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A MULTI-SERVER RETRIAL QUEUEING MODEL WITH
POISSON SIGNALS

SRINIVAS R. CHAKRAVARTHY

Abstract. Retrial queueing models have been studied extensively in the
literature. These have many practical applications, especially in service
sectors. However, retrial queueing models have their own limitations. Typi-
cally, analyzing such models involve level-dependent quasi-birth-and-death
processes, and hence some form of a truncation or an approximate method
or simulation approach is needed to study in steady-state. Secondly, in
general, the customers are not served on a first-come-first-served basis.
The latter is the case when a new arrival may find a free server while prior
arrivals are waiting in the retrial orbit due to the servers being busy during
their arrivals. In this paper, we take a different approach to the study of
multi-server retrial queues in which the signals are generated in such a way
to provide a reasonably fair treatment to all the customers seeking service.
Further, this approach makes the study to be level-independent quasi-birth-
and-death process. This approach is different from any considered in the
literature. Using matrix-analytic methods we analyze MAP/M/c-type re-
trial queueing models along with Poisson signals in steady-state. Illustra-
tive numerical examples including a comparison with previously published
retrial queues are presented and they show marked improvements in pro-
viding a quality of service to the customers.
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1. Introduction

Retrial queues were introduced as an alternative to classical queues to model
situations where customers cannot get into service at the time of their arrivals to
the system. However, the customers who cannot be serviced immediately upon
their arrivals may be considered for services through a number of mechanisms
such as the customers retrying on their own and or service facility trying to
search for customers to offer services. Retrial queues were introduced and studied
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extensively in the queueing literature (see, e.g., [1, 2, 13, 15, 27, 28, 31]). These
have many practical applications, especially in service sectors. However, retrial
queueing models have their own limitations. First of all, it is possible for a
new customer to find an idle server while prior arrivals might be waiting in
the retrial orbit due to the fact that at those arrival epochs, the servers were
all busy. Thus, from both customer’s and the management’s points of view,
the quality of service is degraded. Secondly, analyzing classical retrial queueing
models involve level-dependent quasi-birth-and-death process (LDQBD), and
hence one has to impose some form of a truncation or an approximate method
or simulation approach to study in steady-state (see, e.g., [7, 9, 11, 24, 29, 30]).
Both these key aspects motivated us to look at retrial queueing models from a
different perspective. That is, how can we model retrial queues so as to serve
the customers in a much fairer way as FCFS rule cannot be applied, in general,
to such queueing models.

A potential application of the model proposed in this paper in practice is
as follows. Cloud computing has become very popular in many industries and
businesses, and in academia it plays an even more important role. Now with the
current situation with COVID-19, online education has taken a different role and
will probably lead to more institutions adapting to online education even when
things improve in the coming days. All academic institutions have to provide
licensed software to their students, faculty, and staff members. These licenses,
generally, have a limited access to the users due to licensing restrictions such as
only a finite number of users can be using at any given time. It is typical for
students and faculty to access these software while being off-campus. The users
who cannot access immediately have to retry at a later time. It is possible for
any new user to access that particular software due to its availability at that
time. So, there is a clear advantage for some (new) users who happen to arrive
later than those who are waiting in the orbit to access that particular software.
It would be nice to have a mechanism by which the users accessing the software
via cloud computing be made to access at a faster rate than any new arrival
through some signalling process by the system with some understanding of the
arrival process of the users.

Thus, the focus of this paper is to introduce a better mechanism to send
retrial customers to the service area as much as possible before newer arrivals
enter into service. To the best of our knowledge, we believe this type of model
has not been studied so far in the literature.

The model assumptions are as follows.

• Customers arrive (at an average rate of λ per unit of time) according to
aMAP with (irreducible) representation matrices (F0, F1) of dimension
m. For details on MAP , we refer to [3, 6, 8, 10, 18, 19, 21, 23, 25, 26].

• There are c homogeneous servers in the system to offer services to cus-
tomers.
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• An arriving customer finding all servers busy will enter into a retrial
orbit of infinite size.

