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BERGER TYPE DEFORMED SASAKI METRIC
ON THE COTANGENT BUNDLE

ABDERRAHIM ZAGANE

ABSTRACT. In this paper, we introduce the Berger type deformed Sasaki
metric on the cotangent bundle 7% M over an anti-paraKahler manifold
(M, ¢, g) as a new natural metric with respect to g non-rigid on 7% M.
Firstly, we investigate the Levi-Civita connection of this metric. Sec-
ondly, we study the curvature tensor and also we characterize the scalar
curvature.

1. Introduction

In the field, one of the first works which deal with the cotangent bundles
of a manifold as a Riemannian manifold is that of E. M. Patterson and A. G.
Walker [7], who constructed from an affine symmetric connection on a manifold
a Riemannian metric on the cotangent bundle, which they call the Riemann
extension of the connection. A generalization of this metric had been given
by M. Sekizawa [11] in his classification of natural transformations of affine
connections on manifolds to metrics on their cotangent bundles, obtaining the
class of natural Riemann extensions which is a 2-parameter family of metrics,
and which had been intensively studied by many authors. On the other hand,
inspired by the concept of g-natural metrics on tangent bundles of Riemannian
manifolds, F. Agca considered another class of metrics on cotangent bundles
of Riemannian manifolds, that he called g-natural metrics [1]. Also, there
are studies by other authors, A. A. Salimov and F. Agca [2,8], K. Yano and
S. Ishihara[12], F. Ocak and S. Kazimova [6], F. Ocak [5], A. Gezer and M.
Altunbas [4] etc..

The main idea in this note consists of the modification of the Sasaki metric
[8,10]. First, we introduce the Berger type deformed Sasaki metric on the
cotangent bundle T*M over an anti-paraK&hler manifold (M, ¢, g). Then, we
establish the Levi-Civita connection (Theorem 3.4 and Proposition 3.6) and
the curvature tensor (Theorem 4.1) and we characterize the sectional curvature
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576 A. ZAGANE

(Theorem 4.3 and Proposition 4.4) and the scalar curvature (Theorem 4.7 and
Proposition 4.9).

2. Preliminaries

Let (M™, g) be an m-dimensional Riemannian manifold, 7% M be its cotan-
gent bundle and m : T*M — M the natural projection. A local chart
(U, ml)z:m on M induces a local chart (7=1(U),z%, 2! = Pi)i—Tomiem+i O0
T*M, where p; is the component of covector p in each cotangent space Ty M,
x € U with respect to the natural coframe dz*. Let C*°(M) (resp. C>(T*M))
be the ring of real-valued C*° functions on M (resp. T*M) and Q7 (M) (resp.
ST(T*M)) be the module over C*°(M) (resp. C°(T*M)) of C*° tensor fields
of type (r,s). Denote by Ffj the Christoffel symbols of g and by V the Levi-
Civita connection of g.

We have two complementary distributions on 7" M, the vertical distribution
VT*M = Ker(dr) and the horizontal distribution HT*M that define a direct
sum decomposition

(1) TT*M = VT*M & HT* M.

Let X = X* 8‘; and w = w;dz* be local expressions in (U, J]i)i:m, U C M of
a vector and covector (1-form) field X € S§(M) and w € S9(M), respectively.
Then the complete and horizontal lifts X¢, XH € S§(T*M) of X € SH(M)

and the vertical lift w" € S(T* M) of w € SY(M) are defined, respectively by

9 X" o
2 XC=X'— —p—
2) or P ow op
9 9
3 XH = x' — rh X7 —
( ) axz +ph ] axl7
d
4 V: 15 o0
(4) wh = win s

with respect to the natural frame {%, %}, (see [12] for more details).

From (3) and (4) we see that (a‘zi)H and (dz)V have respectively local
expressions of the form

s (9 ym_ 9 a 0
(5) €i = (axz) - ot + Pa hi axﬁa
(6) & = (dz")V = aif'

The set of vector fields {¢;} on 7~1(U) defines a local frame for HT*M over
7~ 1(U) and the set of vector fields {&;} on 7=(U) defines a local frame for
VT*M over 7~ Y(U). The set {é,} = {€;,¢&;} defines a local frame on T*M,
adapted to the direct sum decomposition (1). The indices o, 8,... = 1,2m
indicate the indices with respect to the adapted frame.
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Using (3), (4) we have
(7) XH:Xiéi,XH:()é )

(8) wV:wiéiawV:<O)a

wi

with respect to the adapted frame {é,} (see [12] for more details).

a=1,2m>

Lemma 2.1 ([12]). Let (M, g) be a Riemannian manifold, V be the Levi-Civita
connection and R be the Riemannian curvature tensor. Then the Lie bracket
of the cotangent bundle T*M of M satisfies the following:
(1) W¥,0"] =0,

(2) [X"1,67] = (Vx6)".
(3) [X™. Y] = [X,Y]" + (pR(X,Y))Y,
for all vector fields X,Y € (M) and w,0 € IY(M).

