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GLOBAL ATTRACTOR FOR A CLASS OF QUASILINEAR
DEGENERATE PARABOLIC EQUATIONS WITH
NONLINEARITY OF ARBITRARY ORDER

TrRAN THI QUYNH CHI, LE THI THUY, AND NGUYEN XUAN TU

ABSTRACT. In this paper we study the existence and long-time behavior
of weak solutions to a class of quasilinear degenerate parabolic equations
involving weighted p-Laplacian operators with a new class of nonlinear-
ities. First, we prove the existence and uniqueness of weak solutions by
combining the compactness and monotone methods and the weak conver-
gence techniques in Orlicz spaces. Then, we prove the existence of global
attractors by using the asymptotic a priori estimates method.

1. Introduction

The understanding of the asymptotic behavior of dynamical systems is one
of the most important problems of modern mathematical physics. One way
to treat this problem for a system having some dissipativity properties is to
analyze the existence and structure of its global attractor. The existence of
the global attractor has been derived for a large class of nondegenerate PDEs
(see e.g. [5,21] and references therein). In recent years, the existence and long-
time behavior of solutions to degenerate parabolic equations have attracted the
attention of many mathematicians.

In this paper we consider the following problem

ug — div(a(z)|VulP~2Vu) + f(u) = g(z), € Q,t>0,
(1.1) u(z,t) =0, x € 0t >0,
u(z,0) = up(x), x €,

where € is a bounded domain in RY (N > 2) with smooth boundary 99,
2 <p< N, uy € L3Q) given, the coefficient a(-), the nonlinearity f and the
external force g satisfy the following conditions:
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(H1) The function a : Q — R satisfies the following assumptions: a € Li ()

and a(z) = 0 for z € ¥, and a(x) > 0 for z € Q\ %, where X is a closed
subset of 2 with meas(X) = 0. Furthermore, we assume that

/ 1 ~ dx < oo for some a € (0,p);
o [a(z)]

(H2) f:R — R is a continuously differentiable function satisfying
(1.2) Fluyu > e —cr,
(1.3) flu) = =,

where c1,/, u are positive constants, and if p = 2, then we assume
furthermore that 0 < p < ¢o with ¢g is determined in (2.1).

(H3) g € L*(Q).

The degeneracy of problem (1.1) is considered in the sense that the mea-
surable, nonnegative diffusion coefficient a(z) is allowed to vanish somewhere.
The physical motivation of the assumption (H1) is related to the modeling of
reaction diffusion processes in composite materials, occupying a bounded do-
main (2, in which at some points they behave as perfect insulator. Following
[7, p. 79], when at some points the medium is perfectly insulating, it is natural
to assume that a(x) vanishes at these points. As mentioned in [13,18], the as-
sumption (H1) implies that the degenerate set may consist of an infinite many
number of points, which is different from the weight of Caldiroli-Musina type
in [3,4, 6] that is only allowed to have at most a finite number of zeroes. A
typical example of the weight a(-) is dist(z, 9€).

Problem (1.1) contains some important classes of parabolic equations, such
as the semilinear heat equation (when a = 1,p = 2), semilinear degenerate
parabolic equations (when p = 2), the p-Laplacian equations (when a = 1,p #
2), etc. It is noticed that the existence and long-time behavior of weak solutions
to problem (1.1) in a particular case, namely when p = 2 and the nonlinearity is
growth and dissipative of polynomial type, were studied by Li, Ma and Zhong
in [13]. For this kind of nonlinearities, the existence of entropy solutions and the
existence of a global attractor in L'(Q) of this problem have been studied very
recently in [18]. We also refer the interested reader to [1-4,9-12,14,15,17, 20]
for related results on degenerate parabolic equations.

To study problem (1.1) we first introduce the energy space W, (Q,a) de-
fined as the closure of C§°(2) in the norm

p\MP
lull s gy = (/Qa(x)|Vu| ar) ",

and prove some compact embedding results related to this space (see Section
2 for details). Then, under assumptions (H1)-(H3), we prove the existence of
global weak solutions and the existence of global attractors for the semigroup
generated by problem (1.1) in L*(Q) and W, *(,a). Thus, in some sense, we
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improve previous results about the p-Laplacian parabolic equations in bounded
domains.