• Retrial customers will get into service only through the signals arriving
at the orbit are successful (i.e., at the time the signals reach the orbit
there is at least one customer in the orbit with at least one free server
available to offer a service). The signals are generated independent of
the number of customers in the orbit.

• Signals are generated according to a Poisson process whose rate depends
on the phase of the underlyingMAP process. That is, the signals arrive
according to a Poisson process with rate θj , 1 ≤ j ≤ m, when the
underlying MAP process is in phase j. Let θ denote the vector whose
jth component is given by θj , 1 ≤ j ≤ m.

• Service times are exponential with rate µ.
It is worth mentioning the following important point. Even though the customers
in the retrial orbit are not attempting to reach a free server on their own, we still
use the term “retrial” to point out the fact these customers are orbiting until a
free server is captured.

Before we proceed further, we need to set up a few notation.
• e is a column vector of 1’s.
• ei is a unit column vector with 1 in the ith position and 0 elsewhere.
• I an identity matrix.
• ∆(a) is a diagonal matrix whose diagonal elements are given by the

components of the vector a.
• The notation ′ is for the transpose of a matrix or a vector.
• The Kronecker product and Kronecker sum of matrices are denoted,
respectively, by ⊗ and ⊕. A few key references to Kronecker products
and Kronecker sums include [14, 20, 32].

• The dimensions of the vectors and matrices will be clear from the con-
text. However, when more clarity is expected, we will display the di-
mensions.

The arrival rate of the customers to the system is given by λ = πF1e, where π
is the invariant vector of the underlying generator F = F0 + F1 governing the
MAP . That is, π satisfies

πF = 0 and πe = 1. (1)

The rest of the paper is organized as follows. In Section 2, we study the
model described in this section as level-independent QBD (LIQBD) process.
The steady-state analysis of the model is performed in Section 3. Some selected
system performance measures needed to compare the classical retrial model with
the one studied here are given in Section 4, and illustrative numerical examples
are presented in Section 5. Finally, a few concluding remarks are given in Section
6.
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2. The LIQBD process for the retrial model

Suppose that we define the following random variables at time t.
• K1(t) = number of customers in the retrial orbit
• K2(t) = number of busy servers
• K3(t) = phase of the MAP arrival process

Then it is easy to verify that the stochastic process {(K1(t),K2(t),K3(t))} is a
LIQBD-process with the state space given by

Ω = {(i, j, k) : 0 ≤ j ≤ c, 1 ≤ k ≤ m, i ≥ 0}.

and its generator, Q, is of the form

Q =


B1 A0

A2 A1 A0

A2 A1 A0

A2 A1 A0

. . . . . . . . .

 , (2)

where the (block) matrices appearing in Q are as follows.

B1 =



F0 F1

µI F0 − µI F1

0 2µI F0 − 2µI F1

. . . . . . . . .
(c− 1)µI F0 − (c− 1)µI F1

cµI F0 − cµI


, (3)

A0 = ec+1 ⊗ e′c+1 ⊗ F1, A2 =


0 ∆(θ)
0 0 ∆(θ)

. . . . . .
0 ∆(θ)

0

 , (4)

and

A1 =


F0 −∆(θ) F1

µI F0 −∆(θ)− µI F1

. . . . . . . . .
(c− 1)µI F0 −∆(θ)− (c− 1)µI F1

cµI F0 − cµI

 .
(5)

Suppose that ξ = (ξ0, · · · , ξc) denotes the steady-state probability vector of
A = A0 + A1 + A2. Note that ξj , 0 ≤ j ≤ c, is of dimension m. This vector
is needed to obtain the stability condition of the retrial queueing model under
study. Thus, the vector ξ satisfying ξA = 0 and ξe = 1, can be rewritten in
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terms of smaller dimensional vectors, and one can easily verify the following
results. ∑c

j=0 ξj = π,

ξj(F1 +∆(θ))e = (j + 1)µξj+1e, 0 ≤ j ≤ c− 1,∑c−1
j=0 ξj(F1 +∆(θ))e = µ

∑c
j=1 jξje.