For a Riemannian manifold (M, g), we define the map

(M) = (M)
w = w

9(@,X) =w(X) for all X € ( )
Locally for all w = w;dz® € IY(M), we have & = gijwi%, where (g%) is the

inverse matrix of the matrix (g,-j).

For each x € M the scalar product g=! = (¢%/) is defined on the cotangent

space T M by g~ (w,0) = g(d),é) = gYw;0;. In this case we have @ = g~ ow.

We define the map
(M)

4

_>
X =
by X(Y) = g(X,Y) for all Y € S} (M). i

Locally for all X = X* 82:1‘ S§(M), we have X = g;;X'dad = go X.

Lemma 2.2. For a Riemannian manifold (M, g), we have the followings:

(9) S=w, X=X,

(10) 9~ (w,00) =g( 5,0),

(11) Vxo =

(12) Xg Hw,0) =g~ (wa 0) + g " (w, Vx0),

for all X € S{(M), w,0 € SYM) and ¢ € 1 (M), where V is the Levi-Civita
connection of (M, g).

Proof. (i) The formula (9) is easy.
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(ii) Let o = @i% ® dz", w = wpdx® and @ = 6;dx’. Then we have
9w, 00) = g~ (wida®, O}, da") = g b, = ¢ gun0° gis o,

) = g(pi,0).

~tns % i ~hps i~ 9 ns 0
= 6fwt9 9isPn = gis@hwhe = g(@hwh axz ’ 0 ERE

(iii) For all Y € S§(M), we have
9(Vx@,Y) = X(g(®,Y)) — (&, VxY)
= X(w(Y)) —w(VxY)
= (Vxw)(Y)
= g(Vxw,Y).

(iv) Xg_l(w,ﬁ) = Xg(@,é)
= g(Vx@,0) + g(@, Vx0)
= g(Vxw,0) + g(&, Vx0)
=g~ (Vxw,0) + g7 (w, Vx0). .

3. Berger type deformed Sasaki metric
3.1. Berger type deformed Sasaki metric

Let M be a 2m-dimensional Riemannian manifold with a Riemannian metric
g. An almost paracomplex manifold is an almost product manifold (M?2™, ),
2 = id, such that the two eigenbundles T+ M and T~ M associated to the two
eigenvalues +1 and —1 of ¢, respectively, have the same rank.

Let (M?™, ) be an almost paracomplex manifold. A Riemannian metric g
is said to be an anti-paraHermitian metric (B-metric) [9] if

(13) 9(pX,pY) = g(X,Y) & g(pX,Y) = g(X, V),
or from (10) equivalently

(14) 9w, 0p) = g Hw,0) & g~ (wep,0) = g (w, Op)

for all X,Y € §$(M) and w,0 € SY(M).

If (M?™, ) is an almost paracomplex manifold with an anti-paraHermitian
metric g, then the triple (M?™, ¢, g) is said to be an almost anti-paraHermitian
manifold (an almost B-manifold) [9]. Moreover, (M?™, ¢, g) is said to be anti-
paraKé&hler manifold (B-manifold) [9] if ¢ is parallel with respect to the Levi-
Civita connection V of g, i.e., (Vo = 0).

It is well known that if (M?™, ¢,g) is an anti-paraKihler manifold, the
Riemannian curvature tensor is pure [9], and for all Y, Z € S}(M),

{ R(pY,Z) = R(Y,9Z) = R(Y, Z)p = ¢R(Y, Z),

(15) R(Y,¢7) = R(Y, 7).
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Definition. Let (M?™ ¢, g) be an almost anti-paraHermitian manifold and
T*M be its cotangent bundle. A fiber-wise Berger type deformation of the
Sasaki metric denoted by g is defined on T*M by

(16) GXT YT =g(X,Y)=g(X,Y)on
(17) g(x™.6") =0,
(18) Gw',0") =g w,0) + 69~ (w,pp)g ' (0, pp),

for all X,Y € S§(M), w,0 € SV(M), where § is some constant [3].