Let us explain the methods used in the paper. First, using the compactness
and monotonicity methods [16, Chapters 1-2] and weak convergence techniques
in Orlicz spaces [9] we prove the existence and uniqueness of a global weak so-
lution to problem (1.1). Then we study the existence of global attractors in
some function spaces for the semigroup associated to problem (1.1). Thanks
to a priori estimates of the solutions in W, "*(2,a) and D(L, ) and the com-
pactness of the embeddings W, (2, a) < L*(Q) and D(L,,) < W, (2, a),
we get the existence of a global attractor in L2(Q) and W, (9, a).

The rest of the paper is organized as follows. In Section 2, we introduce some
function spaces and prove some compactness results, which are frequently used
later. Section 3 is devoted to the proof of global existence of a weak solution
to problem (1.1) by using compactness and monotonicity methods and weak
convergence techniques in Orlicz spaces. In Section 4, we prove the existence
of global attractors in L?(2) and W"(,a) for the semigroup associated to
problem (1.1).

2. Preliminaries

To study problem (1.1), we introduce the weighted Sobolev space W, *(£2, ),
defined as the closure of C§°(£2) in the norm

1
;
g = ( [ alovapas)”,

and denote by W~=19(Q, a) its dual space, with zl) + % =1.
It is noticed that the assumption (H1) has been particularly made in [18],
where the authors use the following expression

/Q[a(gc)]—(l/v)dm < oo for some vy € (0,p— 1),

which gives (H1) by taking v = «/N. Therefore, from the corresponding
results in [18], we have the following embeddings, which are generalizations of
the corresponding results in the case p = 2 of Li et al. [13].
Proposition 2.1. Assume that Q) is a bounded domain in RN (N > 2) and a(-)
satisfies (H1). Then the following embeddings hold:

(i) WyP(Q,a) < W&’B(Q) continuously if 1 < 3 < A’,’—f&;

(ii) Wol’p(Q, a) = L™(2) continuously if 1 < r < p%, where pf, = Nfg+a;

(iii) W, P(Q,a) < L"(Q) compactly if 1 < r < pZ.

Thanks to Proposition 2.1, there exists a best constant ¢y such that

(2.1) collullF2(q) < Hu”%/VOl'p(Q,a)'
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Putting

Lpau = —div(a(z)|VuP~2Vu), ue W, ?(Q,a).
The following proposition, its proof is straightforward, gives some important
properties of the operator Ly 4.

Proposition 2.2. The operator L, , maps W, *(Q, a) into its dual W=19(Q, a).
Moreover,

(i) Lp,q is hemicontinuous, i.e., for all u,v,w € Wol’p(Q,a), the map \ —
(Lp.o(u+ Av),w) is continuous from R to R;
ii) L, o s strongly monotone when p > 2, i.e.,
P,

(Lp ot — Ly qv,u—v) > §|lu—vl|? for all u,v € VVO1 P(Q,a).

Wg P (Q,a)

We introduce the Banach space D(L, ,), defined as the domain of the oper-
ator L, , with the homogeneous Dirichlet boundary condition

D(Lpa) = {u e WyP(Q,a)| Ly.u e L*(Q)},

endowed with the norm

1
lelloz, . = ( / (div(a(e) [ Vul?>Vu) Pdz) 7
Q
Proposition 2.3. Assume that Q is bounded domain in RN (N > 2) and a(-)
satisfies (H1). Then the embedding D(Ly.q) < Wy'*(,a) is compact.
Proof. For any function v € D(L, ,), we have

[l 0y = [ ol VP

- / div(a(z)|Vu|P~2Vu)udz

/|d1v x)|VulP~2Vu)|? dx /\u| dx

p—1
(22) <Nl - lullzacey-
Noting that [ullz2(q) < C||u||W01,p(Q7a) by Proposition 2.1. From (2.2), we
obtain

||UHW1 P(Qa) = C(Hu”D(L

It implies that D(L, ) — WO P(Q,a). Next, we will prove that for any € > 0,
there exists a constant C'(g) such that

(2.3) 0l < Ml + CONll

for all u € D(L,,). Indeed, since Wy *(Q,a) << L*(Q) — L'(Q), by the
Ehrling lemma (see [19, p. 215]), we have for any n > 0, there exists a constant
C(n) such that

