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(σ, σ)-DERIVATION AND (σ, τ )-WEAK AMENABILITY OF

BEURLING ALGEBRA

Lin Chen and Jianhua Zhang

Abstract. Let G be a topological group with a locally compact and

Hausdorff topology. Let ω be a diagonally bounded weight on G. In
this paper, (σ, σ)-derivation and (σ, τ)-weak amenability of the Beurling

algebra L1
ω(G) are studied, where σ, τ are isometric automorphisms of

L1
ω(G). We prove that every continuous (σ, σ)-derivation from L1

ω(G) into

measure algebra Mω(G) is (σ, σ)-inner and the Beurling algebra L1
ω(G)

is (σ, τ)-weakly amenable.

1. Introduction

Let A be an algebra and X be a Banach A-bimodule. The dual X∗ of X
can be made into a dual Banach A-bimodule, with module actions defined by

〈x, a · f〉 = 〈x · a, f〉, 〈x, f · a〉 = 〈a · x, f〉, a ∈ A, x ∈ X, f ∈ X∗.

A derivation δ from A into X is a bounded linear map which satisfies δ(ab) =
δ(a)·b+a·δ(b) for all a, b ∈ A. The derivation δ is said to be inner if there exists
x ∈ X such that δ(a) = δx(a) = x ·a−a ·x for all a ∈ A. When X = A, we say
that δ is a derivation on A. Every derivation on a von-Neumann algebra [19]
or a nest algebra [4] is inner. Johnson firstly raised the derivation question for
group algebra, namely, whether every continuous derivation from group algebra
L1(G) to the measure algebra M(G) is inner and pursued it over the years in
developing his theory of cohomology in Banach algebras [10].

The linear space of derivations from A into X is denoted by Z1(A, X) and
the linear subspace of inner derivations is denoted by N1(A, X). We consider
the quotient space H1(A, X) = Z1(A, X)/N1(A, X), called the first Hochschild
cohomology group of A with coefficients in X. A Banach algebra A is amenable
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if every derivation from A into every dual Banach A-bimodule is inner, equiv-
alently if H1(A, X∗) = 0 for every Banach A-bimodule X. This definition was
introduced by Johnson in [10] where he proved that the group algebra L1(G)
is amenable if and only if the G is amenable. A Banach algebra A is called
weakly amenable if H1(A,A∗) = 0. Johnson in [12] showed that group algebra
L1(G) is weak amenability without any restriction on G, Despic and Ghahra-
mani [6] gave a different proof by utilizing the lattice structure of L∞R,1/ω(G).

The first characterization of weights making L1
ω(G) weakly amenable was given

by Grønbæk for discrete Abelian groups in [8]. Extending the Johnson’s cel-
ebrated result on L1(G), Grønbæk [9] characterized amenability for Beurling
algebra L1

ω(G), and proved that L1
ω(G) is amenable if and only if the group G

is amenable and the weight ω is diagonally bounded. Recently, the amenability
and weak amenability of operator algebras has been extensively studied, see for
example [1, 6, 11,16,20,22].

The derivation problem for group algebra has been attempted by many re-
searchers since Johnson raised it, and was completely solved affirmatively by
Losert [14] in 2008. In 2012, a shorter proof was given using certain fixed
point property for L-embedded Banach spaces [2]. Zhang [22] studied the
weak amenability of Beurling algebra for locally compact abelian group, and
mentioned that there is no result about the derivation problem on Beurling
algebra.

Let (σ, τ) be a pair of continuous automorphisms of a Banach algebra A.
Naturally, we can define the notions of (σ, τ)-derivation and (σ, τ)-weak amen-
ability. A bounded linear map δ : A → X is called a (σ, τ)-derivation if

δ(ab) = δ(a) · σ(b) + τ(a) · δ(b), a, b ∈ A.
A bounded linear map δ : A → X is called a (σ, τ)-inner derivation if there
exists x ∈ X such that

δ(a) = δx(a) = x · σ(a)− τ(a) · x, a ∈ A.
We consider the following module actions on A:

a · x = σ(a)x, x · a = xτ(a), a, x ∈ A.
We denote the above A-bimodule by A(σ,τ). Then A is called (σ, τ)-weakly

amenable if H1(A,A∗(σ,τ)) = 0. These notions are introduced and investigated
in [3] and [15].