Since any tensor field of type (0,s) on T*M where s > 1 is completely

determined with the vector fields of type X and w" where X € 3}(M) and
w € SY(M) (see [12]). In the particular case the metric § is a tensor field of
type (0,2) on T*M. Tt follows that g is completely determined by its formulas
(16), (17) and (18).

By means of (2) and (3), the complete lift X¢ of X € I}(M) is given by

(19) X =x"—(p(vx))",
where p(VX) = (p(VX))ida' = pp(VX)rdat = pr (2% -t LX) dzt

Taking account of (16), (17), (18) and (19), we obtain

J(XOY) = g(X,Y) + g (p(VX),p(VY))
(20) +0%97 (p(VX), pp)g~ (p(VY), pp),
where
97 (p(VX),p(VY)) = g" (p(VX))i(p(VY)); = g7 prpr(VX)P (VY)],
97 ((VX),pe) = g7 (p(VX))i(pp); = 97 prpr(V X))
Since the tensor field g € I9(T*M) is completely determined also by its

action on vector fields of type X¢ and Y (see [12]), we say that formula (20)
is an alternative characterization of g.

Remark 3.1. From formulas (16), (17), (18), the Berger type deformed Sasaki
metric g has components

Gij 0
(21) 9= 3 .
0 g+ 6%g"g7* (pe)e(p)s

with respect to the adapted frame {€é,}

a=1,2m"

Lemma 3.2. Let (M?™,p,g) be an anti-paraKdhler manifold and f : R — R
be a smooth function. Then, we have the followings:

1) XH(f(e)) =0,

(

(2) wv(f( ) —2f’( )9~ (w, p),

(3) X* (Y Z) = ( Z) = (VXY Z)+9(Y, VXZ)

(4) XHg=1(0,m) = Xg~'(0.m) =g~ (Vx0,m) + 971 (0, Vxn),
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(5) XH L0, pp) = g1 (Vx0,pp),
(6) wg (0, pp) = g1 (0,wyp),
(7) wYg7'(8,n) =0,

(8) w g(Y Z)=0,

for all X,Y,Z € S§(M) and w,0,m € SY(M), where a = g~ 1(p,p).

Lemma 3.3. Let (M?™,p,g) be an anti-paraKdihler manifold and (T*M, g)
be its cotangent bundle equipped with the Berger type deformed Sasaki metric.
Then, we have the followings:

(1) X756V 1) = 5(Vx0)" V) + 5(6¥, (V)"

(2) wVg(0",n") = 6%g~(0, wso) o, po) + 829~ 10, p)g (n,w),
for all X € S§(M) and w,0,n € IY(M).

Proof. From Lemma 3.2, we have
X7g(0%,n") = X" g7 (0,m) + 697" (0,p0)g " (1, p0)]
= X" (g7 (0,m) + X" (g7 (0,p9))g " (0, )
+0%g71(0,p0) X (97 (1, p0))
“N(Vx0,m) 4+ 9710, Vxn) + 6297 (Vx0,00)g (0, pe)
+ 52 Y0, p0)gH (Vxn, pp)
3(Vx0)¥.n") + 0", (Vxn)¥),
Vg(ev, V) w9710, 77) +0%971(0,p0)g " (1, p0)]
W (g7 (0,m) + 6% (g7 (0, p9))g " (0, pp)
+529 10, pe)w" (97" (1, )
= 0971 (0,wp)g " (n,p9) + 02971 (0,pp) g~ (1, wep). O
3.2. Levi-Civita connection of Berger type deformed Sasaki metric

We shall calculate the Levi-Civita connection V of T*M with Berger type
deformed Sasaki metric g. This connection is characterized by the Koszul
formula:

(22)  25(VyV,W) = Ug(V, W)+ Vg(W,U) — Wg(U,V)
+g(W, [U. V) + (V. [W,U)) = §(U, [V, W])
for all U, V,W € S}(T*M).

Theorem 3.4. Let (M?™,p,g) be an anti-paraKdhler manifold and (T* M, §)
its cotangent bundle equipped with the Berger type deformed Sasaki metric.
Then we have the following formulas.

