, analyzing the spectral characteristics has become an essential part. Anderson and
Salz [8] considered getting the PSD of M-ary CPFSK(Continuous Phase Frequency Shift
Keying) by directly calculating the Fourier transform over a long time interval signal
waveform. In addition, we derive the theoretical expressions of M-ary MSK with h = 1/2
and present the compositions of M-ary MSK, which is vital for analyzing the spectrum
structure and use in communication system design for improving the performance [9].
Ekanayake [10] derived the spectral properties of M-ary CPFSK with h = 1/M by extending
reference [9], which the method developed for binary digital FM(Frequency-Modulated) gives
the PSD using a wave train made up of sine-wave segments. Obviously, as the binary number
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increases, the modulation index also rises, reducing the phase difference between adjacent
characters, thus leading to a higher chance of demodulation errors. Biglieri used the
representation of Rimoldi [11] to calculate a closed-form expression for the power spectral
density of full-response M-ary CPM with modulation index J/M by straightforward
computations, J an integer. The direct derivation process can be tedious and challenging to
understand than building a model.

M-ary MSK compared to MSK, the transmission efficiency improves significantly.
Considering the characteristics of MSK signals, the spectrum of M-ary MSK is analyzed by
the Markov Chain model at the same time. Reasons for MSK modulation process can be built
with Markov Chain process for spectral analytical analysis are as follows:

1. The signal sent by the MSK source is completely statistically independent,
which corresponds to the Markov Chain with no after-effects.

2. With the fixed modulation index 1/2 and periodicity of trigonometric functions
in phase, the number of states is inevitable, corresponding to a Markov Chain state space.

3. The transfer between states can accordingly be expressed in terms of the transfer
probabilities of Markov Chains [12,13,14].

Simon and Divsalar [15] have discussed the performance of coherent detection for MPSK
and give the structure of making decisions on two successive symbols. However, Park, Lee,
and Feher [16], following the CPM(Continuous Phase Modulation) characteristics, proposed
an optimum ML(Maximum-Likelihood) coherent receiver for unique CPM signals, while
Andersson, Svensson [17] considered a noncoherent detector with an environment of white
Gaussian noise, and they proposed a decoding algorithm for these convolutional coding CPM
schemes. In 1992, Jung, Baier proposed a new novel signal generation concept for CPM
withh = 1/2 based on real-valued impulses. They derived the expressions in mathematical
for both the real impulses and the bandpass CPM signals[18].

2. Signal Expression

MSK is a special CPFSK with h = 1/2. We can express the i-th phase of M-ary MSK
signal as [19]:

@, :M+ﬂhidj+9 (i-)T <t<iT o))

' T

So the signal can be simplified and written as:

r(t) = Acos(®;) (i-DT <t<iT 2
where
A The amplitude of the signal
h Modulation index

d, Digital information signal
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T The whole symbol interval
0 Starting phase
It is clear that when i=1, I_leldj =0, We set the modulation index h=1/2, and the
=
amplitude A is normalized. In each extended interval, one value of numeric information is
assumed from the set {+1,+3,45,...,+(M-1)}. According to (1), we can see clearly that the
difference with PSK modulation is that the current phase is related to the current input
information and the phase of the last moment to ensure the phase continuity. All possible phase
trajectories for all values of the phase term @, are shown in Fig. 1. For 4-ary MSK
modulation, it is assumed that the starting phase @ is known, so it is generally considered to
be 0, and there is no loss in generality. Therefore we set ¢=0 and d, =+1,+3. When the
next phase with digital information input increases over 2z or decreases under —2r, it can
always be equated to one of the existing state trajectories because of the periodicity of the

cosine function.

~ . Time

Phase

Fig. 1. Phase trellis of 4-ary MSK

3. The Derivation of M-ary MSK Autocorrelation Function in
Mathematical Expressions

As mentioned in the Introduction, we apply the Markov Chain Process Strategy to derive
the analytical expression of the spectrum of M-ary MSK. At first, we evaluate the
autocorrelation functions of M-ary MSK. Then we get the theoretical spectrum expressions.
Markov Chain Strategy is based on references [13] [20].