[ullz2(@) < nllullyrr e + CODllullr @)
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Combining this inequality into (2.2) and using the Cauchy inequality, we obtain
lellfy10 g0y < < Nl o llellyro g 0+ COlulli@)
< Ol )+ Con D)l + o) s gy

Hence, we obtain (2.3) for suitable choosing of #. Let {u,} be a bounded
sequence in D(L, ). Since D(Lyq) < Wy P(Q,a) << L1(Q), there exists a
subsequence {unk} such that u,; — w in L'(Q). Using (2.3), we have

T < elluni — ullyy, . + C@lhtnr — ulls o

lp(Q a) =

By the boundedness of this subsequence in D(L,, ,), we conclude that u,; — u
in WO1 P(Q,a), up to a subsequence if necessary. This completes the proof. [

Proposition 2.4. Let {u,} be a bounded sequence in LP(0, T; Wy (Q, a)) such
that {ul,} is bounded in LI(0,T;W~149(Q,a)) where ¢ = p/(p — 1). If (H1)
holds, then {u,} converges almost everywhere in Qr = Q x (0,T) up to a
subsequence.

Proof. By Proposition 2.1, one can take a number r € [2,p}) such that
(2.4) WyP(Q,a) <> L7().
Since 1’ = r/(r — 1) < 2, we have
LP(Q) < L' (),
and therefore,
(2.5) L™(Q) — LY(Q).

Using Proposition 2.1 once again and noticing that p < p}, since a € (0,p), we
see that

Wy (Q,a) — LP().
This and (2.5) follow that
L7(Q) — W™, a).
Now with (2.4), we have an evolution triple
WyP(,a) << L7(Q) — W H9(Q, a).
The assumption of {u/,} in L4(0,T; W~19(Q, a)) implies that
{u},} is also bounded in L(0,T; W ~1%(Q, a)).

Thanks to the well-known Aubin-Lions compactness lemma (see [16, p. 58]),
{un} is precompact in LP(0,T; L"(2)) and therefore in L*(0,T;L*(2)), s =
min(p, ), so it has an a.e. convergent subsequence. O
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3. Existence and uniqueness of global weak solutions

Denote Qr = Q x (0,T) and let (p, ¢) be conjugate, i.e., 1%—#% = 1. We give
the definition of weak solutions to problem (1.1).

Definition. A function u is called a weak solution of problem (1.1) on the
interval (0,T) if

u e LP(0,T; Wy (Q,a)) N C(0, T); L*(Q))
flit‘ € LY0,T; W19, a)) + L' (Qr),
uli—o = up a.e. in Q, f(u) € L' (Qr),

and

ot
for all test functions n € LP(0,T; Wy P (Q,a) N L=(Q)).

0 ,
/ (un + a(x)|Vu|P"2VuVn + flu)n — gn> dxdt =0
Qr

Theorem 3.1. Under assumptions (H1)-(H3), for each ug € L*(Q) and T > 0
given, the problem (1.1) has a unique weak solution on (0,T). Moreover, the
mapping ug — u(t) is continuous on L?(Q2).

Proof. (i) Existence. Consider the approximating solution w,,(t) in the form

un(t) = Z Uk (t) ek,
k=1

where {e;}32, is dense in W,oP(€2,a) N L°(Q) and orthogonal in L2(€). We
get u,, from solving the problem

— €k> + <Lp,aun7€k> =+ <f(un)7ek> = <g,€k>,
(un(0),ex) = (uo,ex), k=1,...,n.

By the Peano theorem, we obtain the local existence of u,,. We now establish
some a priori estimates for u,,. Since

ld 2 P —
(3.1) i%HuHHLz(Q) + ||un||W01,p(Q’a) + /Q flup)upde = /qundx.
In the case p = 2, it follows from (1.2) and (2.1) that

1d

3l + (o0 = wllunlitacey < cale] + [ gunde.
5 77 lUnllz2 (o) L2(2) A

Since ¢y — > 0, by the Young inequality, we obtain

d
(3.2) Zlunlzz@) + (co = mllunliz o) < 2e1]9 +

2
0 _MHQHLQ(Q)'
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In the case p > 2, noting that 02”“”1;2(9 Hu||p WP (0,0) due to Proposition
2.1, from (3.1) and (1.2) we get
1d