In this paper, we consider (σ, σ)-derivation and (σ, τ)-weak amenability of
the Beurling algebra and prove that every continuous (σ, σ)-derivation from
L1
ω(G) into measure algebra Mω(G) is (σ, σ)-inner and the Beurling algebra

L1
ω(G) is (σ, τ)-weakly amenable.

2. Preliminaries

Let G be a locally compact group with identity e and a fixed left Haar
measure m. A weight on G is a continuous function ω : G → (0,∞) such
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that ω(st) ≤ ω(s)ω(t), ω(e) = 1 for all s, t ∈ G. Two weights ω1 and ω2 are
equivalent if there exist constants c1 > 0 and c2 > 0 such that c1ω1(x) ≤
ω2(x) ≤ c2ω1(x).

Let X be a Banach space of measures or of equivalence classes of functions
on a locally compact group G, and let ω be a weight. We define the Banach
space X(ω) := {f | ωf ∈ X}, where the norm of X(ω) is defined so that the
map f → ωf from X(ω) onto X is a linear isometry. In particular, we define

L1
ω(G) := L1(G)(ω) = {f : ωf ∈ L1(G)},

where L1(G) is the usual group algebra. Then the Banach space L1
ω(G) is a

Banach algebra with convolution product

f ∗ g(t) =

∫
G

f(s)g(s−1t)dm(s) (s, t ∈ G)

and the following norm

‖f‖ω =

∫
G

|f(s)|ω(s)dm(s).

The Banach algebra L1
ω(G) is called the Beurling algebra on G associated with

the weight ω. It is known that L1
ω(G) has a bounded approximate identity.

Since L1
ω(G) as a Banach space is isometrically isomorphic to L1(G), we can

see that the dual of L1
ω(G) is

L∞1/ω(G) := L∞(G)(1/ω) = {f : f/ω ∈ L∞(G)},

where L∞(G) is the C∗-algebra of essentially bounded locally measurable func-
tions on G. The duality is given by f 7→

∫
G
f(s)g(s)dm(s), where f ∈ L1

ω(G)
and g ∈ L∞1/ω(G). Then it can be seen that L∞1/ω(G) is a C∗-algebra for the

product ·ω which is defined by

f ·ω g(s) = f(s)g(s)/ω(s), (f, g ∈ L∞1/ω(G), s ∈ G),

the involution is the map f 7→ f̄ and the norm is defined by

‖f‖∞,ω = esssup
s∈G

∣∣ f(s)

ω(s)

∣∣, (f ∈ L∞1/ω(G)).

Let

C0,1/ω(G) := C0(G)(1/ω) = {f ∈ L∞1/ω(G) : f/ω ∈ C0(G)},

where C0(G) is the C∗-algebra of all continuous functions vanishing at infinity
on G. Then it can be seen that C0,1/ω(G) with the norm ‖ · ‖∞,ω is a Banach
space. When endowed with involution and product ·ω of L∞1/ω(G), C0,1/ω(G)

is a C∗-subalgebra of L∞1/ω(G). Let

Mω(G) := M(G)(ω) = {µ : ωµ ∈M(G)},
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where M(G) is the usual measure algebra consisting of regular Borel measures
with finite total variation on G. Then Mω(G) is a Banach space with respect
to the norm

‖µ‖ω =

∫
G

ω(s)d|µ|(s).

It can be seen that as a Banach space Mω(G) is isometrically isomorphic to
C0,1/ω(G)∗ with the duality given by f 7→

∫
G
f(s)dm(s). The Banach space

Mω(G) is a Banach algebra under the convolution product

µ ∗ ν(f) =

∫
G

∫
G

f(xy)dµ(x)dν(y) (µ, ν ∈Mω(G), f ∈ C0,1/ω(G)).