3.1 Markov Chain Process Strategy

We assumed X (t) = X, (t)+ jX,(t) is random M-ary MSK signal because within one
symbol interval T, digital information takes one of the set values
{+D,,+D,,*D,,...,£D,}={£1,43,15,...,£(M-1)} with equal probability. So that X_(t) and
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X,(t) have 4M types of states in every symbol interval, Those states are:
Sin®(+D,),sin®(xD,),sin ®(£D,),...,sin®(£D,)
cos®(+D,),cos®(£D,),cos®(£D,),...,cos®(+D,)
Because of the symmetry of the | and Q channels, we only take the actual envelope of the
I channel signal for analysis. The types of X, (t) states of each symbol interval are decimated
to2M :
Sin®(+D,),sin®(xD,),sin ®(£D,),...,sin®(£D,)
We can simplify the above states by eliminating the positive and negative signs to obtain
the following expressions:
sin®(D,),sin®(D, + % x),sin®(D, + 7),sin®(D, + % )
That is:
sin®(D,),cos ®(D, ), —cos®(D, ), ~sin ®(D,) 3)
The states are shown in equation (3) is arranged from 1 to d by D, and gather each
different state groups numbering the states in order states 1 to state 2M .
Because the signals sent by the sources are statistically independent and equal in
probability. For each of the 2M states, the starting state probability is
L1 1 .
P(|)=W=m,|e[1,2|v|]- 4
N is the number of starting states. Under a different number of transfers m, p(j|i,m)
represents the probability of transition from state i to state j. Put them into the matrix to
get its state transfer matrix p,":
a) Inthecase m=0:

T (5)

p(j|i,m) corresponds to the element pi(y”j‘) in the matrix PBJ . The superscript m

represents the number of transfer steps, and the subscript M denotes the M-ary.
b) Inthecase m=1:

When a one-step transfer is performed, the transfer probability of each state can be
obtained from the phase initiation, termination characteristics of each state signal, and the
phase continuity of the signal. We can get the state transfer matrix at m=1. The following
Fig. 2 shows the 8-ary MSK state figure, from which the general rule can be obtained.
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Different States of 8-ary MSK
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Fig. 2. Different states of 8-ary MSK
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ab 0 0 ab
0 ab ab O
0 ab ab O
ab 0 0 ab
In Fig. 2, take 8-ary MSK as an example. We can see that the first to fourth columns of
the figure correspond to each of the four types of states in (3). The fact that state 1 ends
magnitude one means that its next state must start withmagnitude one, the various states in the
second column. It is easy to find the matrix of states arranged in this pattern, summarize to (6)
and (7). To better understand matrix composition, examples of MSK, 4-ary MSK and 8-ary
MSK are listed in Appendix 1.
Based on knowledge of stochastic processes, the autocorrelation function is given as
follow expression from [21]:

A? =B? = AB =

R(z) = E[X, (t+7)X, ()] = R(MT +7')

The above equation is the statistical average of the two random variables corresponding
to the values taken by the stochastic process X, at two moments separated by 7. Where
r=mT +7" since X, is cyclostationary stochastic processes. In terms of the transition
relationship between states and the corresponding transition probability, R(z) can be
expressed as:

R(D) = R(NT +7) = 3> PO m)s, (T-2)-+pG 11, me s, ()]
o i-1 j-1 ©)
= 3 PO, (T )1+ POIRGI s s, ()]

i j=1

where

, 1 (T2 . ,
Sij(T _T)ZTJ.O Si(u)s;(u+7")du

5, (') = % [ @8+ T ~au

P(i) asdefined by (4), s;and S; are the signal corresponding to the phase that states at the

time i and J. The sign * stands for conjugate. The following cases are divided into two
parts and calculated where m=0 and m=1.