(1) Vxu¥H = (VxY)H 4 L (pR(X,Y)),
(2) Vxnd” = (Vx0) imm®m%
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(3) Tur Y = S(RG, V),

2

- 5
(4) Vv = 1+52a9‘1(w79¢)(w)v,

for all X, Y € S§(M), w,0 € SY(M) and o = g~ *(p,p), where V and R denote
the Levi-Civita connection and the curvature tensor of (M?™, p, ), respectively.

Proof. The proof of Theorem 3.4 follows directly from Kozul formula (22),
Lemma 2.1, Definition 3.1 and Lemma 3.3.
(1) Direct calculations give,

(1) 26(Vxn Y™, 2"y = xHg(v ", 21y 4 yHg(z" x™) — 27 5(x" yH)
+g(Z2" [XH Y ) + g(vH (27, x M)
—g(x", ", z1)
= Xg(Y,2)+Yg(Z,X) - Zg(X,Y) + 9(Z,[X,Y])
+9(Y,[Z.X]) - g(X,[Y, Z])
=29(VxY, Z) =25(VxY)", Z").
(ii) 29(Vxu Y™ 0¥y = XHg(vH gV) + Y250V, X)) — Y g(xH v H)
+gn" (XY ) + 50" [V, X))
—g(x", Yy ")

h = g(n". [X", Y1) = g((pR(X, V)", "),
then,

~ 1
VxnYH = (VxY)7 + 5(pR(X,Y))V.
(2) By sEraightforward calculations,
(ii)) 25(Vxn0",2™) = XHg(0V, 2") + 6" g(z", x™) — z" (X", 6")
+g(Z", [XM,0V]) + g0V, [27, X "])
- g(XHa [GV’ ZH])
(v, [z", x1)
9((pR(Z,X))V,0")
97 (PR(Z,X),0) +6°9~ (PR(Z, X), pp)g " (6, pp).

Using the formula,
(23) wR(Z,X) = R(X, Z)a.
Where, for any Y € S§(M), we get:
9(WR(Z,X),Y) = ga(wR(Z, X))'Y" = gag"* (wR(Z, X))Y"
= 0fwa R Z XY = g Ry, 2 XIYF

ijk

= g(R(ZvX)Ya ‘D) = g(R(Xa Z)CDvY)
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From (23), we have
97 (PR(Z,X),0) = g(PR(Z. X),0) = g(R(X, 2)p.0) = 9(R(5.0)X, Z)
= §((R(5,0)X)", 2.
From (23) and (15), we have
97 (PR(Z, X),pp) = (¢ (PR(Z. X)), 5) = 9(oR(X, Z)p. )
(24) = 9(R(pX, Z)p,p) = 0,
then, N
25(Vxn0¥, 2" = g(R(p.0)X)", 2™),
and also with direct calculations we get,
(iv) 29(Vxu8",n") = X"g(6",n") +6Vg(n", X ") —n"g(x*",6")
+g(n", [X7,0"]) +g(0", [n", X))
—g(x",16",9")
= x"g(0Y,n") + (", [X",6V]) + (6", [n", X))
Using the first formula of Lemma 3.3 we have:
25(Vxn8¥.0") = 3((Vx0)".0") + 36" (Vxn)")
+9(n", (Vx0)") - g0, (Vxn)")
=25((Vx8)",n").
So, we have:
Vxnd¥ = (Vx0)" + 5 (RE,0)X)".
The other formulas are obtained by a similar calculations. ([

Lemma 3.5. Let (M?™, p,g) be an anti-paraKdhler manifold and (T* M, §)
be its cotangent bundle equipped with the Berger type deformed Sasaki metric.
Then

(1) T (pg)? =0, 2
(2) Vov (pp)” = (we)" + ﬁmg‘l(wm)(w)v,
for all X € S{(M), w € V(M) and o = g~ *(p, p).
Definition. Let (M?™, ¢, g) be an anti-paraKihler manifold and F is a tensor

field of type (1,1) on M. Then the vertical and horizontal vector fields 'V and
FH respectively are defined on T*M by

FV.T*M — TT*M

(z,p) — FY(z,p)=(pF),
FHP.T*"M — TT*M

(z.p) — FH(x,p)=(F{)",
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locally we have

(25) FV = pi(dz'F)Y,
(26) = P,

where p = p;dz? and p = _ﬁi% = pjgij%.