Moreover, we can identify each f ∈ L1
ω(G), with a measure in Mω(G) =

C0,1/ω(G)∗ via

h 7→
∫
G

h(s)f(s)dm(s), (h ∈ C0,1/ω(G)∗),

and it can be seen that L1
ω(G) is a closed two-sided ideal of Mω(G). The

space Cc(G) of all compactly supported continuous functions is norm dense
in L1

ω(G). The closure of Cc(G) in L∞1/ω(G) is C0,1/ω(G) which is a Banach

L1
ω(G)-submodule of L∞1/ω(G). For more details about Beurling algebra see [5].

Consider two Banach algebras A and B where A is a closed ideal of B. For
each a ∈ A, put pa(b) = ‖ba‖ + ‖ab‖(b ∈ B), the topology defined on B by
these seminorms is called the strict topology.

A Banach space V is called an L-embedded Banach space if its bidual V ∗∗

admits a decomposition V ∗∗ = V ⊕1 V0 for some V0 ⊂ V ∗∗, where ⊕1 indicates
that the norm on V ∗∗ is the sum of the norms on V and V0. According to
[2], the predual of any von Neumann algebra and, in particular, the dual of
any C∗-algebra is an L-embedded Banach space. We rewrite the fixed point
theorem [2, Theorem A] in an L-embedded Banach space as follows:

Lemma 2.1. Let A be a non-empty bounded subset of an L-embedded Banach
space V . Then there is a point in V fixed for every isometry of V preserving
A.

Recall that a Banach A-bimodule X is called neo-unital if {A ·X · A} = X.
The following lemma shows that C0,1/ω(G) is a neo-unital L1

ω(G)-bimodule.

Lemma 2.2. L1
ω(G) · C0, 1ω

(G) = C0, 1ω
(G).

Proof. By [5, page 77], C0,1/ω(G) is an Mω(G)-bimodule, with module actions
defined by

〈f, µ · λ〉 = 〈f ∗ µ, λ〉, 〈f, λ · µ〉 = 〈µ ∗ f, λ〉,
f ∈ L1

ω(G), λ ∈ C0,1/ω(G), µ ∈Mω(G),

µ · λ(t) =

∫
G

λ(ts)dµ(s), λ · µ =

∫
G

λ(st)dµ(s).
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Thus L1
ω(G) · C0,1/ω(G) ⊆ C0,1/ω(G). It suffices to show that C0,1/ω(G) ⊆

L1
ω(G) ·C0,1/ω(G). To this end, given g ∈ Cc(G) we show that g belongs to the

norm closure of L1
ω(G) · Cc(G). The result will then follow from the density

of Cc(G) in C0,1/ω(G) and the Cohen factorization theorem [7, Theorem 16.1].
Let U be a fixed compact neighbourhood of the identity e in G and let {Ui}i
be a base for the neighbourhood system at identity e, with each Ui contained
in U . Observe that for each fi =

χUi

m(Ui)
∈ L1

ω(G), fi ·g(t) =
∫
G
g(ts)fi(s)dm(s).

Let K := supp(g) be the support of g. Then supp(fi · g − g) ⊆ KU−1. Let
M := sup{ω(x)−1 : x ∈ KU−1}. As g is right uniformly continuous on G
[13, Lemma 1.3.6], we can choose i0 such that ‖Rsg − g‖∞ ≤ ε

M whenever
i ≥ i0 and s ∈ Ui. Then for i ≥ i0 and any t ∈ G, we have∣∣ (fi · g − g)(t)

ω(t)

∣∣ ≤M ∣∣(fi · g − g)(t)
∣∣ = M

∣∣ ∫
G

g(ts)fi(s)dm(s)− g(t)
∣∣

= M
∣∣ 1

m(Ui)

∫
Ui

(g(ts)− g(t))dm(s)
∣∣

≤ M

m(Ui)

∫
Ui

∣∣(Rsg − g)(t)
∣∣dm(s)

≤ M

m(Ui)

∫
Ui

‖(Rsg − g)(t)‖∞dm(s)

≤ M

m(Ui)

