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EXTENDED SPECTRUM OF THE ALUTHGE TRANSFORMATION

Asma Guemoula and Abdelouahab Mansour∗

Abstract. In this paper, a relationship between the extended spectrum of the
Aluthge transform and the extended spectrum of the operator T is proved. Other
relationships between two different operators and other results are also given.

1. Introduction

Let H be a separable complex Hilbert space, let B(H) be the algebra of all bounded
linear operators on H. If T is an operator in B(H), then a complex number λ is called
an extended eigenvalue of T if there is a non zero operator X such that TX = λXT.
We denote by σext(T ) the set of all extended eigenvalues of T . The set of all extended
eigenvectors corresponding to λ will be denoted as Eext(λ).

(1.1) σext (T) = {λ ∈ C, X ∈ B(H)\{0} such that TX = λXT}

In [3], A. Biswas, A. Lambert and S. Petrovic introduced this notion by showing that
the extended spectrum of an operator with dense image, corresponds to the point
spectrum of another operator (generally unbounded). Extended eigenvalues and their
corresponding extended eigenvectors were studied in several papers, for example [4], [5]
and [13].

In 1990 A. Aluthge introduced in [2] a transformation called transformation of
Aluthge, to extend some spectral properties to the p-hyponormal operators ((T ∗T )p ≥
(TT ∗)p , p > 0). For an operator T ∈ B(H), the Aluthge transformation of T

denoted by T̃ is defined by:

(1.2) T̃ = |T |
1
2U |T |

1
2

where |T | = (T ∗T )
1
2 and U is the unitary operator associated with the polar decom-

position of T (T = U |T |, kerT = kerU). It follows easily from the definition of T̃

that ‖T̃‖ ≤ ‖T‖ and r(T̃ ) = r(T ), also w(T̃ ) ≤ w(T ) (see [11], [17]).
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In [12], K. Okubo introduced the generalized Aluthge transformation. For λ ∈ [0, 1],

we call the λ-Aluthge transformation of an operator T , the operator T̃λ given by:

T̃λ = |T |λU |T |1−λ

Some particular cases:

In the case λ = 0, we simply have T̃0 = U |T | = T . For λ =
1

2
we find the definition of

the Aluthge transformation defined in (1.2). And for λ = 1 we have T̃1 = T̂ = |T |U
(the Duggal transformation). For the details one can refer to [7].
In recent years, this transformation has attracted the attention of several mathemati-
cians (see for example [6], [10], [14] and [15]).

The organization of the paper is as follows: Sections 2, contains some preliminaries
properties that will be necessary in order to prove our main results. Sections 3, we
present some results on the possible relations between the extended spectrum of AB
and BA in finite dimension, and its consequences in form of several corollaries, also
and we prove some equalities between the extended spectrum for operator T , for
Aluthge transformation and for Duggal transformation in infinite dimension.

2. Preliminaries

We present here some lemmas and corollary which are useful for show our results.

Lemma 2.1. [8] Let σ(T ) be the spectrum of an operator T , and p(t) be any
polymomial of a complex number t. Then

σ(p(T )) = p(σ(T ))

Lemma 2.2. [8] Let A and B be operators in B(H). Then

σ(AB)− {0} = σ(BA)− {0}.
Lemma 2.3. [9] Let A and B be operators in B(H), such that A is self adjoint .

Then, AB is invertible if and only if BA is invertible.

Lemma 2.4. Let A and B be operators in B(H) such that A is self adjoint . Then

σ(AB) = σ(BA).

Proof. From Lemma 2.2, we have for any operators A and B,

σ(AB)− {0} = σ(BA)− {0}.
If A is self adjoint; using Lemma 2.3, we find:
if λ = 0

0 ∈ σ(AB) ⇔ AB is not invertible

⇔ BA is not invertible

⇔ 0 ∈ σ(BA).

if λ 6= 0

0 /∈ σ(AB) ⇔ AB is invertible

⇔ BA is invertible

⇔ 0 /∈ σ(BA).
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So, σ(AB) = σ(BA)

Lemma 2.5. [11] Let T be an operator in B(H), T̃ its the Aluthge transformation.
Then

σ(T ) = σ(T̃ ).