Proposition 3.6. Let (M?™,¢,q) be an anti-paraKdhler manifold, (T* M, §)
be its tangent bundle equipped with the Berger type deformed Sasaki metric and
F be a tensor field of type (1,1) on M. Then:

(1) VxuFH = (VxF)¥ + S(pR(X, F(7)"
(2) xuFY = (VxF)Y + S (R(.pF)X)",

(3) Tur P = (F@)" + 3 (R, 0)F(3)",

(4) Vov FV = (wF)Y + . 529" (we. pF)(pe)",

forall X € S§(M), w € SY(M) and pF = g to(pF), where V and R denote the
Levi-Civita connection and the curvature tensor of (M?™, p, g), respectively.

Proof. By Definition 3.2 and Theorem 3.4 we have:

(1) Ve P = T (PH ()"

= XU (P2

_ )
H ~k H

- X [aii (") + o Zi%(ﬁkﬂ (F(%))H +ﬁ‘“(vxF(§k))H
~k
+ %(pR(X,F(%)))V
= (XGRIP) + VX F ()

0

oak

I X pLGg (F ()"

\4

X (i) (F )+ 5 (PROXF ()

0
_ ~k

+ 5 (RO FG))

Since the (Vxp); = —Xipal—“ji, Zl;c; = gjk%, @/p = (pr)jzl;c; and (15)
then

Vi = (VxE@)" — (FTxn)" + 5 (bR ()

= (VxF@)" — (FVx)" + 5 (RX F(7)"



584 A. ZAGANE

. 1 %
= (VxP)o)"™ + 5 (pPR(X, F(p)))
1 A\ V
= (Vx )"+ 5 (pR(X, F(p))) -
The other formulas are obtained by a similar calculation.

4. Curvatures of Berger type deformed Sasaki metric

We shall calculate the Riemannian curvature tensor R of T*M with the
Berger type deformed Sasaki metric g. This curvature tensor is characterized

by the formula,
(27) R(U,V)W = VyVyW - Vy VW — Vg W
for all U, V,W € I{(T*M).

Theorem 4.1. Let (M?™,p,g) be an anti-paraKdhler manifold and (T* M, §)
be its cotangent bundle equipped with the Berger type deformed Sasaki metric.

Then we have the following formulas:

ROXT Y 27 = (R(X,V)Z2) + LR, R(Z,Y)D)X)"

- - 1 . -
(R(p, R(Z. X)p)Y)™ + 5 (R(5. R(X,Y)p)Z)"

(V2R Y)p)",

N — N =

ROXH,0V) 21 = S(VxR)(3.0)2)" + (RO, RG,0)2))”
52
© 201+ 0%a)

(OR(X, 2)),

97" (00, pR(X, Z))(p)"
(29) -3
R Y™ = S(Tx BBV~ (Vv R) 6. X)"

+ LGROGRE DY) - 0RY, RG,)X)

(30) — (R(X.Y))Y = 15509 PROGY),me)(0e) 7

() RO = JHRENX)T L (RG.ORG )X,
RwY,0V)Z" = (R(@,0)2)" + i(R(ﬁ, @)R(p,0)Z)"

(32) - 1 RG.ORG.2)2)",
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_ 5t
VgV — -1 ~1(p 1%
R(w”,0")n 15 0%a)2? (w,p)g~ (0, m9) (Pp)
54
T 0T a2
52
1+ 02a
for all X,Y,Z € S§(M) and w,0,n € SY(M), where V and R denote respec-
tively the Levi-Civita connection and the curvature tensor of (M*™, ¢, g) and
(VZR)(Xa Y)ﬁ =4go° (VZR)(va)ﬁ € %?(M)

Proof. Let X,Y,Z € 3{(M) and w,0,n € SY(M). By applying Theorem 3.4
and Proposition 3.6 we have:
(1) E(XH, YH)ZH = 6xHﬁyHZH - 6yHﬁxHZH - ﬁ[XH’yH]ZH.
(i) Let F: T*M — T*M be the bundle map given by pF = pR(Y, Z).
Direct calculations and using (23), we have

g1 (0,p)g " (w. ne)(pe)"