∫
Ui

ε

M
dm(s) = ε,

which completes the proof by showing that ‖fi · g − g‖∞, 1ω → 0. �

Lemma 2.3. Let A be a Banach algebra with a bounded approximate identity
which is contained as a closed ideal in a Banach algebra B, let X be a neo-
unital Banach A-bimodule, and let σ, τ be isometric isomorphisms of A. If D
is a continuous (σ, τ)-derivation from A into X∗, σ̃, τ̃ are extensions of σ and

τ , respectively, then there is a unique (σ̃, τ̃)-derivation D̃ from B into X∗ such

that D̃|A = D and D̃ is continuous with respect to the strict topology on B and
the w∗-topology on E∗.

Proof. Since the image of a bounded approximate identity under an isometric
isomorphism is again a bounded approximate identity, this lemma is proved as
in [18, Proposition 2.1.6]. �

3. (σ, σ)-derivationns of Beurling algebras

In this section we find conditions under which (σ, σ) derivations on the Beurl-
ing algebras are (σ, σ)-inner. The main result is as follows.

Theorem 3.1. Let ω be a diagonally bounded weight on a locally compact
group G and ω ≥ 1. Let σ be an isometric isomorphism of L1

ω(G). Then every
continuous (σ, σ)-derivation from L1

ω(G) into Mω(G) is (σ, σ)-inner.
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To complete the proof of Theorem 3.1, we need the following lemma.

Lemma 3.2. Let ω be a diagonally bounded weight on a locally compact group
G and ω ≥ 1. Define

ω′(x) = sup
r∈G
{ω(rxr−1)}, x ∈ G.

Then ω′ is a weight on G equivalent to ω, and ω′(x) = ω′(rxr−1) for all
x, r ∈ G.

Proof. Since ω is diagonally bounded, there is a constant M > 0 such that
ω(r)ω(r−1) ≤M for every r ∈ G. Hence

ω(rxr−1) ≤ ω(x)ω(r)ω(r−1) ≤Mω(x), x, r ∈ G.

This shows for each x ∈ G, ω′(x) is finite. By definition, ω′ is a pointwise
supremum of the set of continuous functions ωr(x) = ω(rxr−1). For any a ∈ R,

{x ∈ G : ω′(x) ≤ a} = {x ∈ G : ωr(x) ≤ a, r ∈ G} =
⋂
r∈G
{x ∈ G : ωr(x) ≤ a}.

Because for each r ∈ G, ωr is continuous, each set {x ∈ G : ωr(x) ≤ a} is
closed. Therefore, {x ∈ G : ω′(x) ≤ a} is closed. This shows that ω′ is a Borel
measurable function. For x, y ∈ G,

ω′(xy) = sup
r∈G
{ω(rxyr−1)} ≤ sup

r∈G
{ω(rxr−1)ω(ryr−1)}

≤ sup
r∈G
{ω(rxr−1)} · sup

r∈G
{ω(ryr−1)} = ω′(x)ω′(y).

Also, by definition of ω′, it is easy to see ω′(e) = 1, which shows ω′ is a
measurable weight. By [17, Theorem 3.7.5], any measurable weight bounded
below by 1 is equivalent to a continuous weight, hence without loss of generality
we may assume that ω′ is continuous. We also have

ω(x) = ω(exe−1) ≤ sup
r∈G
{ω(rxr−1)} = ω′(x),

and so ω′ is equivalent to ω. Finally, the last asserted equality is easy to
verify. �

Proof of theorem 3.1. Since L1
ω(G) has a bounded approximate identity, by

Cohen’s Factorization Theorem [7, Theorem 16.1], every f ∈ L1
ω(G) can be

written as f = f1 ∗ f2, for some f1, f2 ∈ L1
ω(G). Thus,

D(f) = D(f1 ∗ f2) = f1 ·D(f2) +D(f1) ∗ f2,

and since L1
ω(G) is an ideal in Mω(G), we get D(f) ∈ L1

ω(G). Let ω′ be the
weight as in Lemma 3.2. Since ω′ is equivalent to ω, we have L1