Lemma 2.6. [1] Let T be an operator on a finite dimensional Hilbert space H.
Then

σext (T ) = {λ ∈ C : σ(T ) ∩ σ(λT ) 6= ∅}.

Corollary 2.1. [1] Let T be an operator on a finite dimensional Hilbert space
H. Then

• If T is invertible then σext (T ) = {α/β : α, β ∈ σ(T )}.
• σext (T ) = {1} if and only if σ(T ) = {α}, α 6= 0.
• σext (T ) = C if and only if 0 ∈ σ(T ).

Moreover, this assertion remains available in infinite dimensional Hilbert spaces if
0 ∈ σp(T ) ∩ σp (T ∗) .

Lemma 2.7. Let T be an operator in B(H). Then |T |2 is invertible if T is invertible.

Proof.

T is invertible ⇒ T ∗ is invertible

⇒ T ∗T = |T |2 is invertible.

3. Main results

3.1. Extended spectrum of Aluthge transformation in finite dimension.
Our main results is the relations heap between the extended spectrum of AB and
BA, and its consequences in form of several corollaries.

Theorem 3.1. Let A and B be bounded linear operators on a finite dimensional
separable complex Hilbert space H, such that A is self adjoint. Then

σext(AB) = σext(BA)

Proof. For every bounded linear operators A and B defined on a finite dimensional
separable complex Hilbert space, we have

σext (AB) = {λ ∈ C : σ(AB) ∩ σ(λAB) 6= ∅} (by Lemma 2.6)

= {λ ∈ C : σ(AB) ∩ λσ(AB) 6= ∅} (by Lemma 2.1)

= {λ ∈ C : σ(BA) ∩ λσ(BA) 6= ∅} (by Lemma 2.4)

= {λ ∈ C : σ(BA) ∩ σ(λBA) 6= ∅} (by Lemma 2.1)

= σext (BA).

If A = |T| 12 and B = U|T| 12 , where U is the unitary with the polar decomposition of
T in Theorem 3.1, then we get the following Corollary:
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Corollary 3.1. Let T be bounded linear operator defined on a finite dimensional

separable complex Hilbert space H, such that T = U|T| its polar decomposition, T̃
its the Aluthge transformation. Then

σext(T̃ ) = σext(T ).

We can prove Corollary 3.1 in another way

Proof. For every bounded linear operator T defined on a finite dimensional sep-
arable complex Hilbert space H, such that T = U|T| its polar decomposition, we
have

σext (T ) = {λ ∈ C : σ(T ) ∩ σ(λT ) 6= ∅} (by Lemma 2.6)

= {λ ∈ C : σ(T ) ∩ λσ(T ) 6= ∅} (by Lemma 2.1)

= {λ ∈ C : σ(T̃ ) ∩ λσ(T̃ ) 6= ∅} (by Lemma 2.5)

= {λ ∈ C : σ(T̃ ) ∩ σ(λT̃ ) 6= ∅} (by Lemma 2.1)

= σext (T̃ ).

If A = |T| and B = U, where U is the unitary with the polar decomposition of T in
Theorem 3.1, then we get the following Corollary:

Corollary 3.2. Let T be bounded linear operator defined on a finite dimensional

separable complex Hilbert space H, such that T = U|T| its polar decomposition, T̂
its the Duggal transformation . Then

σext(T̂ ) = σext(T ).

If A = |T|λ and B = U|T|1−λ, where U is the unitary with the polar decomposition
of T in Theorem 3.1, then we get the following Corollary:

Corollary 3.3. Let T be bounded linear operator defined on a finite dimensional
separable complex Hilbert space H, such that T = U|T| its polar decomposition.For
λ ∈ [0, 1] then

σext(T̃λ) = σext(T ).

If A = |T| 12 and B = Tn−1U|T| 12 , where U is the unitary with the polar decompo-
sition of T in Theorem 3.1, then we get the following Corollary:

Corollary 3.4. Let T be bounded linear operator defined on a finite dimensional
separable complex Hilbert space H, such that T = U|T| its polar decomposition. Then

σext(T̃
n) = σext(T

n).

