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REDUCED PROPERTY OVER IDEMPOTENTS
TAl KEUN KwAK', YANG LEE, AND YOUNG JOO SEO*

ABSTRACT. This article concerns the property that for any element « in a ring, if

a®™ = a" for some n > 2 then a?> = a. The class of rings with this property is

large, but there also exist many kinds of rings without that, for example, rings of
characteristic # 2 and finite fields of characteristic > 3. Rings with such a property
is called reduced-over-idempotent. The study of reduced-over-idempotent rings is
based on the fact that the characteristic is 2 and every nonzero non-identity element
generates an infinite multiplicative semigroup without identity. It is proved that the
reduced-over-idempotent property pass to polynomial rings, and we provide power
series rings with a partial affirmative argument. It is also proved that every finitely
generated subring of a locally finite reduced-over-idempotent ring is isomorphic to
a finite direct product of copies of the prime field {0,1}. A method to construct
reduced-over-idempotent fields is also provided.

1. Reduced-over-idempotent rings

Throughout this note every ring is an associative ring with identity unless oth-
erwise stated. A nilpotent element is also said to be a nilpotent for short. Let R be
a ring. We denote the center, the set of all nilpotents, the set of all idempotents, the
group of all units, and the Jacobson radical of R by Z(R), N(R), Id(R), U(R), and
J(R), respectively. The polynomial (resp., power series) ring with an indeterminate z
over R is denoted by R|x]| (resp., R|[z]]). Z (Z,) denotes the ring of integers (modulo
n). The characteristic of R is written by Ch(R). Let a € R. The right (resp., left)
annihilator of a in R is denoted by rg(a) (resp., (r(a)). a is called right (resp., left)
regular if rgr(a) = 0 (resp., [gr(a) = 0); and a is called regular if a is both right and
left regular. For S C R, |S| denotes the cardinality of S. Denote the n by n (n > 2)
full (resp., upper triangular) matrix ring over R by Mat,(R) (resp., T,(R)). Write
Dy(R) = {(ai;) € To(R) | a11 = -+ - = ann}-

A ring is usually called reduced if it has no nonzero nilpotents. It is easily proved
that a ring R is reduced if and only if a®> = 0 for a € R implies ¢ = 0. A ring is
usually called Abelian if every idempotent is central. Reduced rings are easily shown
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to be Abelian, but there exist many non-reduced rings which are Abelian (e.g., Da(R)
over a commutative ring R).

Recall that a ring is called locally finite [8] if every finite subset in it generates a
finite semigroup multiplicatively. It is obvious that every locally finite ring is of finite
characteristic. It is obtained by [7, Theorem 2.2(1)] that a ring is locally finite if and
only if every subring generated by a finite subset is finite. Finite rings are clearly
locally finite, and an algebraic closure of a finite field is locally finite but not finite.
Note that if a ring R is locally finite, then for any r € R there exists n = n(r) > 1
such that 7" € Id(R) (see the proof of [8, Proposition 16]). Here, r need not be an
idempotent. It is clear that for any ring A and a € A, a € Id(A) implies a* € Id(A)
for all kK > 1.

Based on these facts, we introduce a new ring property.

DEFINITION 1.1. A ring R is said to be reduced-over-idempotent provided that for
any a € R, a" € Id(R) for some n > 1 implies a € Id(R).

The following consists of basic properties of reduced-over-idempotent rings which
are essential for our study.

LEMMA 1.2. For a reduced-over-idempotent ring R, we have the following asser-
tions.

(1) R is reduced.

(2) Ch(R) = 2 and then R is an algebra over Zs.

(3) Every non-identity regular element in R forms an infinite multiplicative semi-
group without identity.

(4) If R is locally finite, then R is Boolean.

(5) If R is locally finite, then U(R) = {1}.

Proof. (1) Let a®> = 0 for a € R. Then a € Id(R) since R is reduced-over-
idempotent, so that a = a®> = 0. Thus R is reduced.