) e gy + gllunlZay + ealhn o
< L2y — / F (1t tndar + / Junda
2 Q Q

< (ot DlunliFace + 2l + 3 gl o
Moreover, there exists a positive constant C; such that
—calsl? + (u+1)]s]? < C1.
Thus,

d
(3.3) ZllunllZzo) + lunllZz(e) < 2C1 + 261 + llglI72 o) -

From (3.2) and (3.3), we have

d
%HUHH%?(Q) <C,

where C' = C(co, c1, 2, 11, C1, [, |9l 22(q2))- Integrating from 0 to ¢, 0 <t < T
and using the fact that [|u,(0)[/z2(q) < [|uollz2(q), we obtain

(3.4) [un(£)[172(q) < luollZzq) + CT.
On the other hand, from (3.1) and using (1.2), (3.4) we have

1d 1 1
5 il + 1y < 4 (1 5 ) BnlBn + 3ol

<C.

Integrating from 0 to ¢, 0 < ¢ < T and using the fact that |lu,(0)|r2@) <
lluoll L2 (), We obtain

t
2 P
e (s +2 | gyt < C.

It follows that
e {u,} is bounded in L>(0,T; L*(Q));
e {u,} is bounded in LP(0,T; W, (R, a)).
On the other hand, by the Holder inequality we have

T
‘/ b alln, U dt‘ - ‘// )|V [P~ QVuHVvdxdt‘
0
s/ / (a(x) "7 |Vun [P~ (a(z)? |Vo|) dadt
0 Q

< HunHLp 0,73 WEP (Q,a) ||U||Lp(o,T;W(}>P(Q,a))
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for any v € LP(0,T; Wy P (€2, a)).
Using the boundedness of {u,, } in LP(0, T} Wol’p(fL a)), we infer that {L,, quy, }
is bounded in L4(0,T; W~19(8, a)).
We now prove that {f(uy)} is bounded in L'(Qr). It follows from (3.1) and
(3.4) that
1d 9
iaﬂun”p(g) + /Q f(up)undz < C.

Integrating from 0 to T', we obtain
1 1
S lun (D720 +/Q Flun)undrdt < o [|un(0)[Z2() + TC.
T

Hence

1
(3.5) fun)undzdt < = |ug72q) + TC.
Qr 2
Setting h(u,) = f(un) — f(0) + vu, with v > £. It follows from (1.2) that
h(s)s > 0 for all s € R. Therefore, we deduce from (3.5) and the boundedness
of {u,} in L>(0,T; L?(2)) that

/ \h(un)\dxdtg/ |h(un)un|dxdt—|—/ [ (wr)|dadt
Qr QTﬂ{Iun\>1} QTﬂ{Iun‘Sl}

< h(up)undxdt + sup |h(s)| |Qr|

Or ls]<1
= f(up)updadt + 1// luy, |2dzdt + | £(0)] / |un|dzdt
Qr Qr Qr
+ sup [h(s)] [Qr]
ls|<1
<C.

This means that {h(u,)} is bounded in L'(Qr), and so is {f(u,)}. Rewriting
(1.1) in L9(0, T; Wy “9(Q,a)) + LY (Qr) as
(36) Unt = g — Lp,aun - f(un)
Therefore, by Proposition 2.4, there is an a.e. convergent subsequence in
and {u,} is compact in L?(0,T; L?(Q2)). Applying a diagonalization procedure
and using Lemma 1.3 in [16, p. 12], we obtain (up to a subsequence) that
w, — uin LP(0, T; Wy (Q, a)),
u, — win L*(0,T; L*(Q)),
Upt — ug in LU0, T; WH4Q, a)) + L*(Qr),
Lpattn — o in LU0, T3 W9(2, a)),
un, (T) = u(T) in L*(Q).
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We now pass to the limit in the nonlinear term. From (1.3) we see that h(-) is
a strictly increasing function. Moreover, using (3.5) we have

1
[ )t < 3oy + TClglf o
T

£(0)? 1
51T + (5 + V) lunlliz 0, 12(0))-

Since u,, — u strongly in L?(0,7T; L?(£2)), then up to a subsequence, we have
Up — u a.e. in Q7. Applying Lemma 6.1 in [8], we obtain that h(u) € L*(Q7)
and for all test functions ¢ € C5°([0,T]; Wy (Q,a) N L=(Q)),

+

/ h(un)p dedt — h(u)p dzdt as n — oo.
QT QT

Hence, f(u) € LY (Qr) and for all p € C§°([0,T]; Wy (Q,a) N L=(Q)),

f(un)p dedt — fw)pdzdt as n — oo.
QT QT

Now, passing to the limit in (3.6), one has in the distribution sense
(3.7) up=g—1 — f(u).