If A = |T| and B = (T)n−1U, where U is the unitary with the polar decomposition
of T in Theorem 3.1, then we get the following Corollary:

Corollary 3.5. Let T be bounded linear operator defined on a finite dimensional
separable complex Hilbert space H, such that T = U|T| its polar decomposition. Then

σext(T̂
n) = σext(T

n).
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Example 3.1. Let T be a 2× 2 matrix defined as follows:

T =

(
1 5i
−2i 1

)
, the adjoint operator of T is T∗ =

(
1 2i
−5i 1

)
,

T∗T = |T|2 =

(
5 7i
−7i 26

)
, also |T| =

(
2 i
−i 5

)
,

so |T|
1
2 =

(
1 i
−i −2

)
, thus U =

(
0 i
−i 0

)
.

The Aluthge transform of operator T is T̃ =

(
−2 −i
i 4

)
.

Using Corollary 2.1, we compute the extended spectrum for the operator T and the
Aluthge transform of the operator T.

σ(T) = {−1−
√

10,−1 +
√

10}, σ(T̃ ) = {−1−
√

10,−1 +
√

10}.
So, we get

σext (T) = {1; 11+2
√
10

−9 ; 11−2
√
10

−9 }, σext (T̃ ) = {1; 11+2
√
10

−9 ; 11−2
√
10

−9 }.
Thus σext(T̃ ) = σext(T ).

3.2. Extended spectrum of Aluthge transformation in infinite dimension.
In this theorem we prove some equalities between the extended spectrum for operator
T , for Aluthge transformation and for Duggal transformation in infinite dimension.

Theorem 3.2. Let T be bounded linear operator defined on separable complex
Hilbert space H, such that T = U|T| its polar decomposition. If T is invertible and

|T| 12X = X|T| 12 . Then

(i) σext(T̃ ) = σext(T ) = σext(T̂ ).

(ii) σext(T̃
n) = σext(T

n) = σext(T̂
n) for all n ∈ N.

(iii) σext(T T̃ ) = σext(T̃ T̂ ).

Proof. For every bounded linear operator T defined on separable complex Hilbert
space, such that T = U|T| its polar decomposition. T is invertible and |T| 12X =

X|T| 12 , we have

(i) σext (T) = {λ ∈ C,X ∈ B(H)\{0} Such that TX = λXT} (by (1.1))

TX = λXT ⇔ U|T|X = λXU|T|
⇔ U|T|

1
2 |T|

1
2X = λXU|T|

1
2 |T|

1
2

(by |T|
1
2X = X|T|

1
2 ) ⇔ U|T|

1
2X|T|

1
2 = λXU|T|

1
2 |T|

1
2

⇔ |T|
1
2 (U|T|

1
2X|T|

1
2 )|T|

3
2

= |T|
1
2 (λXU|T|

1
2 |T|

1
2 )|T|

3
2

(by Lemma 2.7) ⇔ |T|
1
2 U|T|

1
2X|T|2(|T|2)−1

= |T|
1
2λXU|T|

1
2 |T|2(|T|2)−1

⇔ |T|
1
2 U|T|

1
2X = λ|T|

1
2XU|T|

1
2

(by |T|
1
2X = X|T|

1
2 ) ⇔ |T|

1
2 U|T|

1
2X = λX|T|

1
2 U|T|

1
2

⇔ T̃X = λXT̃ .
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So, σext (T) = σext (T̃ ).

Also, σext (T) = {λ ∈ C,X ∈ B(H)\{0} Such that TX = λXT}.

TX = λXT ⇔ U|T|X = λXU|T|
(by |T|

1
2X = X|T|

1
2 ) ⇔ UX|T| = λXU|T|
⇔ |T|(UX|T|)|T| = |T|(λXU|T|)|T|

(by Lemma 2.7) ⇔ |T|UX|T|2(|T|2)−1 = |T|λXU|T|2(|T|2)−1

⇔ |T|UX = λ|T|XU

(by |T|
1
2X = X|T|

1
2 ) ⇔ |T|UX = λX|T|U
⇔ T̂X = λXT̂ .