(2) Since R is reduced-over-idempotent, (—1)? = 1 implies —1 € Id(R), so that
—1= (=12 =1. Thus Ch(R) = 2.

(3) Let a be a non-identity regular element in R. Consider the multiplicative
semigroup S = {a" | n > 1} generated by a. Assume a* = a*? for some k; # ky.
Then a" = 1 for some h > 1 since a is regular. Here, since R is reduced-over-
idempotent, we get a € Id(R) and hence the regularity of a implies @ = 1, contrary
to a # 1. Therefore S is an infinite multiplicative semigroup without identity.

(4) and (5) Let R be locally finite. Then, for any a € R, there exists m > 1 such
that a™ € Id(R) by the proof of [8, Proposition 16]. Thus a € Id(R) because R is
reduced-over-idempotent, showing that R is Boolean.

Next, for u € U(R), we must get u = 1 by the preceding argument, as desired. [

The class of reduced-over-idempotent rings is seated between Boolean rings and
reduced rings by Lemma 1.2(1, 4). From Lemma 1.2(3), we obtain an equivalent
condition of reduced-over-idempotent domains.

THEOREM 1.3. (1) Let R be a domain. Then R is reduced-over-idempotent if and
only if every non-identity regular element forms an infinite multiplicative semigroup
without identity.

(2) Every free algebra over Zs is reduced-over-idempotent.
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(3) Let R be a locally finite reduced-over-idempotent ring. Then every finitely
generated subring of R is isomorphic to a finite direct product of copies of Zs.

Proof. (1) It suffices to show the sufficiency by Lemma 1.2(3). Assume the necessity
and let 0 # a € R such that a" € Id(R) for some n > 1. Then a" = 1 since R is
a domain, so that we must have ¢ = 1 by assumption. Thus R is reduced-over-
idempotent.

(2) Let R be a free algebra over Z,. Then R is a domain such that U(R) = {1} and
every non-identity regular element forms an infinite multiplicative semigroup without
identity. So R is reduced-over-idempotent by (1).

(3) Let S be a finitely generated subring of R. Then S is finite since R is locally
finite, and hence S is isomorphic to a finite direct product of Mat,, (F;)’s for some
finite fields F; and positive integers n; by the Wedderburn-Artin theorem. Moreover
S is also reduced-over-idempotent by Proposition 1.5(1) below, and then S is reduced
by Lemma 1.2(1). From this we see that S is isomorphic to a finite direct product
of F;’s. But every F; must coincide with Z, by Lemma 1.2(5), and therefore S is
isomorphic to a finite direct product of copies of Zs. O

The arguments below elaborate upon Lemma 1.2 and Theorem 1.3.

REMARK 1.4. (1) Fields need not be reduced-over-idempotent. For example, con-
sider the field C of complex numbers. Then C is not reduced-over-idempotent by
Lemma 1.2(2), since Ch(C) = 0. Moreover, it implies that every subring of C cannot
be reduced-over-idempotent.

Assume that a field F' is reduced-over-idempotent. If F' is finite, then F' = Z,
by Lemma 1.2(4), so that every finite field £ with |E| > 3 cannot be reduced-over-
idempotent; for example, the Galois field GF(2¥) with k > 2.

(2) Let R = Zy(X) be a free algebra generated by a set X over Z;. Then R is a
reduced-over-idempotent domain by Theorem 1.3(2). If | X| = 1, then R = Zy[z]. If
| X| > 2, then Z(R) = Zy by the proof of [2, Proposition 1.3(7)].

(3) Note that Boolean rings are obviously reduced-over-idempotent but not con-
versely. Indeed, let R = Zy(a,b) be the free algebra with noncommuting indetermi-
nates a,b over Zy. Then R is reduced-over-idempotent by Theorem 1.3(2), but R is
not Boolean clearly.

(4) Any of Mat,(R), T,(R) and D,(R), over any ring R for n > 2, cannot be
reduced-over-idempotent because they are not reduced.

The following properties of reduced-over-idempotent rings do basic roles throughout
this article.