(33) + (970, n9) (we)Y — g~ w,ne)(09) V],

-~ ~ 1
VxuVyunZ" = Vxu [(Vy2)T + §FV]
1 1
= (VxVy2)" + §(PR(X, VyZ)Y + §(VX(PR(Y7 7)Y
1 1 T
1 1
= (VxVy2)" + §(PR(X, VyZ))Y + i(VX(PR(Y’ 7))
1 1, .. -
= 5(Vxp)R(Y, 2))" + £ (R(p, R(Z,Y)p) X)".
(ii) With permutation of X by Y, we have
E 1 1
VyuVxnZH = (VyVx2Z)" + 5 (PR(Y, VxZ))V + 5 (Vy (PR, 2Ny
1 1, . -
~ S(TYDIR(X, 2)Y + 3 (RG, R(Z, X)p)¥)".
(iii) Direct calculations give
6[XH,YH]ZH = 6[X7Y}HZH + 6(pR(X7y))vZH
1 1, . .
= (Vixn2)" + 5 (0R(X, Y], 2))¥ + S (R(p, R(Y, X)p)Z)".
Hence, we have:

RX" yHyzH = (R(X,Y)Z)" + i(R(ﬁ, R(Z,Y)p)X)?

(RG, R(Z, X)p)Y )" + 3 (RG, ROX, Y)P)2)"

DN |

+ = ((Vx(pR(Y, Z))" = (Vxp)R(Y, 2))"
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—pR((VxY),Z2))” — pR(
- S(TYBR(X, 2))Y — (Vyp)R(X, 2))
—pR((VyX),Z))" —pR(X, (Vv 2)))")

= (RO Y)2) + 5 (RG, REZ Y5 X"

where

Vx(pR(Y, 2)) = (Vxp)R(Y, Z) = pR(VxY, Z) = pR(Y,Vx Z))"

(
— (Vx(R(Z V) - R(Z.Y)Vxp - REZNxYV)p - RVxZV)p)"
= (Vx(R(Z.Y)p) = R(Z.Y)(Vxp) ~ R(ZNxY )b~ R(VxZ V)5 )"
= (VxR)(Z.Y)p)".
Using the second Bianchi 1dent1ty, we obtain the formula (28).

(2) R(XH 0V)ZH =V xnVov ZH — VvV xu ZH —VXH QV]Z
(i) Let F: TM — TM be the bundle map given by F(p) = R(p,0)Z.

~ o~ 1~
VxuVev ZH = 5VXHFH
1 oo~ RPN - S | o~
(ii) Let F : T*M — T*M be the bundle map given by pF = pR(X, Z).
~ = ~ 1
VovVyn 27 = Vo [(Vx2)™ + 5F"]
_ 1
= S(RG.O(Vx2)" + JR(X, 7))
52 1
———qg (0 X, Z v,
(iii) Direct calculations give
~ ~ 1 e
Vixuev1Z" =Vigonv 27 = 5 (R(, Vx0)2)"

we obtain the formula (29).
(3) Applying formula (29) and 15! Bianchi identity, we get

= S(VxR)GAY) + R RG)Y)"
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52
(nR(X, Y))V - m

1

4
52

_ % g (e, pPR(X,Y)) (pp)"

~ Sy R) G — LRIV, R, 1)X)"

+ %(UR(K X))V + 21+ 0%)

9~ (e, PR(Y, X)) (p0)"
= S(VXR)GAY) = LTy R)(5,7)X)"

+ L WROGRG DY) — 7 0RY, RG.)X)

2

.
4
-1 XY v,
75207 (PR(X,Y),n9)(pp)

The other formulas are obtained by a similar calculation. (I

~ (R(X,Y))" ~

4.1. Sectional curvature of Berger type deformed Sasaki metric

It is known that the sectional curvature K on (T*M, g) for P is given by

9BV, W)W, V)
gV, V)g(Ww,w) — g(v,w)?’
where P = P(V,W) denotes the plane spanned by {V,W}, for all, linearly
independent vector fields V,W € SH(T*M). Let K(XH7 YH), K(X",6V) and
K(wV,0Y) denote the sectional curvatures of the planes spanned by {X H yH },

{XH, QV} and {wv, HV} on (T*M, g) respectively, where X, Y are orthonormal
vector fields and w, 6 are orthonormal covector fields on M.