(6)

Applying Neuts’ result (see, e.g., [22]) on the stability condition for LIQBD−
process, which is ξA0e < ξA2e, we note, after using (6), that the stability
condition for our retrial model here is

λ < µ

c∑
j=1

jξje. (7)

For later use, we define ρ = λ
cµ , the traffic intensity for the classical MAP/M/c

retrial queue, and ρq, the traffic intensity of the the model under study, as

ρq =
ξA0e

ξA2e
. (8)

3. The steady-state analysis of the retrial model

Suppose that y, partitioned into vectors of dimension (c + 1)m as y =
(y0,y1, · · · ), be the steady-state probability vector of Q. That is, y satisfies

yQ = 0, ye = 1. (9)
It is easy to verify that the vector yi, i ≥ 0, partitioned further as yi =
(yi,0, · · · ,yi,c) can be obtained as follows provided the stability condition (7)
holds good.

y0,0F0 + µy0,1 = 0,

y0,j−1F1 + y0,j(F0)− jµI) + (j + 1)µy0,j+1 + y0,cRj−1∆(θ) = 0, 1 ≤ j ≤ c− 1,

y0,c−1F1 + y0,c[F0 − cµI +Rc−1∆(θ)] = 0,

yi,j = y0,cR
i−1
c Rj , 0 ≤ j ≤ c, i ≥ 1,

(10)
subject to

c∑
j=0

y0,je+ y0,c(I −Rc)
−1

c∑
j=0

Rje = 1. (11)

Thus, we solve for y0 first using, say, (block) Gauss-Seidel iterative method, and
then obtain the rest of yi, i ≥ 1, using the matrix-geometric expression. The
matrices Rj , 0 ≤ j ≤ c, appearing in (10) are obtained as the last (block) row of
the rate matrix, R, which satisfies the classical matrix-quadratic equation:

R2A2 +RA1 +A0 = 0, (12)
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and due to the structure of A0 as given in (4), the matrix R is of the form

R =


0 0 · · · 0
0 0 · · · 0
...

... · · ·
...

0 0 · · · 0
R0 R1 · · · Rc

 . (13)

Once R and the vector y0 are obtained the rest of the steady-state vector is
obtained as

yi = y0R
i, i ≥ 0. (14)

While the matrix-quadratic equation given in (12) can be solved using a number
of well-known methods such as logarithmic reduction [17], the sparsity of R
enables one to exploit its structure and solve as follows.

R0 = µR1[∆(θ)− F0)
−1],

Rj =
[
RcRj−1∆(θ) +Rj−1F1 + (j + 1)µRj+1

][
jµI +∆(θ)− F0

]−1

, 1 ≤ j ≤ c− 1,

Rc =
[
RcRc−1∆(θ) +Rc−1F1 + F1

][
cµI − F0

]−1

.

(15)
Now we can use (block) Gauss-Siedel iteration to solve for Rj , 0 ≤ j ≤ c. As an
internal accuracy check, one can use the fact that RA2e = A0e (see, e.g., [22]),
which in our model implies that

∑c−1
i=0 Rj∆(θ)e = F1e.

The following intuitively obvious facts can easily be verified and can be used
as internal accuracy checks in numerical computation of the steady-state prob-
ability vector, y.

∞∑
i=0

yi(e⊗ I) = π. (16)

In the classical MAP/M/c queue, it is well-known that the mean number of
busy servers is given by λ

µ . Here, we will show that such a result holds good for
this retrial model. Towards this end, we first define

a = (a0, · · · ,ac) =
∞∑
i=0

yj = y0(I −R)−1. (17)

First, we expand the steady-state equations given in (9) as follows
y0B1 + y1A2 = 0,

yi−1A0 + yiA1 + yi+1A2 = 0, i ≥ 1,

y0(I −R)−1e = 1.