PROPOSITION 1.5. (1) The class of reduced-over-idempotent rings is closed under
subrings.

(2) For a family {R., | v € '} of rings, the following statements are equivalent:

(i) R, is reduced-over-idempotent;

(ii) The direct product [] Jer By of R, is reduced-over-idempotent;

(iii) The direct sum @.er R, of R, is reduced-over-idempotent.

(3) Let R be an Abelian ring and e € Id(R). Then R is reduced-over-idempotent
if and only if both eR and (1 — e)R are reduced-over-idempotent.
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Proof. (1) Note that Id(S) = Id(R) NS for any subring S of a ring R.

(2) The proof comes from (1) and the fact that Id([[, o R,) = [[,p [d(R,) and
Id(®yerRy) = Syerld(R,).

(3) This follows (2), since R =2 eR® (1 — e)R. O

Related to Proposition 1.5(1), one may ask whether the class of reduced-over-
idempotent rings is closed under homomorphic images. But the answer is negative
as follows. We use the construction in [1, Example 4.8]. Consider the reduced-over-
idempotent ring R = Zs({a, b) as in Remark 1.4(3). Let J be the ideal of R generated
by b* and 7 = r + J for r € R. Then R/J is not reduced-over-idempotent by Lemma
1.2(1) because it is not reduced; indeed, b* = 0 but b # 0.

On the other hand, there exists a ring whose nontrivial factor rings are reduced-
over-idempotent, but the ring is not reduced-over-idempotent. Consider the ring
R = T,(Z5) which is not reduced-over-idempotent by Remark 1.4(4). Note that Zs is
obviously reduced-over-idempotent, and hence Zs x Zs is also reduced-over-idempotent
by Proposition 1.5(2). All nontrivial factor rings of R are R/I = Zy X Zo, R/ J = Zs,

and R/K = Zs; hence these are reduced-over-idempotent, where I = (0 ZQ) ,J =

0 0
Ly 7o (0 Zy
(0 O),andK (O ZZ).
A ring R is called a subdirect product of a family of rings {R, | v € I'} if there is
a monomorphism f: R — H'yel" R, such that 7, o f is onto for all v € I', where ., :

1T ~er Ity — R, is the canonical epimorphism. The following is another application of
Proposition 1.5(2).

PROPOSITION 1.6. A subdirect product of reduced-over-idempotent rings is reduced-
over-idempotent.

Proof. Let R be a subdirect product of a family {R, | v € T'} of reduced-over-
idempotent rings. Then f(Id(R)) C Id([[,cp Ry) = [1,er Id(R,) clearly. Suppose
that for a € R there exists n > 1 such that ™ € Id(R). Then f(a)" = f(a") €
Id(T],er R, )- Since every R, is reversible-over-idempotent, [[ . R, is reversible-
over-idempotent by Proposition 1.5(2). So f(a)" € Id(]],ep R,) implies f(a) €
Id(TL,er R, )- There exists e, € Id(R,) for each v € I' such that f(a) = (e;)-er-
Then f(a®) = (f(a))?* = [(éy)yer)® = (éy)yer = f(a) and hence a® = a, since f is
injective. Thus a € Id(R). Therefore R is reduced-over-idempotent. O]

Recall that a ring R is called local if R/J(R) is a division ring. A ring R is
called semilocal if R/J(R) is semisimple Artinian, and R is called semiperfect if R is
semilocal and idempotents can be lifted modulo J(R). One-sided Artinian rings are
clearly semiperfect. Local rings are Abelian and semilocal.

PrOPOSITION 1.7. A ring R is reduced-over-idempotent and semiperfect if and
only if R is a finite direct product of local reduced-over-idempotent rings.

Proof. Suppose that R is reduced-over-idempotent and semiperfect. Then R is
Abelian because R is reduced by Lemma 1.2(1). Since R is semiperfect, R has a finite
orthogonal set {ej, e, ..., e,} of local idempotents whose sum is 1 by [12, Proposition
3.7.2],say R =" | e;R such that each e;Re; is a local ring. Since R is Abelian, each
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e; R is an ideal of R with e; R = ¢; Re;. But each e; R is also a reduced-over-idempotent
ring by Proposition 1.5(3).