3.2 Case 1: Where 0<t<T and m=0

Based on the above Markov Chain Process Strategy, evaluate the autocorrelation
functions of M-ary MSK. First, we calculate the autocorrelation function rRY__ (r) ina fixed

time interval [0,T]. When m =0, equation (8) can be expressed as follows.
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N N

R o () =R" o(mT +2) =3 > P)pGli,m)s;(T-z") +p(|i,m+1)s; ()]

= > POpG1Lm)s, (T-2)1+ Y Y PO [ m+Ds, ()]

= RlM m=0 (T) + R2Mm:O (T)
To facilitate the operation, the autocorrelation function R _ () can be divided into the
sum of two parameters R1“ _(z) and R2"__(r) for the procedure. Before that, since the

excessive number of terms in the expansion formula, patterns can only be found in the

calculation process in 4-ary and 8-ary first.
1 1 .1 . 1 .
m= O(T) - {2511 + 2522 + 2555 + 2566 +5 2 521 _5525 +Esel _Eses }

1 1 .1 . 1 .

{ S10 1 S10,5 + E s14,1

1 .
- -=5
oM 2 2 s}

2

1 1 .1 .1 .1
+_M{2599 + 2510,10 + 2513,13 + 2514,14 +5529 =S8 T5S9 — %

Sois 5% ~5 S}

1 1 .1 .1 .1
+W{E s10,9 - E S10,13 + E 514,9 - E s14,13 }

1

The partial expansion of R __ (z) isshown above, with the first row being the result of

a 4-ary calculation and the first four rows being the result of an 8-ary calculation, thus
concluding that:

o (7) = 2 3 POIPGIMS, (T )] =[5, 52+ 55 o+ S

2.1 nz
=—J= sm—usm— u+z")du
M [TJ 2T U+ ]
1 3z 1 7’ nz
VIS 1—— cos—2— ’+— 1-—)c0S—7'+---+=(1——)cos—7'
[A-PeosyT o5 T) 2T At

M-1
2 Zl(l—r—)cosnm , n=135...

The result of integration is different for different n,m terms with various positive and
negative signs. R2“ _ (z) is the result of the accumulation of the terms. What’s more, we
found that differences in the initial phases of cos and sin within the integral lead to different
generalizations of the integral result. Therefore, the R2" _ (r) is divided into two terms

according to whether the n,m is the same or not. ¥¥=! denotes an odd summation of n
from1lto(M-1).
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M ()= ii PM[p(j|i,m +1)Sji*(z")] =R2_same" _ (r)+R2_dif" _ (7)

M -1 o
(=12 Z{EJ'O cosn—”u sin;—fl_[(u +T —7')du},n=1,35...

_ 2.
=
(- 1)‘"”1)’222 .[ cos—usm—(u+T r)du,n=mand n,m=1,3,5..
n=1 m_l
sin(lzzn)sin Gadll
M-1 ! A ~
(—1)(”*3”22{lf—sin A Ul LI 2T 3 n=1,35...
— 2 * n=1 2T 2T zn
__2 ’ _ r
M M 1M1 n[sin(%;rm)sin%Tn]—m[cosM]
(-pmr 2* — ,n=mandn,m=13,5...
n=1 m=1 ”[m -N ]

©)

3.3 Case2: Where T<t<2T and m=1

The calculation process is similar to that of Case 1. RY . (z) is divided into
R1_same™ _(r) andRi_dif™ _(r) for the summation calculation.

RY, L (@) =RY L (mT +2) =3 > POIRGIi,m)s; (T-7)+pG|i,m+1)s; ()]

=1 j=1

> 3 {POBGH s, (T POIRGImeDs, ()]

iZN‘, PG i, m)s; (T-7"]

=1 j=1

Since the high symmetry and repetition of the matrix, the egpgiim+ns, ) term is
eliminated during the calculation. Summing up the items gives:

RY, (1) =RI" (2)
—RL_same" _(r)+RL_dif" _(z) (10)

1 (T -7")n
e sm(Ezrn)sm o7

- 1)(n+1/22{ (177)5 +n=135...

— *

2 o ’
M M M (n—m)cosw—2n005$+(m+n)cos

nzr

z7(MTm+(z'=T)n)
2

n43)/2 2T T _
(-1 anzm: s n=mandn,m=135...
. m=0 0<z<T . . .
Bring ¢'= ’ (O<z=<T) into (10) to get the autocorrelation function, so the
—=T m=1 (T<z<2T)

final M-ary MSK expression is:
RM(r)=R" _,(2)+R" (r)=R1™ _ (z)+R2" _ () +R", _,(7) (11)

Where T is a time interval. Because of the symmetry of the correlation function, the
expressionsin -2T <t<-T and -T <t<0 areequaltoequations T<t<2T and 0<t<T,
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respectively.