ω(G) ∼= L1
ω′(G)

and Mω(G) ∼= Mω′(G), which means that we can view D as a continuous
derivation from L1

ω′(G) to Mω′(G). Also Mω′(G) is a dual of C0,1/ω′(G), and

by Lemma 2.2, C0,1/ω′(G) is a neo-unital L1
ω(G)-bimodule. Thus by Lemma



(σ, σ)-DERIVATION AND (σ, τ)-WEAK AMENABILITY 1215

2.3 we can extend D to a bounded (σ̃, σ̃)-derivation D̃ : Mω′(G) → Mω′(G),
which is strict-w∗ continuous.

Consider the function b : G → Mω′(G) defined by b(t) = D̃(δt) ∗ σ̃(δt−1),
where δt ∈Mω′(G) is the point mass at t. We claim that b is bounded. Indeed,

‖b(t)‖ = ‖D̃(δt) ∗ σ̃(δt−1)‖ ≤ ‖D̃‖‖δt‖ω′‖δt−1‖ω′ = ‖D̃‖ω′(t)ω′(t−1),

which is bounded as ω′ is equivalent to ω, and ω is diagonally bounded. For
t ∈ G, µ ∈Mω′(G), define the action t · µ = σ̃(δt) ∗ µ ∗ σ̃(δt−1). Then

b(st) = D̃(δst) ∗ σ̃(δ(st)−1) = D̃(δs ∗ δt) ∗ σ̃(δt−1 ∗ δs−1)

= (D̃(δs) ∗ σ̃(δt) + σ̃(δs) ∗ D̃(δt)) ∗ σ̃(δt−1) ∗ σ̃(δs−1)

= (D̃(δs) ∗ σ̃(δs−1) + σ̃(δs) ∗ (D̃(δt) ∗ σ̃(δt−1)) ∗ σ̃(δs−1) = b(s) + s · b(t).

Using b we can define an action of G on Mω′(G) as follows.

t(µ) = t · µ+ b(t) = σ̃(δt) ∗ µ ∗ σ̃(δt−1) + b(t), t ∈ G, µ ∈Mω′(G).

We claim that this action is isometric. In fact, since σ̃ is an isometric iso-
morphism of Mω′(G), by [21, Theorem 2.4], there exist a continuous character
γ : G→ T and an automorphism φ on G such that for each t ∈ G, we have

σ̃(δt) =
ω(t)γ(t)

ω(φ(t))
δφ(t).

Therefore, for any µ1, µ2 ∈Mω′(G),

‖t(µ1 − µ2)‖Mω′ (G)

= ‖t · (µ1 − µ2)‖Mω′ (G)

= ‖σ̃(δt) ∗ (µ1 − µ2) ∗ σ̃(δt−1)‖Mω′ (G)

=

∫
G

ω′(x)d|σ̃(δt) ∗ (µ1 − µ2) ∗ σ̃(δt−1)|(x)

= |ω(t)γ(t)

ω(φ(t))
||ω(t−1)γ(t−1)

ω(φ(t−1))
|
∫
G

ω′(x)d|δφ(t) ∗ (µ1 − µ2) ∗ δφ(t−1)|(x)

=

∫
G

ω′(φ(t)xφ(t−1))d|µ1 − µ2|(x)

=

∫
G

ω′(x)d|µ1 − µ2|(x)

= ‖µ1 − µ2‖Mω′ (G).

We will now apply the fixed point theorem (Lemma 2.1) to the bounded set
A = b(G) in the Banach space Mω′(G). Note that, since Mω′(G) is the dual of
the C0,1/ω′(G), hence it is an L-embedded Banach space. We already know that
b(G) is a non-empty bounded subset of Mω′(G), and we only need to observe
that b(G) is invariant under the isometric action of G on Mω′(G) defined

t(b(G)) = {t(b(s)) : s ∈ G} = {t · b(s) + b(t) : s ∈ G} = {b(ts) : s ∈ G} = b(G).
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By the fixed point theorem there is a measure µ ∈Mω′(G) such that t(µ) = µ
for all t ∈ G. By definition of b,

D̃(δt) ∗ σ̃(δt−1) = b(t) = t(µ)− t · µ = µ− t · µ = µ− σ̃(δt) ∗ µ ∗ σ̃(δt−1),

and convoluting this equality with σ̃(δt) on the right, we obtain

D̃(δt) = µ ∗ σ̃(δt)− σ̃(δt) ∗ µ.