Conversely assume that R is a finite direct product of local reduced-over-idempotent
rings. Then R is Abelian and semiperfect since local rings are semiperfect by [12,

Corollary 3.7.1], and moreover R is reduced-over-idempotent by Proposition 1.5(2).
[

We see an application of Proposition 1.7.

COROLLARY 1.8. Let R be a reduced-over-idempotent ring. If R is right Artinian
then R is a finite direct product of division rings.

Proof. Let R be right Artinian. Then J(R) is nilpotent, and hence J(R) = 0
because R is reduced by Lemma 1.2(1). Moreover R is a finite direct product of local
reduced-over-idempotent rings by Proposition 1.7, R = > | R;. Note J(R;) = 0 since
R; is right Artinian and R; is reduced. This implies that there exist a finite number
of division rings D;’s such that R is isomorphic to the direct product of D;’s. O

Corollary 1.8 can be obtained also by using the Wedderburn-Artin theorem.

2. Extensions

In this section, we study the reduced-over-idempotent ring property of sev-
eral kinds of extensions, concentrating on polynomial rings and power series rings.
R[z; 27| means the Laurent polynomial ring with an indeterminate x over a ring R.

LEMMA 2.1. (1) [10, Lemma 8] For an Abelian ring R, we have that Id(R) =
Id(R[z]) = Id(R|[[z]]) and that both R|x] and R][x]] are Abelian.

(2) Let R be a reduced ring. Then Id(R[z;x7']) = Id(R).
Proof. (2) Let f(z) € Id(R[z;z7"]) for 0 # f(x) = Y. a;x’ € R[x;z7'], where

m € Z, a, # 0 and a, > 0. If m < —1 then a2, # 0 i1rnplig:smf(x)2 2 gy L
f(z), entailing m > 0. Next if n > 1 then a? # 0 implies f(x)? = --- + a2z # f(x),

entailing n = 0. Consequently f(z) = ag and a3 = ag follows. O
The preceding lemma does an essential role in the proposition and remark below.

PROPOSITION 2.2. For a ring R, the following conditions are equivalent:
(1) R is reduced-over-idempotent;

(2) R[x] is reduced-over-idempotent;

(3) R[x;x™ 1 is reduced-over-idempotent.

Proof. 1t suffices to show (1) = (3) by Proposition 1.5(1). Let R be reduced-over-
idempotent. Then R is reduced by Lemma 1.2(1). Suppose that f(z)* € Id(R[x;z7'])
for 0 # f(z) =1 ax’ € Rlz;z™'| and k > 1, where m € Z. Then f(z)* = e for
some e € Id(R) by Lemma 2.1(2). By the reducedness of R, we must get f(x) = ay.
This entails af = e. But since R is reduced-over-idempotent, ag € Id(R) and ag = e

follows. Thus R[z; x7!] is reduced-over-idempotent. O

From Theorem 1.3(1) and Proposition 2.2, we can obtain reduced-over-idempotent
fields. For example, let F' = Zs(x), the quotient field of Zs[z|, a reduced-over-
idempotent domain by Proposition 2.2. Taking f € E such that f # 1 and f # 0, we
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have that {f™ | n > 1} is an infinite multiplicative semigroup without identity. Thus
E is reduced-over-idempotent by Theorem 1.3(1).

Considering the preceding proposition, one may ask whether the reduced-over-
idempotent property also go up to power series rings. We do not know the complete
answer, but we provide a partial one for this question as follows.

REMARK 2.3. Let R be a reduced-over-idempotent ring. Then R is reduced (hence
Abelian) and Ch(R) = 2 by Lemma 1.2(1, 2). We will use these facts and Lemma
2.1(1) freely in the following computation.