4. PSD function

Once the autocorrelation function R (z) in section 3 has been evaluated. The PSD

function can be derived directly by performing a Fourier transform on the autocorrelation
function. Here is the derivation process:
SM = F{R" (1)} = [” R (r)e *"dr = 2jj’ R" (r)cos2zfrdr

= 2_[jc R™ ,(r)cos2zfr d2'+2-|:°c R™ _(r)cos2zfrdr (12)

M M
:S m:0+S m=1

Based on (12), the PSD function can easily be derived by direct calculation, and the

detailed derivations are moved to Appendix 2. The following cases are solved for s"__, and

4.1 Case 1: Where 0<t<T and m=0, s¥_,

s (f)= ZN;EN:jizp(i)[p(j li,m)s, (T-7")]cos2z fr dr + ZN:ZN:J:ZP(i)[pU li,m+1)s;"(¢)]cos2z f 7 dr

-1 j=1 -1 j=1

=S (f)+S2_same™ _ (f)+S2_dif™ _ (f)

s () =g Snle() = o(f)]  sinfp(n) — ()] _ coslp(n) —o(f)]+[p(n) — o(f)lsinlp(n) - o(f)] -1
" Apm)+o(H)]  2p(n) -o(f)] 2p(n) - (1)
_coslp(n) + ()] +[p(n) + o()Isinfp(n) + o( )] -1,
2Ap(n) + (1))

(n)[cosw(f)*S, +8aw(f)sinw(f)]-sine(n)*S,(n)
S; (n)

sinp(n)[w(f)sinw(f)singe(n)+@(n)coso( f)cose(n)—e(n)]

¢(n)S,(n)
S2_dif" (f)=8T p(n)sinp(m)*[o(f)sino(f)sing(n)+ @(n)cosw( f)cose(n)—e(n)]

[o(n) —o(m)][e(n) + @(M)]S, (n)
18T p(m) p(m)sinp(m) —o(f)sinw(f)

[o(n) —o(M)]le(n) + p(M)]S, (M)

$2_same"  (f)=4T7Z

4T

4.2 Case 2: Where T<t<2T and m=1, s¥_,

N N

sM = szizp(i)[p(n i,m)s, (T-z")]cos2zfr dr

i=1 j=1

=S1_same _ (f)+S1_dif" _(f)
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s _, isdivided into si1_same" _(f) and si_dif™ _(f) forthe summation calculation.
S1_same (f)=—2T 2[p(n) + o(f)]cos[p(n) - 2o(f)] + 2[(/)(2) (-na))( f)]cos[e(n) + 2w(f)] - 4gp(n)cosw(f)
T {2[<o(n) — o(f)]cos[p(n) - 2a(f )]z—sin[q?(n) —20(f)]
4o(n) —o(f)]
L) + o )] cos[p(n) + 2a( f)] - sinlp(n) + 20(F)] _ 2p(n)[S, Cosex(F) +8ex( f)sin a(f )]}

4p(n) + ()P S;(n)
“2Tsin ¢(n)[cos[¢(n) —o(f)]+ cosgo((:)) +ao(f)]-2cos2aw(f) 2a(f )(sol(nnj)s( f()ns)m go(n)]

2 [p(n) + p(M)][p(n) - ()] [o(n) + p(M)][p(n) + ()]
) [o(m) — a(f)]sin[e(m) + 2a( T )]+ [e(m) + o f)]sin[p(m) — 2a( )]+ 20( f)sina(f)
[p*(m) - ¢* (M][e* (M) - @* ()]
+T{Sin[¢7(m) +20(1)]-sin[p(m) —¢(n) + o(f)] _ sin[p(m) - ¢(n) — o(f)] - sinfe(m) — 2o( f )]}
2[p(m) — p(n]lp(n) + o(f)] 2p(m) - p(M]lp(n) - o(f)]

S1dit™ ()= T nle(m) + 20(1)]sinfp(n) + p(m) + o(1)] _sin2o( f) — p(m)] +Sinfp(n) + p(m) — ol )],

—To(n

Where

S, (n) = 4[> (n) + @*(f)] = 72 (n* +16 f °T?2)
S,(n) =4¢*(n) - (f)]=2*(n* 16 f*T?)
S, (M) = 4[¢* (M) + @?(1)] = 7°(M* +16 £ 2T?)