We now show that ¢ = L, ,u. To do this, integrating (3.1) from 0 to T we
obtain

T
//a(x)|Vun|pdxdt:/ gupdxdt — £ (up)updxdt
0 JQ

QT QT
1 2 1 2
+ §||Un(0)||L2(Q) - §||Un(T)||L2(Q)-

Since lim_un(T) 200y = [[u(T) 3oy and lim un(0)[Zaq) = lluol3a ).
we deduce that

T
lim / /a(x)|Vun|pdxdt:/ gudzdt — f(uw)udxdt
0 JQ Qr Qr

n—oo

1 1
(33) + 5ol = ()

Using Proposition 2.2, we have
/ (a(az)|Vun|p*2Vun - a(x)|Vv|p*2Vv) -V (up, —v)dadt >0
Qr
for all v € LP(0,T; Wy P(Q,a)). Thus, taking the limits leads to

T T
lim / /a(x)|Vun|pdacdt—/ (¢, v)dt
- / a(x)|Vu|P~2Vv - V(u — v)dzdt > 0.
Qr
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Putting this with (3.8), we have

1
/ gudrdt — | f(uyudrdt + L Juoll32 ) — 5u(T)]32(0)
QT QT

T
(3.9) - /0 (W, v)dt — /Q a(x)|Vv|P~2Vv - V(u — v)dzdt > 0.

We see that f(u) € L'(Qr) and u does not belong to Wy (€, a) N L>®(€).
Therefore, u cannot be chosen as a test function in (3.7). We will use some
ideas in [9]. Let By : R — R be the truncated function defined by

koif s>k,
Bi(s) =14 s if |s| <k,
-k if s< —k.

We construct the following Nemytskii mapping
By : WEP(Q,0) N L=(Q) — WEP(Q,a) N L®(Q)
v+ By(v)(x) = By(v(x)).
It follows from Lemma 2.3 in [9] that ||By(v) — v||W$,p(Q$a)mLoo(Q) — 0 as

k — oo. We now can test (3.7) by Ek(u) Multiplying (3.7) by Bg(u), then
integrating from e to T', we have

//dt dxdt*/ /“* (B (u )df'de/ETW,ﬁk(UDdt
= /6 /Qggk(U)dxdt—/ /f(u)ﬁk(u)dmdt.

Noting that u- (Ek(u)) = 2dt((Bk( )) ), we have

/ETWJ,Bk //gBk dxdt—// w)dxdt

~

// ) —vu Bk( )da:dt+/0u(5)3k(u)(€)dx
- [ D) BT

1, 1 ~
+ §HBk(u)(T)H%2(Q) - §|\Bk(u)(5)||2m(9)-

Passing to the limit as k — oo we have

/ET<¢7u>dt = /T/ gudzdt — hm / / u)dxdt

1 1
(3.10) [ ) - et + ey T
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where due to the nondecreasing of {h(u)gk(u)}iil and By (u) — u in C([0,T7;
L?(92)), it follows from the monotone convergence theorem that

lim / / Bk )dxdt = / / uw)udzxdt.
k—o00

We deduce from (3.10) by passing to the limit as ¢ — 0 that

T
1 1

1) [ (o= gudndt— | flu)udodts 3luola 50D

0 Qr Qr 2 2
In view of (3.9) and (3.11), we have

T
/ (1 + div(a(@)|VolP Vo), u — v)dt > 0, Yo € LP(0, T; WEP(Q, a)).
0

Choosing v = u — dp, we deduce that

T
/ () + div(a(@)|V(u — 60)P~2V (u — 59)), @)dt > 0, if 6> 0,

0

T
/ (1 + div(a(2)|V(u — dp)[P72V (u — 5¢)), p)dt <0, if§ <0,
0
for all p € L?(0,T; Wol’p(Q, a)). Letting 6 — 0, we get
T
||t divtala) [Fup 2V et =0, Vo € LT W@ 0).
0