Let 0 # f(z) = > 2yax’ € R[[z]] be such that f(z)™ € Id(R][z]]) for some
m > 1. Then f(x)™ = e = ay by the proof of Proposition 2.2. Write ,,C} =
m(m_kl()k';(f"):;k_l)) = (mi”,i)!k! for 1 < k < m. Note that ,,C} is an integer and that
there exist even m’s such that ,,C} is odd for some 1 < k < m — 1, for example, (5,
1402 and 1404.

(i) Let m = 2. The coefficient of the term of degree 2 of f(x)? is 0 = 2apas+a? = a3,
so that a; = 0. From this we see that the coefficient of the term of degree 22 of f(x)?
is 0 = 2apay + a2 = a2, so that ay = 0. Inductively assume that a; = -+ = az_; = 0.
Then the coefficient of the term of degree k? in f(x)? is

2 2
0 = 2apayg;, + a;, = ay,

so that ay = 0. Therefore we now have that a; = 0 for all ¢ > 1, concluding f(z) =
ap € Id(R[[z]]).

(ii) Let m = 3. The coefficient of the term of degree 1 of f(z)? is 0 = 3aga; = aga;.
The coefficient of the term of degree 2 of f(z)? is 0 = 3agas + 3apa? = apas. The
coefficient of the term of degree 3 of f(x)3 is 0 = 3agas + 3apaias + 3apasa; + a3 =
apaz + a3. Multiplying this equality by ag, we get 0 = apas + apai = apas. Inductively

assume that apa; = 0 for ¢ = 1,...,k — 1. Then the coefficient of the term of degree
kof f(z)?is
0 = 3apar + 5 Qg QgyAsy = Qo) + 5 Q) Qg Qs -
s1+s2+s3=k and s;<k s1+s2+s3=k and s;<k

Multiplying this equality by ag, we get

0 = agay, + ag E (s, As,Osq = QoA + g ApQs, As,0sq = Qoak
s1+s2+s3=k and s;<k s1+s9+s3=k and s;<k
by assumption. Hence aga; = 0 for all ¢ > 1.

Next we will show that a; = 0 for all 4. From the equality 0 = agaz + a? = a3, we

obtain a; = 0. The coefficient of the term of degree 6 of f(z)? is
0 = 3agag + as + g Q) (g, Qs = A5 + g Qg Gg, @
— o6 2 s1Wsollgy — U9 s1Wso sy -
s1+s2+s3=6 and s;<6 s1+s2+s3=6 and s;<6

But some s; is either 0 or 1, hence
above, entailing a3 = 0. Thus ay = 0.

514594536 and s;<6 Os1AsyAsg = 0 by the results

Now inductively we assume that a; = 0 for ¢ = 1,...,k — 1. The coefficient of the
term of degree 3k in f(x)? is
0 = 3apas; + az + Z (s, U5, Osy = az + Z (g, Qg,Qs, -

s1+s2+s3=3k and s;<3k s1+s2+s3=3k and s;<3k
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But some s; is seated in [0,k — 1], hence D . |\ o0 cap s Qsy@sy = 0 by as-
sumption and the result that aga; = 0 for all ¢ > 1, entailing a% = 0. Thus a; = 0.
Then a; = 0 for all ¢ > 1. Consequently we now have f(z) = ay € Id(R[[z]]).

Now we consider the case of m > 4. Note that the coefficient of degree vm of f(x)™
Is

m m—1 § m—2
mco% + mCmflao Qym + mCmeGJQ ah 0@2
i1+ie=vm and it<vm
m—3
+ ) mCm—3ag " a;, 0,05,
J1t+j2+jz3=vm and jp<vm