S,(m) = 4[¢* (m) - &* (f)] = 7*(m* ~16 f °T*)

o(f)=27fT p(m)=mz /2 o(n)=nz/2 nm=135...

5. Simulation for Verification and Analysis

The expression results are compared with those signal simulations using MATLAB to
verify the accuracy of autocorrelation functions and PSDs. The result is shown in Fig. 3, Fig.
4, Fig. 5, and Fig. 6. We set simulation parameters as the length of the simulated input signal
n=10°, code element time interval T=0.1s, bit time interval T,=T /log,M , sampling
frequency fs=10°Hz.

5.1 autocorrelation function of M-ary MSK

In Fig. 3, it can be concluded that the larger the value of M , the more the autocorrelation
function is concentrated from -T to T. As a result, the amplitude between T to 2T and
-2T to -T is getting lower, closer to 0. We can still conclude that there is no discrepancy
between the theoretical autocorrelation function expressions in (11) and obtained from the
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simulation. And to understand the subtle differences between the theoretical expressions and
simulation, Fig. 4 is drawn to compare the details of the octal signal as an example.

In Fig. 4, we can see that the overall shape has not changed in most of the exact matches,
but there are subtle differences in the magnitude. Although this property is verified with little
doubt, one can reasonably conclude that both two have approximately the same. In the
simulation process, it was found that as the length of the simulated input signal n increases,
the difference between the two curves will become lower, and the simulated curve will
gradually approach the theoretical curve. So we believe that the reason for the slight difference
in the curves is the experimental error.

Signal simulation | neoreucar carcuration
Amplitude
& Amplitude - Amplitude
/N /M

1\
4l
M\
|

HEEE
t3 3
5522

\Xﬂm / [
\ / il

i ‘H‘w‘ ¥ 15T _/ 07r 3~ 1sT
I V1V
Fig. 3. Comparison of M-ary MSK Fig. 4. Comparison of theoretical expression
autocorrelation function, M=2,4,8,16 curve and signal simulation curve of 8-ary MSK

autocorrelation function

5.2 Power spectral-density function

As 8-ary MSK autocorrelation function, we take the spectrum of 4-ary and 8-ary MSK as
an example to verify the accuracy. Fig. 5 and Fig. 6 show that the simulation results match
highly with the theoretical derivation in the amplitude of the main lobe and the first side lobe,
after which distortion occurs because of the cut-off effect of the Fourier transform of the signal
simulation.
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Fig. 5. Theoretical expression curve and signal Fig. 6. Comparison of theoretical expression
simulation curve of 4-ary MSK power spectral- curve and signal simulation curve of 16-ary
density function MSK power spectral-density function

2-ary MSK

4-ary MSK

8-ary MSK
16-ary MSK

ITy

Fig. 7. Normalised PSDs of M-ary MSK,M=2,4,8,16

The number of bits increases within a code element interval. This leads to the dispersion
of energy in the spectrum. So it is necessary to normalize the energy to one bit when making
the comparison. The horizontal coordinate is setto fT, .

The PSD for M = 2,4,8,16 is shown in Fig. 7. We can see that at M =4 and 8 the
amplitude spectrum becomes more concentrated, and the signal intensity increase more. As
well known, the PSD of higher-level M rolls off much quicker than that M = 2.

When M = 16, the top of the lobe is flatter so that the bandwidth can be better utilized
and the transmission efficiency becomes improved, but h is fixed equal to 0.5. The spectral
main lobe bandwidth of M-ary MSK becomes wider substantially with the number of levels

up.
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Fig. 8. Logarithmic form of normalized power spectral densities of M-ary MSK, M=2,4,8,16
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In Fig. 8, the logarithmic form of the spectrum function can be seen. It is worth
mentioning that the first side lobe of 4-ary MSK is lower than that of MSK, and the main lobe
is higher, and the energy is more concentrated.
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5.3 Spectrum composition

Fig. 9 shows the composition of the spectrum of M-ary MSK where M = 2,4,8,16.
Because for the case of m = 1, the spectrum with many higher-order components whose
amplitude becomes extremely low and the proportion of the overall, so it is considered a
variable for comprehensive analysis. For the case of m = 0, the proportion is more significant,
and the subdivision is more detailed.