This implies that ¢ = —div (a(z)|Vu[P~2Vu) in L0, T; W~14(Q,a)). We
now prove u(0) = ug. Choosing some test function o € C*([0,T]; WP (€2, a) N
L>(Q)) with ¢(T) = 0 and integrating by parts in ¢ in the approximate equa-
tions, we have

T T
/ () + / (Lpatin, 9}t + / (F un)p — g0)dadt = (un(0), (0)).
0 0 Qr

Taking limits as n — oo, we obtain

(3.12) / ()t + / (Lt @)t + /Q (F(w)p — gp)ddt = (up, 9(0)),

T

since 1, (0) = ug. On the other hand, for the “limiting equation”, we have

T T
(3.13) / —{u, @' )dt +/ Ly, qu, p)dt +/ u)p — gp)dzdt=(u(0), p(0)).
0 Qr
Comparing (3.12) and (3.13), we get u(0) = ug, which completes the proof of
existence.
(ii) Uniqueness and continuous dependence. Let u,v be two weak solutions
of problem (1.1) with initial data ug, vy in L?(£2), respectively. Then w := u—v
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satisfies
(3.14) —r + (Lpau = Lyav) + (f(u) = f(v)) =0,
w(0) = up — vo-

Multiplying the first equation in (3.14) by Ek(w), then integrating from € to t,

we obtain
// dxds—//w Bk ))dxds
ds

(3.15) // 2)| VP2V — a(z)|VolP 2 Vo)V (B (w)(s))dzds

// ) Bi (w)(s)dads = 0.

Since w%(Bk(w)) = %%((Bk(w)) ), we introduce from Proposition 2.2 and
(1.3) by passing (3.15) to the limit as k — oo and £ — 0 that

t
lwlZz() < w(0)lI72) + 25/0 lw(s) 122 () ds.
Applying the Gronwall inequality, we obtain
lw®)l72(q) < [1w(0)[[F2(qye*" for all t € [0,T].

This completes the proof. O

4. Existence of global attractors

By Theorem 3.1, we can define a continuous nonlinear semigroup
S(t) : L*(Q) — L*(Q), uo — S(t)ug := u(t),

where u(t) is the unique weak solution to problem (1.1) with initial datum wqg.
The aim of this section is to prove the existence of global attractors in various
spaces for the semigroup S(t).

For the sake of brevity, in the following lemmas we give some formal cal-
culations, the rigorous proof is done by use of Galerkin approximations and
Lemma 11.2 in [19].

Lemma 4.1. The semigroup {S(t)};>0 has a bounded absorbing set in L?(Q).
Proof. Multiplying (1.1) by u and integrating by parts, we have

1d
(41) s+ gy + [ Fl)uds = [ gud.

2dt
In the case p = 2, analogously to (3.2) we have

d 1
ZlullZz @) + (o = wlullZe ) < 2009 + - ullgllizm)-
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Applying the Gronwall lemma, we get
(4.2) lu()l172() < lluollF2(aye™ ™ + Cllgll 20y, 192, 1, co, 1)
In the case p > 2, analogously to (3.3) we have

d

Zlullzz o) + lullzz i) < 201 + 2¢112] + 9] 72 ().
Applying the Gronwall lemma, we get
(4.3) lu®lZ2 () < luollZa@ye™ + Clllgllra (), 12, C1, e1).
From (4.2) and (4.3), we see that {S(¢)};>0 has a bounded absorbing set in
L?(Q), i.e., there is a positive constant pg such that for any bounded subset B
in L2(2), there exists Ty = T1(B) which depends only on the L?-norm of B
such that
(4.4) 1St uoll72(qy < po for all t > Ty, ug € B.
This completes the proof. O

Lemma 4.2. The semigroup {S(t)}i>0 has a bounded absorbing set in
Wyt (Q,a).