(18)
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Adding the first equation in (18) to the one obtained by summing the second
equation over i, i ≥ 1, and after some simplifications, we get

a0(F0e−∆(θ)e) + µa1e+ y0,0∆(θ)e = 0,

aj−1(F1e+∆(θ)e) + aj(F0e−∆(θ)e− jµe) + (j + 1)µaj+1e
+(y0,j − y0,j−1)∆(θ)e = 0, 1 ≤ j ≤ c− 1,

ac−1(F1e+∆(θ)e)− cµace− y0,c−1∆(θ)e = 0.

(19)

It is easy to verify from the equations given in (19) that

aj(F1 +∆(θ)e = (j + 1)µaj+1e+ y0,j∆(θ)e, 0 ≤ j ≤ c− 1. (20)

Using the fact that
yiA0e = yi+1A2e, i ≥ 0, (21)

which implies that

yi,cF1e =

c−1∑
j=0

yi+1,j∆(θ)e, i ≥ 0, (22)

verify that (22) yields

acF1e =

c−1∑
j=0

(aj − y0,j)∆(θ)e. (23)

Note that the equation given in (23) is intuitively clear as it gives an expression
for the rate of customers entering retrial orbit (the left-hand side) which should
be equal to the rate of customers leaving the retrial orbit in steady-state.

Adding the equations (20) over j, 0 ≤ j ≤ c − 1, and using equation (23)
along with the fact that λ = πF1e, we get

c∑
j=1

jyje =
λ

µ
, (24)

which states that the mean number of busy servers in the system is similar to
the classical MAP/M/c queue. This is somewhat interesting as the servers may
remain idle when customers are waiting in the system, but not surprising as such
a result has been proven in retrial queues (see, e.g., [7]).

4. The system performance measures

Once the steady-state probability vector, y, is obtained, we can develop var-
ious system performance measures not only for qualitative analysis but also for
comparing with the classical retrial models. While there are many performance
measures that can be developed, here we will list only three that we will use to
compare our model here with the one in [7].
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(1) Fraction of signals successful in sending customers to service The frac-
tion, FSR, of customers from retrial orbit sent to service through Pois-
son signals is obtained as∑c−1

j=0(aj − y0,j)∆(θ)e∑c
j=0(aj − y0,j)∆(θ)e

.

(2) Probability that an arriving customer gets into service immediately with
at least one customer in the retrial orbit. The probability that an arriving
customer gets into service immediately, PES, is given by

PES =
1

λ

c−1∑
j=0

(aj − y0,j)F1e.

(3) Mean number of customers in retrial orbit. The mean, µNRO, number
of customers in retrial orbit is given by

µNRO =

∞∑
i=1

iyie = y0R(I −R)−2e = a(I −R)−1e− 1.

5. Illustrative numerical examples for comparing our model vs the
classical MAP/M/c retrial queue

The main purpose of this section is compare our model to the classical
MAP/M/c retrial queue. Towards this, we look at the retrial queueing model
studied in Chakravarthy, et.al.,[7]. The main reason for using this previously
published paper is due to the matrix-geometric approximation proposed in that
paper along the lines outlined in [24]. It should be noted that the classical
MAP/M/c retrial queueing model is obtained by taking p = 0 in [7]. That is,
in classical retrial queues, the servers do not search (with a positive probability)
to reach a customer in the retrial orbit, and hence the only way the customers
from retrial orbit can enter into service facility is through retrials on their own.

We look at 9 different arrival processes, three of which are renewal processes,
three are negatively correlated processes and the rest are positively correlated
processes. Without loss of generality we will take the arrival rate of customers,
λ, to be 1.

The three renewal processes considered are:

1. ERa: This is Erlang of order 2 with a rate of 2 in each stage.

2. EXa: This is exponential with parameter 1.

3. HEa: This is hyperexpoential with mixing probability vector taken as
(0.9, 0.1) with the corresponding rate vector given by (1.90, 0.19).