So, σext (T) = σext (T̂ ).

(ii) σext (Tn) = {λ ∈ C,X ∈ B(H)\{0} Such that T nX = λXT n}.

TnX = λXTn ⇔ (U|T|)nX = λX(U|T|)n

⇔ (U|T|)n−1U|T|
1
2 |T|

1
2X

= λX(U|T|)n−1U|T|
1
2 |T|

1
2

(by |T|
1
2X = X|T|

1
2 ) ⇔ (U|T|)n−1U|T|

1
2X|T|

1
2

= λX(U|T|)n−1U|T|
1
2 |T|

1
2

⇔ |T|
1
2 ((U|T|)n−1U|T|

1
2X|T|

1
2 )|T|

3
2

= |T|
1
2 (λX(U|T|)n−1U|T|

1
2 |T|

1
2 )|T|

3
2

(by Lemma 2.7) ⇔ |T|
1
2 (U|T|)n−1U|T|

1
2X|T|2(|T|2)−1

= |T|
1
2λX(U|T|)n−1U|T|

1
2 |T|2(|T|2)−1

⇔ |T|
1
2 (U|T|)n−1U|T|

1
2X

= λ|T|
1
2X(U|T|)n−1U|T|

1
2

(by |T|
1
2X = X|T|

1
2 ) ⇔ |T|

1
2 (U|T|)n−1U|T|

1
2X

= λX|T|
1
2 (U|T|)n−1U|T|

1
2

⇔ (|T|
1
2 U|T|

1
2 )nX = λX(|T|

1
2 U|T|

1
2 )n

⇔ T̃ nX = λXT̃ n.

So, σext (Tn) = σext (T̃ n).

Also, σext (Tn) = {λ ∈ C,X ∈ B(H)\{0} Such that T nX = λXT n}.
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TnX = λXTn ⇔ (U|T|)nX = λX(U|T|)n

⇔ (U|T|)n−1U|T|X = λX(U|T|)n−1U|T|
(by |T|

1
2X = X|T|

1
2 ) ⇔ (U|T|)n−1UX|T| = λX(U|T|)n−1U|T|
⇔ |T|((U|T|)n−1UX|T|)|T|
= |T|(λX(U|T|)n−1U|T|)|T|

(by Lemma 2.7) ⇔ |T|(U|T|)n−1UX|T|2(|T|2)−1

= λ|T|X(U|T|)n−1U|T|2(|T|2)−1

(by |T|
1
2X = X|T|

1
2 ) ⇔ (|T|U)nX = λX|T|(U|T|)n−1U
⇔ (|T|U)nX = λX(|T|U)n

⇔ T̂ nX = λXT̂ n.

So, σext (Tn) = σext (T̂ n).

(iii) σext (T T̃ ) = {λ ∈ C,X ∈ B(H)\{0} Such that T T̃X = λXTT̃}.

T T̃X = λXTT̃ ⇔ U|T||T|
1
2 U|T|

1
2X = λXU|T||T|

1
2 U|T|

1
2

(by |T|
1
2X = X|T|

1
2 ) ⇔ U|T|

1
2 |T|UX|T|

1
2 = λXU|T|

1
2 |T|U|T|

1
2

⇔ |T|
1
2 (U|T|

1
2 |T|UX|T|

1
2 )|T|

3
2

= |T|
1
2 (λXU|T|

1
2 |T|U|T|

1
2 )|T|

3
2

(by Lemma 2.7) ⇔ |T|
1
2 U|T|

1
2 |T|UX|T|2(|T|2)−1

= |T|
1
2λXU|T|

1
2 |T|U|T|2(|T|2)−1

⇔ |T|
1
2 U|T|

1
2 |T|UX = λ|T|

1
2XU|T|

1
2 |T|U

(by |T|
1
2X = X|T|

1
2 ) ⇔ |T|

1
2 U|T|

1
2 |T|UX = λX|T|

1
2 U|T|

1
2 |T|U

⇔ T̃ T̂X = λXT̃ T̂ .

So, σext(T T̃ ) = σext(T̃ T̂ ).
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