Next we show that

D(f) = D̃(f) = µ ∗ σ̃(f)− σ̃(f) ∗ µ, f ∈ L1
ω′(G).

Let f ∈ L1
ω′(G). Then, by [22, Lemma 2.1], we can find a net {fα} in

lin{δt : t ∈ G} such that fα −−−→
strict

f . Then for each fα,

D̃(fα) = µ ∗ σ̃(fα)− σ̃(fα) ∗ µ.

It suffices to show that D̃(fα) −−−→
strict

D(f) and µ ∗ σ̃(fα) − σ̃(fα) ∗ µ −−−→
strict

µ ∗ σ̃(f)− σ̃(f) ∗ µ.
For each h ∈ L1

ω′(G), there exists g ∈ L1
ω′(G) such that σ(g) = h. As

σ̃|L1
ω′ (G) = σ, we get σ̃(g) = h. Since fα −−−→

strict
f , we get that h∗fα −−−→

norm
h∗f .

Thus D̃(g ∗ fα) −−−→
norm

D̃(g ∗ f) as D̃ is continuous. Also, since D̃(g) = D(g) ∈

L1
ω′(G) and σ̃(fα) −−−→

strict
σ̃(f), we get D̃(g) ∗ σ̃(fα) −−−→

norm
D̃(g) ∗ σ̃(f). Hence,

since D̃ is a derivation,

h ∗ D̃(fα) = σ̃(g) ∗ D̃(fα) = D̃(g ∗ fα)− D̃(g) ∗ σ̃(fα)

−−−→
norm

D̃(g ∗ f)− D̃(g) ∗ σ̃(f) = σ̃(g) ∗ D̃(f) = h ∗ D̃(f).

Similarly we can prove D̃(fα) ∗ h −−−→
norm

D̃(f) ∗ h for every h ∈ L1
ω′(G). This

means that D̃(fα) −−−→
strict

D̃(f).

Now, let us show that µ ∗ σ̃(fα)− σ̃(fα) ∗ µ −−−→
strict

µ ∗ σ̃(f)− σ̃(f) ∗ µ. For

any h ∈ L1
ω′(G),

h ∗ (µ ∗ σ̃(fα)− σ̃(fα) ∗ µ) = h ∗ µ ∗ σ̃(fα)− h ∗ σ̃(fα) ∗ µ.

Since σ̃(fα) −−−→
strict

σ̃(f), h ∗ σ̃(fα) −−−→
norm

h ∗ σ̃(f) in L1
ω′(G). Thus, we obtain

that h ∗ σ̃(fα) ∗ µ −−−→
norm

h ∗ σ̃(f) ∗ µ. Since L1
ω′(G) is an ideal in Mω′(G),

we get that h ∗ µ ∈ Mω′(G), and again using the fact that σ̃(fα) −−−→
strict

σ̃(f),

h ∗ µ ∗ σ̃(fα) −−−→
norm

h ∗ µ ∗ σ̃(f). Hence,

h ∗ (µ ∗ σ̃(fα)− σ̃(fα) ∗ µ) −−−→
norm

h ∗ (µ ∗ σ̃(f)− σ̃(f) ∗ µ)

for every h ∈ L1
ω′(G). Similarly,

(µ ∗ σ̃(fα)− σ̃(fα) ∗ µ) ∗ h −−−→
norm

(µ ∗ σ̃(f)− σ̃(f) ∗ µ) ∗ h
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for every h ∈ L1
ω′(G). This means that µ ∗ σ̃(fα)− σ̃(fα) ∗ µ −−−→

strict
µ ∗ σ̃(f)−

σ̃(f) ∗ µ. This completes the proof. �

Corollary 3.3. Let G be a locally compact group and ω ≥ 1 be a diagonally
bounded weight on G. Then every continuous derivation D : L1

ω(G)→Mω(G)
is inner.