§ 2
+ .o _|_ m02a0asla52 e asm72

s1ts2+-+sm—2=vm and sq<vm

+ E mCraoay ag, - -+ ag,_,

t1+to+-+tm—_1=vm and t,, <vm

m
=a," + nCiapym + E mCaaoa;, a;,

i1+io=vm and s <vm

+ E : ng Aoy, Aj, g

Jitjz+iz=vm and jp<vm

D4 .-+ Z mC200as, Qs -+ - Qs

s1+8s2+-+sp_o=vm and sq<vm

+ E mola()ahatz Oty (*)

t1+to+-+tp—_1=vm and ty,,<vm

where we use ag € Id(R)NZ(R). Note that {i1,i2}N[0,v—1] # 0, {j1, j2, 73} N[0, v —
1] # 0 and {s1,82,...,Sm_2} N[0,v — 1] # 0.
(iii) Let m be an even integer such that ,,Cj is even for all 1 < k < m — 1, for

example, m = 4. Then, for every v > 1, the coefficient of the term of degree vm of
f(z)™is al = 0 by the preceding (*), so that a, = 0. Thus f(x) = ay € Id(R][z]]).

(iv) We do not know the computation of the general case that m > 5 and ,,,C}, is
odd for some 1 < k < m — 1, for example, m = 6.

Let R be a ring with an endomorphism o. Recall that the skew polynomial ring
Rz; 0] is a ring of polynomial in z with coefficients in R and subject to the relation
xr = o(r)x for r € R. The skew Laurent polynomial ring R[z,z~!; o] is a localization
of R[x; o] with respect to the set of powers of x.

For a ring R with a monomorphism o, let A(R, o) be the subset {z'rz’ | r € R
and i > 0} of the skew Laurent polynomial ring R[z,x~';¢]. Note that for j > 0,
ir = ¢’(r)z? implies re™/ = x77¢7(r) for r € R. This yields that for each j >
0 we have x7irz’ = 2~ (*)gi(r)z™*. It follows that A(R,o) forms a subring of
Rlz, 271, 0] with the following natural operations: x %72’ + x9sz7 = 2~ ) (07 (r) +
o'(s))2™ and (z7'r2?)(z7s2?) = 2~ H)gI(r)oi(s)x™ for r,s € R and i,5 > 0.
Note that A(R, o) is an over-ring of R, and the map ¢ : A(R,0) — A(R, o) defined
by o(x~'rz") = x7'o(r)z" is an automorphism of A(R,o). Jordan showed, with the
use of left localization of the skew polynomial R|x; o] with respect to the set of powers
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of x, that for any pair (R, o), such an extension A(R, o) always exists in [9]. This
ring A(R, o) is usually said to be the Jordan extension of R by o.

THEOREM 2.4. Let R be an Abelian ring with a monomorphism o. Then R is
reduced-over-idempotent if and only if the Jordan extension A = A(R,c) of R by o
is reduced-over-idempotent.

Proof. Tt is enough to show the necessity by Proposition 1.5(1). Suppose that R is
reduced-over-idempotent and let a™ € Id(A) for some n > 1, where a = z~'ra’ € A for
i,j7 > 0. Then a" = x~™og"=Vi(y")2™ € Td(A) implies ¢"~Vi(r") € Id(R), because
Id(A) = {z~'rz" | r € Id(R) and i > 0} clearly. Note that o(Id(R)) = Id(R) since
o is a monomorphism. So o~V (r") € Id(R) yields " € Id(R), and thus r € Id(R)
since R is reduced-over-idempotent. Therefore the Jordan extension A of R by o is
reduced-over-idempotent. O]

A multiplicatively closed subset S of a ring R is said to satisfy the right Ore
condition if for each a € R and b € S, there exist a; € R and b; € S such that
ab; = bay. It is shown, by [13, Theorem 2.1.12], that S satisfies the right Ore condition
and S consists of regular elements if and only if the right quotient ring Rg of R with
respect to S exists.

Recall that a ring R is called right (resp., left) p.p. if each principal right (resp.,
left) ideal of R is projective. It is well known that a ring R is right p.p. if and only
if the right annihilator of each element of R is generated by an idempotent. A ring is
called p.p. if it is both right and left p.p..

Following Goodearl [4], a ring R (possibly without identity) is called (von Neu-
mann) regular if for every a € R there exists b € R such that a = aba. It is easily
shown that J(R) = 0 if R is regular, and a ring R (possibly without identity) is called
strongly reqular if a € a*R for every a € R. A ring is strongly regular if and only if it
is Abelian regular if and only if it is reduced regular, by [4, Theorems 3.2 and 3.5].