(34) K(V,W) =

Proposition 4.2. Let (M?™,p,g) be an anti-paraKihler manifold and
(T*M, g) be its cotangent bundle equipped with the Berger type deformed Sasaki
metric. Then we have the following:

() GROXH, Y)Y H, XH) = g(R(X, Y)Y, X) ~ S| R(X, V)i,

(i) G(ROX,6V)0Y, X ) = SR, )X,

(i) G(R(w",0V)0V,w") = : Jf§2a [ (w, wp)g™ (0, 00) — g~ (w, Bp)?].

Proof. (i) From the formula (28), we have

GROC Y IYH, X = (RO Y)Y, X) + Lo(RG, R(Y,V)P)X, X)
~ J9(R(, R(Y, X)p)Y, X)
+ S9(R( ROX, Y)Y, X)

= (R(X, Y)Y, X) = S IR(X, V)7
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(ii) From the formula (31), we have

GRET67)0Y, XM =~ Lg(R(.6)X, X) ~ 19(RG,H)R(,H)X, X)

1. -
= LIRG.OX P,
(iii) The result follows immediately from the formula (33)

= e B i
L ) )
T AT sap? O @ 02)i((pe)" . w")
2
1+ 0%
52 1 ~ 14 \4
T 116%aY (w,09)g((00)" ,w")
52 ) )
= Trgag 197 . we)g T 0.00) — g (w,00)°].

V’wV)

+ 97 10,00)7((wp)",w")

O

Theorem 4.3. Let (M?™,p,g) be an anti-paraKdhler manifold and (T* M, §)
be its cotangent bundle equipped with the Berger type deformed Sasaki metric.
Then the sectional curvature K satisfy the following equations:
~ 3
IR, 0)X|
(1+0%g71(0,pp)?)’
- 52 —1 , -1 979 _ 1 ’9 2
(3) K(w".0V) = 97 (w,w)g ™ (0,09) — 97 (@, 00)"]
(1+6%a) [1+62(g~ (w, pp)? + g1 (0, pp)?)]
where K denote the sectional curvature tensor of (M*™,p, g).

(@) K(xX",0%) =

Proof. Using Proposition 4.2 we have
- G(RXH yHyyH xH
(1) KXY = ——5 g<H(~ 7 1)1 r 31 2

GR(XH yHyYH xH)

K(X,Y) = SIR(X, V)l
GR(XH 9V)V, XH)
g(XH’ XH)§(9V7 QV) - g(XH’ 9V)2
= 529}1(07]3@)2;7(}?()(11, 0V )0V, XH)

_IRGOXP
4(1 402970, pp)?)’

(2) K(x",0") =
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§(R(w”,0V)0",w)
gw¥,w")g(ov,6") — g(w",6v)?
1

T I (g (@l o (0.p0)7))
__ O[g7 N w we)g (0, 00) — g~ (w, 00)°]
(L+8a)[1+02(g~ (w,p0)? + g7 (6,p9)?)] -
Proposition 4.4. Let (M?™,p,g) be an anti-paraKdihler manifold of con-
stant sectional curvature N and (T*M, g) its cotangent bundle equipped with
the Berger type deformed Sasaki metric. Then we have the following:
~ 3\2 _ _
N?ag(X,0)* — 29(X,0)g(X,p)g~"' (6,p) + 9(X.,p)?]
4(1 + 62g=1(0, pp)?) ’
3 [g7 (w,wp)g (0, 0) — 97" (w, 0p)?]
(1+0%a) [1+62(g7 (w, pp)? + 9710, p0)?)]
Proof. Since M has a constant curvature J, it follows that
R(X,Y)Z = \g(Y,2)X — g(X, Z2)Y]
and by a direct calculation we get
IR(X, Y)p]* = X [9(X,p)* + g(Y.5)?]
1R(B,0) X ||* = N [ag(X,0)* — 29(X,0)9(X, p)g " (0, p) + 9(X,5)*].

(3) K(w",0") =

J(RW",07)6",w")

(2) K(X",0Y) =

(3) K(w¥,0Y) =

This completes the proof. O
Remark 4.5. Let (x,p) € T*M with p # 0, {E;},_12, and {w'}, 75, be a
local orthonormal frame and coframe on M, respectively, such that w' = ﬁ.
Then

1 .
(35) AR =B Fun = e @10 Fang = (00) b

is a local orthonormal frame on T* M, where n = 2m.
Lemma 4.6. Let (M>™,¢,q) be an anti-paraKdhler manifold, (T*M,gq) its

cotangent bundle equipped with the Berger type deformed Sasaki metric and
(Fa)a=12n be a local orthonormal frame on (1M, g) defined by (35). Then the

sectional curvatures K satisfy the following equations:

~ 3 -
K(Fi, Fy) = K(EB;, Ej) = 7|IR(E:, E;)pl)%,

K(F;, Fpyy) =0

~ 1 o

K(F;, Fuya) = 4[IR(, ' o) B %,

~ 52 _ _ _
K(Fn+k;Fn+1) = m[g 1(0‘)17(“)1@)9 l(wk7wk(p) ) 1(("} 7wk(p)2]7
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52
1+ 62

fori,j =1,n and k,l = 2, n, where K is a sectional curvature of M.

k

K(Fih, Fryt) = [97 1 (W wlp) g (wh, whp) — g7 (W, WP )?],

Proof. The results comes directly from Theorem 4.3 and formula (35). O

4.2. Scalar curvature of Berger type deformed Sasaki metric

Theorem 4.7. Let (M?™,p, g) be an anti-paraKdhler manifold and (T* M, §)
be its cotangent bundle equipped with the Berger type deformed Sasaki metric.
If o (resp., &) denotes the scalar curvature of (M>™,¢,q) (resp., (T*M,3)),
then we have

2m
~ 3
o= > IRE (B + Z IR, w7 9) Bl

i,j=1 1,j=1

52 -2 ) 2 L
36 ( W2 —2m+2— —2__47'(p, W),
(36) +1—|—52a 1+62a+ m+ 1—|—52ozg (P, pp)

where W = Zz 19 W W), (Ei>i:1,2m
mal frame and coframe on M respectively.

and (W),_1= is a local orthonor-

Proof. Let (F,),_13; be a local orthonormal frame on (7*M, g) defined by
(35). Using Theorem 4.3 and definition of scalar curvature, we have

G= > K(Fi,F))+2Y K(F,Foj)+ > K(Fopi Foyj)

1,j=1 1,j=1 1,5=1
= > K(F,F)+2) K(F,Fop)+2 Y K(F;, Foyj)
i,j=1 i=1 i=1,j=2
+2)  K(Fopir Fag1) + Y K(Fuyi, Foyj)
=2 i,j=2
n 3 ~ n
= 3 (KB B - SIRE Bl +2 Y LIRG.R)E?
1,7=1 i=1,j= 2

52 _ — i 7 — 7
+22m[9 1(W17w1¢)9 1("%“ ©)—g 1(wl’w @)2]
i=2

i 52 L P
+ [97 1 (W' w'o)g ™ (W W) — g7 (W' W )]
2

3 & PR IR
== 23 IRELEDBIP+ 5 DIRG9 Bl
i,j=1 ij=1
+ 27629_1(17 pP) ig_l(“’i w'p)
a(l + 62a)? ’ 7

=2
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20° ~ i1 e
—ng (W, w'ep)
i=2

52 n o n o
+ 1+ 820 Zg_l(w],uﬂgﬁ) Zg_l(wz,wlso)
- W

j=21i=2

We put W =>" g~} (w’,w'p), then

- —onR i (BB + ZHRW Ei?

3,j=1 i,j=1
62 —2 262
W2 —2m+2— ———g (p, W),
+1+52a(1+52a+ m+2— g (Ppy) .

Corollary 4.8. Let (M*™,p,g) be a flat anti-paraKdihler manifold and
(T*M, g) be its cotangent bundle equipped with the Berger type deformed Sasaki
metric. Then the scalar curvature o satisfy the following equations:

(37) &=

62 —2 262
W2 = 2m 42— ———g~ (p.pp) V).
1+52a(1+52a + m+ 1+52a9 (p, ) )

Proposition 4.9. Let (M?™ ¢, g) be an anti-paraKdihler manifold of constant
sectional curvature A and (T*M, g) be its cotangent bundle equipped with the
Berger type deformed Sasaki metric. Then the scalar curvature o satisfy the
following equations:

- al
— (2m — 1)\ <2m - 7)
52 ) , 252
_9 9_ %
(38) +1+(52a(1+520¢+w Mt 52,9

’1(p,ps0)W)~
Proof. Since M has a constant curvature J, it follows that
and
o =2m(2m — 1)\,
and
2m
> IR(E:, (B))p|I* = Z IR(, wig) Ei|* = 20)*(2m — 1),
7,7=1 1,7=1

This completes the proof. (I
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