4. (σ, τ )-weak amenability of the Beurling algebra

In this section we prove the (σ, τ)-weak amenability of Beurling algebra
L1
ω(G). The idea of proof is borrowed from [6].

Theorem 4.1. Let G be a locally compact group and ω be a diagonally bounded
weight on G. Then the Beurling algebra L1

ω(G) is (σ, τ)-weakly amenable.

Proof. Let D be a bounded (σ, τ)-derivation from L1
ω(G) to L∞1/ω(G). Since

L∞1/ω(G) is the dual of the neo-unital L1
ω(G)-bimodule L1

ω(G), by Lemma 2.3,

we can extend D to a bounded (σ̃, τ̃)-derivation D̃ : Mω(G) → L∞1
ω

(G), which

is continuous in strict-w∗ topology. If we show that D̃ is (σ̃, τ̃)-inner, then so
is D . Consider the set

S = {Re(τ̃(δt−1) · D̃(δt)) : t ∈ G},
where δt denotes the point mass at t ∈ G, and Re(φ) stands for the real part
of the function φ ∈ L∞1/ω(G). Then S is a bounded subset of the vector lattice

L∞R,1/ω(G) of real-valued functions in L∞1/ω(G). Indeed,

‖Re(τ̃(δt−1) · D̃(δt))‖L∞1
ω

(G) ≤ ‖D̃‖‖τ̃(δt−1)‖Mω(G)‖δt‖Mω(G)

= ‖D̃‖‖δt−1‖Mω(G)‖δt‖Mω(G)

≤ ‖D̃‖ω(t−1)ω(t) ≤M‖D̃‖
because τ is an isometric isomorphism and ω is diagonally bounded say bound
with M . Since D is a derivation, for every x, t ∈ G,

τ̃(δt−1) · D̃(δt) = τ̃(δt−1) · D̃(δtx−1 ∗ δx)

= τ̃(δt−1)τ̃(δtx−1) · D̃(δx) + τ̃(δt−1) · D̃(δtx−1) · σ̃(δx)

= τ̃(δx−1) · D̃(δx) + τ̃(δx−1) · τ̃(δ(tx−1)−1) · D̃(δtx−1) · σ̃(δx).

Then, since L∞R,1/ω(G) is a complete vector lattice, φ1 = sup
t∈G

(S) exists in

L∞R,1/ω(G). Hence

τ̃(δx) · φ1 = τ̃(δx) · sup
t∈G
{Re(τ̃(δt−1) · D̃(δt))}

= τ̃(δx)τ̃(δx−1) · Re{D̃(δx)}+sup
t∈G
{Re(τ̃(δ(tx−1)−1) · D̃(δtx−1) · σ̃(δx)}

= Re{D̃(δx)}+ sup
tx−1∈G

{Re(τ̃(δ(tx−1)−1) · D̃(δtx−1)} · σ̃(δx)
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= Re{D̃(δx)}+ φ1 · σ̃(δx).

It follows that

Re{D̃(δx)} = τ̃(δx) · φ1 − φ1 · σ̃(δx), x ∈ G.
Similarly, by considering imaginary part, we obtain φ2 ∈ L∞R, 1ω (G) such that

Im{D̃(δx)} = τ̃(δx) · φ2 − φ2 · σ̃(δx), x ∈ G.
Therefore,

D̃(δx) = τ̃(δx) · φ− φ · σ̃(δx), x ∈ G,
where φ = φ1 + iφ2. By [22, Lemma 2.1], every measure µ ∈ Mω(G) is the

strict topology limit of a net of linear combinations of point masses and D̃ is
strict-w∗-continuous. Therefore, we obtain

D̃(µ) = τ̃(µ) · φ− φ · σ̃(µ)

for every µ ∈ Mω(G). This means that D̃ is (σ̃, τ̃)-inner, which completes the
proof. �
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