Proof. Multiplying the first equation in (1.1) by L, ,u and integrating by parts,
we obtain

1d
0y + Ity = = [ Fa@IVulde + [ gLy ud.
Using (H1), (1.3) and the Cauchy inequality, we deduce that
d
(45) R R 1 e 1/

On the other hand, integrating (4.1) from ¢ to t + 1 and using (1.2) together
with the Cauchy inequality, we have

1 t+1
2 p
Sl e+ [ Ty,

1 t+1 1
< (ntg) [ I s + IO o+ ]+ Sl
t

In view of (4.4), we get the following estimate

t+1
1
(4.6) / ()10 0 ds<<(u+ S)po+ 1@ + 5 ||g||m)

for all t > Ty. As an application of the uniform Gronwall inequality, we deduce
from (4.5) and (4.6) that

p
(4.7) ey g0y < 1
fOra11t2T1:T0+1. O
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From Lemma 4.1 and the compactness of the embedding Wol’p(Q,a) —
L?(Q2), we immediately obtain the following result.

Theorem 4.3. Assume that assumptions (H1)-(H3) are satisfied. Then the
semigroup {S(t)}i>0 associated to (1.1) has a global attractor Aps in L*(Q).

Lemma 4.4. Assume that assumptions (H1)-(H3) hold. Then there exists a
bounded absorbing set for semigroup {S(t)}i>0 in D(Lpq).

Proof. By differentiating (1.1) in time and denoting v = u;, we get
vy — div(a(2)|VulP"2Vv) — (p — 2)div(a(z)|Vu[P ™ (Vu - Vo) Vau) + f'(u)v = 0.

Multiplying the above equality by v, integrating over Q and using (1.3), we
obtain

1d _ -
3ol + [ @@Vl + (r=-2) [ o) Val? (V- Vo)
Q Q
< ol720
and hence,
d
(4.8) @HUHZLZ(Q) < 2|v[|72 -
On the other hand, multiplying the first equation in (1.1) by u;, we get
1d
2 L4 _ _
e oy + 5 GVl + [ Fde = [ guida o

We can rewrite this equality as follows

drl
(4.9) 7[;/ a(x)\Vu\pdx—i—/ F(u)dz—/gudw} = 32y <0,
Q Q Q

dt

where F(s) = fos f(r)dr. On the other hand, integrating (4.1) from ¢ to t + 1
and using (4.4) we get

t+1
p Po
/t {HUHWJP(Q,a) + /Q fuw)udx — /quda:} ds < o>
for all ¢ > Tp. It follows from (1.3) that
1
Fu) < f(u)u+ iuz for all u € R.
Hence, we have

t+1 1 » /
. - . - <
(4.10) /t Lj|u||w0 vy T /Q F(u)dx /qudx} ds <

for all t > Ty. Using the uniform Gronwall inequality, it follows from (4.9) and
(4.10) that

Loop
. - 1 - <
(4.11) p||u|| (000 + /Q F(u)dz /qudx < p2

1
Po
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for all t > To = Ty + 1, and p2 = C(¢, po, p1, ||gl/z2(0))- Integrating (4.9) from
t to t + 1 and using (4.11), we infer that

t+1
(4.12) [ s < e

Using the uniform Gronwall inequality once again, from (4.8) and (4.12) we
deduce that

(413) ||ut(t)||%2(9) S P3 fOI‘ all t Z T3 = T2 —+ 1.

On the other hand, multiplying the first equation in (1.1) by L, 4u, using (1.3)
and the Cauchy inequality, we obtain

||Lp,au||2L2(Q) :—/QutLp,audx—/Qf'(u)a(a:)|Vu|pd:L‘—&—/Qng,audx

1
<l 0+ 5 el By + Nz + 9320y

0

The following estimate is obtained from (4.7) and (4.13),
2(p—1
() |57 = Ly au(®)l|320) < pa - for all t > T,
This inequality implies the desired result. (|

Since the embedding D(L,q) < W, ?(Q,a) is compact (see Proposition
2.3), we immediately get the following result.

Theorem 4.5. Assume that assumptions (H1)-(H3) are satisfied. Then the
semigroup {S(t)}i>0 associated to (1.1) has a global attractor Ap, .y in

Wyt (Q,a).

Remark 4.6. 1t is interesting to extend the results obtained in the present paper
to the case that the domain 2 is unbounded. In this case, the problem turns
to be much more complicated due to the lack of the compactness of necessary
Sobolev type embeddings. This interesting question, which was proposed by a
reviewer, will be the subject for our future work.
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