As far as those figures, we can provide an analysis of the composition of the spectrum in
detail. The first one we can see is s1¥,_,(f)contributed the majority of the spectrum and is

more pronounced when the level M increases. Second, s2_dif" _ (f) determine the shape
of the top of the spectrum waveform, and the fluctuations become smaller with the increase of
M, which is why the top of the lobe gets flattered within a specific bandwidth.

5.4 Fractional out-of-band power
It is also helpful to show the out-of-band power with M-ary MSK. It defines as [10]:
P, :1—{jf:3(f)df /jf””S(f)df} (13)

In Fig. 10, P, is plotted against BT, for M-ary MSK where M = 2,4,8,16. We can
see 4-ary MSK has less out-of-band power compared to 2-ary MSK when BT, >0.71, while
BT, >0.84, 8-ary MSK has less than 2-ary MSK but upper than 4-ary MSK.

05 1 15 2 25 3 35 )

2:ary MSK
d-ary MSK

-0 L 8-ary MSK.
16-ary MSK
16-ary MSK By M3

dB

Foy

Fig. 10. Fractional out-of-band power of MSK, M=2,4,8,16

6. Optimum Maximum Likelihood Coherent Detection

The M-ary MSK detection in this paper uses coherent demodulation with maximum
likelihood probability. In a code-time T, the phase state will increase or decrease %D, with

the input data d, based on the starting phase ¢. For the modulation index h = 1/2, there
are 2*2z/(l/2z)=8 possibilities for the phase at the beginning of a code element. Because

of the symmetry of the cosine function, the beginning phase states are reduced by half to four.
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For each beginning phase, the phase change can be generated according to the input symbols,
sothereare k., =4M theoretical variations, denote as @, . Then the waveform at the time i

of each received codeword can be correlated with:

iT
l, = Lm cos @, (t) *r(t)dt

L=[" cosd,(t)*r(t)dt

“Jicyr

i
livs = J.(H)T cos®d,y_, (t)*r(t)dt

L, = [ cosd,, (t)*r(t)dt

iyt
Where 1, =max(l,, 1,1y 1, L) -

We get the maximum value I, . The cos®, (t) is chosen as the best reception for this
waveform at the time i. We can also reduce the BER of the received signal with coherent
demodulation by increasing the inherent memory L. In this case, ®, expressed as o', , the
optimal receive memory inherent L corresponds to the observation time of the code element
while satisfying the condition of phase continuity. The numbers of all possibilities of length
L, k., isthenincreasedto 4m‘.

(i+L-1)T
It = i cos®", (t)*r(t)dt

(i+L-1)
1t =" cosdt, (1) *r(tydt

(i-nT

(i+L-D)T

It =
am?-1 - )iyt

os®", . (t)*r(t)dt

(i+L-1)T
1 = cosd', ., (t)*r(t)dt

i-nT

It =max(I',, 14, 1" (14)

L .
4ML-1’I 4ML)'

Fig. 11 shows the Receiving process. The diagram on the left shows the reception of the
first code element. We correlate the received signal code elements numbered T1 to T(L)
with cos®f, cos®, ..., cos®y, . cosdr . to get If,15,.., 15 . 1 . following (14).
The waveform cos®%(t) corresponding to the largest 1% is selected as the best reception
for this length L signal. Choose only the first one as the decoder for this reception afterward.