The correlated processes considered here are based on the construction orig-
inally described in [8] and elaborated with more details in [12]. While we refer



A multi-server retrial queueing model with Poisson signals 609

the readers to those papers, here we briefly spell out the minimum details needed
to understand the rest of the paper.

Define

F0(λ1, λ2, n) =

(
Tn 0
0 −λ2

)
, F1(λ1, λ2, p1, p2, n) =

(
p1T

0
nαn q1T

0
n

q2λ2αn p2λ2

)
,

where qi = 1− pi and 0 < pi < 1, i = 1, 2. Note that the representation (αn, Tn)
of dimension n is for Erlang distribution of order n (see e.g., [22]). The represen-
tation (F0(λ1, λ2, n), F1(λ1, λ2, p1, p2, n)) of dimension m = n+1 is for a MAP .
This form of MAP will be used for the rest of six arrival processes considered
in our illustrative example below.

4. N1a: This is a MAP (of dimension 3) whose inter-arrival times have a
1-lag negative correlation and its representation is given by

(F0(1.25, 2.5, 2), F1(1.25, 2.5, 0.01, 0.01, 2)).

5. P1a: This is a MAP (of dimension 3) whose inter-arrival times have a 1-lag
positive correlation and its representation is given by

(F0(1.25, 2.5, 2), F1(1.25, 2.5, 0.99, 0.99, 2)).

6. N2a: This is a MAP (of dimension 4) whose inter-arrival times have a 1-lag
negative correlation and its representation is given by

(F0(1.75, 3.5, 3), F1(1.75, 3.5, 0.01, 0.01, 3)).

7. P2a: This is a MAP (of dimension 4) whose inter-arrival times have a 1-lag
positive correlation and its representation is given by

(F0(1.75, 3.5, 3), F1(1.75, 3.5, 0.99, 0.99, 3)).

8. N3a: This is a MAP (of dimension 5) whose inter-arrival times have a 1-lag
negative correlation and its representation is given by

(F0(2.25, 4.5, 4), F1(2.25, 4.5, 0.01, 0.01, 4)).

9. P3a: This is a MAP (of dimension 5) whose inter-arrival times have a 1-lag
positive correlation and its representation is given by

(F0(2.25, 4.5, 4), F1(2.25, 4.5, 0.99, 0.99, 4)).

Even though the above nine MAPs all have a mean of 1, they are qualitatively
quite different. The standard deviations and one lag correlation coefficients of
the inter-arrival times of these MAPs are displayed in Table 1 below.

Table 1: Standard deviation (σa) and correlation coefficient (ρa) of nine MAPs

Measure ERa EXa HEa N1a P1a N2a P2a N3a P3a
σa 0.7071 1.0000 2.2447 1.0392 1.0392 1.0202 1.0202 1.0123 1.0123
ρa 0 0 0 -0.3267 0.3267 -0.4804 0.4804 -0.5786 0.5786
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Since the parameter vector, ∆(θ), plays a key role for comparison purposes, and
to minimize handling too many possibilities, we take θj = ζ|D0(i, i)|, 1 ≤ i ≤ m,
where D0(i, i) is the ith diagonal element of D0 and ζ is a positive number.
This parameter, ζ, referred to as multiplication factor, will be varied when all
other factors are fixed. The reason for looking at this form for θj is as follows.
First note that the MAP process spends an exponential amount of time with
parameter |D0(i, i)| whenever the process visits state i. At the end of the sojourn
time in state i, the MAP process either produces an arrival to the system or
transitions to a different state. Hence, we want the signal process to have a
higher rate (or equivalently a shorter time on the average) to send a signal to
the retrial orbit. In order to properly compare our model with the one discussed
in Chakravarthy, et.al., [7] (by taking p = 0), we first find the minimum value
of the multiplication factor ζ such that the mean number of customers in the
orbit for both the models are close. By close, we mean the following. Suppose
that µCRQNRO denotes the mean number in retrial orbit for theMAP/M/c classical
retrial queue based on the model studied in [7] (note that we have to take p = 0).
Then, for a given small positive number ϵ1, we look for a minimum value, ζ∗,
of ζ such that, |µCRQNRO − µNRO| < ϵ1, for ζ > ζ∗. The value of ϵ1 can be chosen
to be a small number and in our example below, it is chosen as follows. When
µCRQNRO < 1.0, ϵ1 = 0.001; otherwise, ϵ1 = 0.1. The idea behind this choice is due
to the magnitude of the mean number in the retrial orbit.