PROPOSITION 2.5. Let S be a multiplicatively closed subset of an Abelian ring R.

(1) Suppose that S satisfies the right Ore condition. If the right quotient ring Rg
of R with respect to S is reduced-over-idempotent, then so is R. Conversely, if R is
locally finite reduced-over-idempotent, then Rg is strongly regular.

(2) Suppose that S consists of central regular elements and Id(ST'R) = {u™'e |
e € Id(R) and u € S}. Then R is reduced-over-idempotent if and only if SR is
reduced-over-idempotent.

Proof. (1) It is clear that R is reduced-over-idempotent when Rg is reduced-over-
idempotent by Proposition 1.5(1), since R is a subring of Rg.

Conversely, suppose that R is locally finite reduced-over-idempotent. Then R is
reduced regular by Lemma 1.2(1, 4) and so R is p.p. by [4, Theorem 1.1]. Moreover
Rs is reduced by [10, Theorem 16]. We claim that Rg is also p.p.. Let ab™! € Rg.
Since R is right p.p., 7r(a) = eR for some e € Id(R). So ab™te = aeb™! = 0 and
eRs C rrg(ab™!) follows. For the converse, let cd™ € rp (ab™t). Then ab ted™ =
0 = able =0 = cab™! = 0, since Rg is reduced. So ca = 0 = ac = 0
because R is reduced. Thus ¢ € eR = ¢ = ec, and hence cd~! = ecd™! € eRg and
rrg(ab™') C eRg. Consequently, we get 7, (ab™') = eRg, and thus Rg is right p.p..
Moreover Rg is left p.p. by [6, Lemma 1(i)], since it is reduced. Therefore Rg is a
reduced p.p. ring and so it is strongly regular by [5, Lemma 3.3].
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(2) It is sufficient to show the necessity by Proposition 1.5(1). Assume that R is
reduced-over-idempotent, and let & = u~*a € S'R be such that o™ € Id(S™'R) for
some n > 2. Then (u")"'a™ € Id(S™'R), and so a™ € Id(R) by hypothesis. But R is
reduced-over-idempotent, and hence a € Id(R). This implies « = u~'a € Id(S™'R),
concluding that S~!R is reduced-over-idempotent. O]

Notice that there exist rings in which the hypothesis “Id(S™'R) = {u"te | e €
Id(R) and u € S}” in Proposition 2.5(2) does not hold, by [11, page 1967], in general.

Let A be an algebra over a commutative ring S. Due to Dorroh [3], the Dor-
roh extension of A by S is the Abelian group A x S with multiplication given by
(r1,81)(r2, 82) = (1172 + $172 + So71, $152) for r; € A and s; € S. We use A X gor S tO
denote the Dorroh extension of A by S.

PROPOSITION 2.6. Let R be a unitary algebra over a commutative ring S. Suppose
that R is Boolean and S is reduced-over-idempotent. Then D = R X 4,, S is reduced-
over-idempotent.

Proof. Ch(R) = 2 by Lemma 1.2(2), and note that Id(D) = Id(R) x 1d(S). For,
(r,s) € Id(D) if and only if (r,s)* = (r,s) if and only if (r?, s?) = (r,s) if and only if
(r,s) € Id(R) x Id(S). We freely use these facts throughout this proof.

Let (r,s) € D be such that (r,s)" € Id(D) for some n > 2. Then s € Id(S5).
Since S is reduced-over-idempotent, s € Id(S). If n = 2 then the result is obvious, so
suppose n > 3. Since R is Boolean, we have

(r,s)" = (r" +2(2" ' = D)sr,s") = (r",s") = (r, ).

But (r,s)" € Id(D) and (r,s) € Id(D) follows. Therefore D is reduced-over-
idempotent. O

As an application of Proposition 2.6, let R be a direct product of Zs’s and consider
R X 4or Z5. Then this Dorroh extension is reduced-over-idempotent by Proposition 2.6.
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