The right part of Fig. 11 shows the reception of the second code element, the range of
detection is shifted to the right by one code element in length, and the matching method is

similar to that of the first code element and continues.
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Fig. 12. Probability of symbol error for M-ary MSK, M=2,4,8,16

We set:h=1/2,SNR=E, / (N, log, M)
Sampling frequency fs = 20000

Symbol duration T =0.001

Number of input symbols n=100000

The theoretical BER of M-PSK is as follows:
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BPSK theoretical BER: P, =1—%erfc\/F
QPSK theoretical BER: P, =1—[1—%erfc\/r/2]2

MPSK theoretical BER: P, ~ erfc(v/2r sin ﬁ)

The BER curves of 2-ary MSK, 4-ary MSK, and 8-ary MSK are obtained by MATLAB
simulation, respectively in Fig. 12. When L = 1, compared with theoretical M-ary PSK under
each of the same M, 2-ary MSK OMLCD only approximates theoretical values. But for M >
2, the overall BER of the correlate reception can be better than the theoretical M-ary PSK, and
the larger M, the better it is. This reflects the relative superiority of OMLCD compared to
theoretical PSK when arys increase.

To add optimal memory inherent L, there is no doubt that it will significantly improve
BER. Those four MSK average lift of about 4 dB when L = 3 compared with L = 1 at high
SNR, for the case of increasing L from 1 to 2 BER improve about 3 dB. Specifically, 4-ary
MSK with L = 3 can promote theoretical QPSK BER by 3.1 dB, and the coherent 16-ary
MSK with L = 3 can outperform theoretical 16-ary PSK signal reaching up to 5.2 dB at high
SNR.

According to the experiment, the case of L = 2 greatly reduces the probability of error
than the case of L = 1 and the calculation time is at an acceptable level. Taking into account
the calculation time and BER, L = 2 is preferable. If the computing time is sufficient, the
BER in the case of L = 3 is further reduced.

7. Conclusions

This paper has built a Markov Chain model to evaluate the autocorrelation function and
get the M-ary MSK by Fourier transform for M-ary MSK. And numerical signal simulations
verify the correctness of the results in those figures. It has been shown that the composition of
each level M spectrum analyzes the characteristics of the spectrum. The fractional out-of-band
power of each M-ary MSK that M = 2,4,8,16 has been compared, which shows that when
BT, > 0.71, 4-ary MSK has significantly less out-of-band power compared to another
communication system. We adopt OMLCD to receive the signal and draw the BER curves at
different SNRs. For inherent memory L, we can conclude that when L changes from 1 to 2,
the BER improves about 3dB. When L = 3, the BER improves about 4 dB. With the increase
of MSK level, except binary MSK, the BER is 4 dB higher than the theoretical PSK level.

Appendix 1

In appendix 1, examples of MSK, 4-ary MSK and 8-ary MSK matrix are listed.
Example: MSK:
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P,,=AP, =~

4-ary MSK:
. (A A , (A>+AB A’+AB
Pua = Pusa = 2 2
B B AB+B° AB+B
8-ary MSK:
A A A A A’+AB A’+AB A’+AB A’+AB
., |B B B B , AB+B? AB+B? AB+B’ AB+B?
PM:S_ PM:8 =2* 2 2 2 2
A A A A A°+AB A°"+AB A°"+AB A" +AB
B B B B AB+B’ AB+B?> AB+B’ AB+B’

Appendix 2

In appendix 2 shows the details of deriving the PSD function.

4.1 Case 1: Where 0<t<T and m =0, S¥_,

sM L (f)= iiﬁZP(i)[p(j [i,m)s;(T—z")]cos2x fr dr+ii_[:2P(i)[p(j | i,m+l)sji*(z-’)]0052;rfr dr

i=1 j=1 i1 j=1
Ty T
=2I0 RI™ _(z)cos2zfr dr+2j0 R2V . (z)cos2zfr dr
Tb Tb Tb .
:ZLJ R _(r)cos2zfr dr+2.|‘0 R2_same" _ (r)cos2zfr dr+2J'0 R2_dif" _ (r)cos2zfrdr
=S1M _(f)+S2_sameM _ (f)+S2_dif" _(f)
sM_,(f) is divided into s2_same", (f),S1" (f) ands2_dif" _(f) for the summation