In Figure 1, we display the values of ζ∗ under various scenarios by fixing
λ = 1, µ = λ

cρ , and vary ρ = 0.5, 0.9, and c = 1, 2, 4, 8. We look at the nine
MAPs mentioned above. The multiplication factor, ζ is taken to be 1.05, and
arrive at the minimum value that satisfied the criterion mentioned above. Thus,
if it takes r, r ≥ 1, steps to find the minimum ζ, then ζ∗ = 1.05r.

We see some interesting trend in ζ∗. These are as follows.

(1) With regard to the three renewal processes, the value of ζ∗ increases
as the standard deviation of the inter-arrival times increases in the case
when ρ = 0.9. However, the impact of the variation is not seen in the
case of ρ = 0.5. This trend is true for all values of c considered. Of
course, the value of ζ∗ depends on c as well.

(2) With regard to correlated arrivals (note that the standard deviations for
all six processes are close enough that we can attribute the differences
to the nature of the 1-lag correlation), we notice that for positively
correlated arrivals, the value of ζ∗ decreases as the correlation increases
only for the case of ρ = 0.9. When ρ = 0.5, we notice an increasing trend
in ζ∗ as the correlation increases. Like in the case for renewal arrivals,
the value of ζ∗ depends on c. For negatively correlated arrivals, we do
not see much of a trend.

We now discuss the ratio of the fraction of successful capture of a server. That is,
we look at the FSR of the model considered here over the FSR of the classical
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Figure 1. Values of ζ∗ under various scenarios

Figure 2. Ratio of fraction of successful signals when ζ is set
at ζ∗

MAP/M/c queue as reported in [7]. Thus, a ratio exceeding 1 will result in our
model studied here to help more customers to capture a free server.

The ratio of FSR is displayed in Figure 2. A quick look at the table reveals
that in majority of the scenarios the ratio is greater than 1. In a the case of
HEa arrivals, we notice that for the four values of c as well as for the two values
of ρ considered, this ratio is less than 1. A few scenarios involving correlated
arrivals, especially for ρ = 0.5, we notice this ratio to be less than 1.
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As mentioned before, one of the motivating aspects of the model considered
here is that the fraction of customers served by entering the service facility
directly while at that time there is at least one customer waiting in the retrial
orbit should be small. We now discuss the ratio of this probability by comparing
with the corresponding classical MAP/M/c queue as reported in [7]. Note that
here, a ratio not exceeding 1 is preferable.

Figure 3. Ratio of probability that an arrival gets into service
immediately with at least one in retrial orbit when ζ is set at
ζ∗

The ratio of PES is displayed in Figure 3. It is clear from this figure that
under all scenarios this ratio is less than 1 and in some cases, this is far less than
1, indicating a significant benefit to customers who are already waiting in the
retrial orbit. Some additional interesting facts are summarized below.

• We notice that as the standard deviation increases, this ratio decreases
when looking at renewal arrivals. Intuitively, this can be explained as
follows. The larger standard deviation forces the value of ζ∗ (see Fig-
ure 1) to be large and hence signals occur at a faster rate resulting in
more retrial customers capturing a free server. This is the case for all c
and ρ considered here.

• The significant role played by 1-lag correlation, especially, the positive
one, is clearly seen. For example, for the largest positively correlated
arrivals, namely, P3a, there is not much of a significant difference when
varying c and or ρ. However, as the (positive) correlation increases, the
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ratio decreases. In the case of negatively correlated arrivals, such a trend
is not seen, even though a higher ρ results in a lower ratio.