calculation.
@n-Yzr
2T,

M _ T 1 T
S1 m:o(f)—zjo E(l-TT,)COS cos2rzfrdr

Ti nzr T T nzr
= Iob cos——cos2xz frdr -Lb_l_—cos—coshfrdr

b Tb
T sinfp(n) + o(f)] __sinlp(n) - o(f)] _ cosfp(n) — ()] +[p(n) - o(f)lsin[e(n) — o(f)] -1
Apn)+a(f)]  2p(n) -ao(f)] 2Ap(n) - o(f)I*
_COS[cD(n)+w(f)]+[¢(n)+w(f)]Sin[¢(n)+w(f)]*1}
2p(n) + (I
.1 . zr'n
Pl T —o)n i sin(=zn)sin
SZ_sa1me“"m:0(f):2J'“_T_sinﬂ*’—cosZ;zfrerrzj'b b cos2zfrdr
° 2T, 2T, 0 zn

a7 p(n)[cosw(f)*S, +8aw(f)sina(f)]-sine(n)*S,(n)
s; ()
T sinp(n)[w(f)sin w(f)sing(n)+ @(n)coso(f)cose(n)—e((n)]
P(M)S,(n)
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”T/n] m[Cosm]
— b COSZ7rl°z'dz'-4.[Tb 5 2T2 cos2z frdr
z[m* —n?] 0 z[m* —n?]
g7 p(n)sinp(m)*[ew(f)sin o(f)sing(n)+@(n)coso(f)cosep(n)—e((n)]
[o(n) —p(M)][@(n) + @(M)]S, (n)
+8T p(m) p(m)sinp(m)—a(f)sinw(f)

[o(n) —(m)][p(n) + p(M)]S, (M)

; n[sin(lﬂm)sin
s2_difM__(f) =4j0

4.2 Case 2: Where T<t<2T and m=1, s¥_,

S¥ =3 [ 2P(IpGli,m)s, (T-)cos 2z fr dr

i=1 j=1
2T, 2T, .

= ZL R1_same™ _ (r)cos2zfrdr+ ZL R1_dif™ _(r)cos2zfrdr

=S1_sameM _ (f)+S1_dif" _(f)

s _, isdivided into si1_same" _(f) and si_dif™ _(f) for the summation calculation.

S1_same" ()= ZIZT" sinZC =T cocor frdz
" T,

sin(iﬂn)sinm
™ Zsin 7(z=Ty)n cosZ;rfrdr—ZJ.ZTb 2 2T, cos2r frdr
T Tb T zn
_ _o7 Ae(n) + o(f)]cos[p(n) — 2a(f)] + 2[p(n) - @(f)]cos[p(n) + 2w(f)] — 4p(n)cosw(f)
S,(n)
T {2[<o(n) — o(f)]cos[e(n) — 2e(f)] - sin[p(n) - 2w(f)]
4p(n) - o(f)]

N [p(n) + o(f)]cos[p(n) + 2a( )] —sin[p(n) + 2(f)]  2¢(n)[S, cosa(f) +8a(f)sinw(f )]}

Ap(n) +o(f)) s;(n)
+2T sin ¢(n)[cos[¢(n) —a(f)]+cos[p(n) + o(f)] —2cos2a(f) 2a(f)sinw(f)sin ¢(n)]

S,(n) @(n)S,(n)

a[Tym+ (2T —7)n]

[n—m]cos
s1_dit*, (1) =2[" _ cos2z frdr
T z[m* —n?]
2ncos FE = To)M [m+ n]cos—”mm“L(T_ZTb)n)

2T, T, 2T, 2T,
-2 2—;COSZ7Z’f‘[dT+2J. — b cos2z frdr

To z[m* —n?] To z[m*—n“]
_ T (sinfp(m) + 20(f)] - sin[p(n) + (M) + w(f)] _sin[2a(f) — p(m)] + sin[p(n) + p(m) — o(f )]}

2 [p(n) + p(M)][e(n) - o(F)] [p(n) + o(M)][e(n) + o(f)]

() [p(m) —a(f)]sin[p(m) + 2a( T )]+ [e(m) + o f)]sin[p(m) — 20( T )]+ 20( f)sina( )
[p*(m) - ¢* (M][e* (M) - @* ()]
+T{Sin[¢(m) +20(f)]=sin[p(m) —¢(n) + o(f)] _sin[p(m) - ¢(n) — o(f)] - sin[p(m) — 2o( f )]}
2Lp(m) — p(M]le(n) + ()] 2p(m) - p(M]lp(n) - o(f)]
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