One fact that might be of interest, especially, to practitioners is how to arrive
at ζ to implement such retrial queueing models. Based on (somewhat limited)
data we have, we fitted a regression model to get some idea on how to predict
(or at least a starting point) ζ. Towards this end, the proposed model involves
using ζ as a dependent variable and c, ρ, ρa, σa, and the type of arrival process
(renewal/correlated) as independent variables. We denote by σa and ρa, respec-
tively, the standard deviation and 1-lag correlation of the arrival process. While
σa and ρa are taken as quantitative variables, the others are taken as categorical
ones. We used MINITAB to perform the fitting. The fitted model is identified
as

ln(ζ̂) = â+ 1.3955σa + 0.868ρa, (25)
where â values are displayed in Table 2 below. Thus, to predict the value of ζ
for a renewal process with σa = 1.5 (obviously ρa = 0), c = 1, and ρ = 0.5, we
use the fitted model given in (25) by first identifying the value of â from Table 2
to be â = −0.43 and then get ln(ζ̂) = −0.43 + 1.3955(1.5) = 1.66325 and hence
ζ̂ = 5.27643. It should be pointed out that further data collection and analysis
is needed on this.

A few observations on the nature of â from Table 2. While â > 0 for all
scenarios when ρ = 0.9, the behavior is different when ρ = 0.5. In the case of
positively correlated arrivals, even when ρ = 0.5, â > 0; however, for negatively
correlated arrivals as well as for renewal arrivals, we see that â < 0 when ρ = 0.5.

Table 2: Values of â under various scenarios
c ρ ρa < 0 ρa > 0 Renewal (ρa = 0)
1 0.5 -0.543 0.723 -0.430

0.9 1.075 2.341 1.188
2 0.5 -0.763 0.503 -0.650

0.9 0.855 2.121 0.968
4 0.5 -0.947 0.318 -0.835

0.9 0.670 1.936 0.783
8 0.5 -1.102 0.164 -0.989

0.9 0.516 1.782 0.620
Finally, we look at the relationship of ρq and ρ. As seen before ρq, being the
traffic intensity of the model studied here, depends not only on ρ and c but also
on the type of arrival process. We plot ρq against ρ under various scenarios
in Figure 4. It is interesting to see that when ρ = 0.9, ρq ≥ 0.9 under all
scenarios. Further, the range of ρq (over the nine arrival processes) decrease as
c is increased. However, when ρ = 0.5, we see for some scenarios ρq < 0.5 and
for others, ρq > 0.5. For example, when c = 8, under all scenarios except for
HEa, ρq < 0.5. In the case when c = 1, ρq > 0.5 under all scenarios.

It is our hope that that the above approach, namely coupling the (fitted)
regression model with a good understanding of the nature of the correlation in
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Figure 4. ρq under various scenarios

the arrival process, will be of help to practising managers to implement a fair
scheme to orbiting customers. Towards this end, the management has to fit
appropriate MAP to practical data and we refer, for example, to [4, 5, 16] and
their references that deal with fitting MAPs to data.

6. Concluding remarks

Retrial queues have been studied extensively in queueing literature. However,
the customers arriving to the system may not always be served on a FCFS basis
due to the possibility of the future arrivals preempting the previous ones based
on the server availability. Hence, in this paper we take a different approach to
the study of a multi-server retrial queueing model by introducing signals that
depend on the arrival process but not on the number in the retrial orbit. Through
a few numerical examples we illustrate the advantages of the model studied
here over the corresponding classical retrial queues in that we notice marked
improvements with regard to the quality of service provided to the customers.
The model studied here can be generalized in many ways. First, we can look at
the case of phase type services. Secondly, we can relax the Poisson assumption
for the signals by assuming phase type or evenMAP processes. We are currently
pursuing these generalizations and the results will be reported elsewhere.

Acknowledgments: The author deeply appreciates the constructive sug-
gestions of the reviewers and the editor that improved the presentation of the
paper.
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