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FRACTIONAL CALCULUS OPERATORS OF THE PRODUCT
OF GENERALIZED MODIFIED BESSEL FUNCTION
OF THE SECOND TYPE

RITU AGARWAL, NAVEEN KUMAR, RAKESH KUMAR PARMAR,
AND SUNIL DUTT PUROHIT

ABSTRACT. In this present paper, we consider four integrals and differen-
tials containing the Gauss’ hypergeometric o 1 (z) function in the kernels,
which extend the classical Riemann-Liouville (R-L) and Erdélyi-Kober
(E-K) fractional integral and differential operators. Formulas (images)
for compositions of such generalized fractional integrals and differential
constructions with the n-times product of the generalized modified Bessel
function of the second type are established. The results are obtained in
terms of the generalized Lauricella function or Srivastava-Daoust hyper-
geometric function. Equivalent assertions for the Riemann-Liouville (R-
L) and Erdélyi-Kober (E-K) fractional integral and differential are also
deduced.

1. Introduction

We recognize the Saigo fractional integral along with differential operators
in conjunction with the hypergeometric function o F; [4,8,9,12,15,19]:
—a—>b
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(D0f) @) = (12075 f) (@)

) = () () @) @)+ )

Here and in the following, [x] specifies the greatest integer and [z] < z; © € R.

Setting b = —ain (1), (2), (3), and (4) yields the familiar Riemann-Liouville
(R-L) fractional integral along with differential operators of order a € C with
R(a) > 0 and z € R (see, e.g., [8,16]):

6 W@ = (05 @) = g | -0 a
(©) (2 ) (@) = (1) (0) = g | (6= F0)
and

(D) @) = (08.0) @) = () gy [ (o0 sy ae
g ~(4) @@ =]+
(021) @) = (D) @) = (1" (1) gy [ 9" H0
0 1 (5) @ =R,

Further, let N, RT and C be the sets of positive integers, positive real numbers
and complex numbers, respectively, and also let Ny := N U {0}.

Setting b = 0 in (1), (2), (3), and (4) yields the known Erdélyi-Kober (E-
K) fractional integral and differential of order a € C, (n = [R(a)] + 1) with
R(a) >0 and z € R (see, e.g., [8,16]):

p—a—¢

O (8) @ = (1GH @ = T / - A ) dt,

mc

(10)  (120F) @) = (Kouf) (0) = 5 / T -t at

W (D5 @) = (D) @) = () o) (o)

(12 (D2F) (@) = (D5af) (@) = (-1)" (;;) (1= ) (@),

n—a

+ r)=q12"°¢ i " 1 ‘ a+cm_ n—a—1
1) (Ot = () o [ @0
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1) Do) @)= (1) g [

n—a)

The generalized modified Bessel function I¥*(z) of the second type is defined
by Griffiths et al. [2]

~ o\ THh—s X 2\ r(k+1
(15)  I*(2) = (5) h ,Zo (k(r+1) —s)!l L(r+r+1) (5) N )7

where s € {1,2,...,k},7={0,£1,42,...}, z€ Cand k ={1,2,3,...}.

We aim to investigate compositions of the generalized fractional integration
and differentiation operators (1), (2), (3) and (4) with the n-times product of
the generalized modified Bessel function of the second type I¥*(z). Also, those
results for the well known Riemann-Liouville (R-L) and Erdélyi-Kober (E-K)
fractional integral and differential operators are developed.

We derive that such compositions are written in term of the generalized

Lauricella function or Srivastava and Daoust hypergeometric function [18, 19]
which is defined by

(16) FABW 8 )

C:D’;-- ;D(n)
_ pA:BB™ { [(@): 0, 009, [(B) 2 @) 5 [(0)™) ™)

0
€7D | [(e) 2o, ], (@) 2 8- [(d) )+ 60V

A B’ B™ . (n)
B i H]- 1(a]-)k19;+,4.+k"9(n)] Hj:1(b;)k1¢} "'H]‘:1 (b; )kr,.,qﬁ;") Ziﬁ zfl
A 11

ZlyeeeyRn

1y kn=0 HJ'C=1(Cﬂ')km;+m+km_§"> H?zll(d})kléj

the coefficients

(i) 07 =1,...,4), ¢7(=1,...,B™),

() ¥ =1,...,0),

(iii) o(j =1,..., D),
V' m € {1,...,n} are real and positive, and (a) abbreviates the array of A
parameters ai,...,ax, (b™) abbreviates the array of B(™ parameters bg»m)
(j =1,...,B™) V¥V m € {1,...,n}, with similar interpretations for (c) and
(d™) (m=1,...,n). (y)q is defined as Pochhammer symbol:

a7) @), = -,

The multiple series (16) converges (absolutely) either A; > 0 (i = 1,...,n),
Vz1,...,2n €ECor A; =0 |2| < g; (i =1,...,n), and divergences when A; < 0

d,a € C.

except for the trivial case z; = --- = z, = 0, where
c D® A B®
_ (i) (@) (i) @ .
(18)  Ai=1+> v +> 5" =>"0 > "o (i=1,...,n),
j=1 j=1 j=1 j=1

(19)  o0i= min (E;) (i=1,...,n),
Hlseensin >0
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0 {Hycl (21;1 M/J](-i))w;i)} (HJD:(L1> (5](_2'))55_'0)
D gt

D(i) i B(’
(20) Fi= () "= 6 |
A n (4) ‘9;1) B, (i) ¢(i)
I, (o, o) I o))

The special cases of (16) reduce to the hypergeometric function of one variable

F,(z) and two variables ﬂpgi given below.

P
A generalized hypergeometric function ,Fy(z) is defined for complex a;, b; €

C,b; #0,—1,...,(t=1,2,...,p;j = 1,2,...,q) by the generalized hypergeo-
metric series [18,19]

& k

(a1)k -~ (ap)k 2
21 Folay,...,ap;b1,...,bq;2) = .
( ) pq(l py V1 q ) ;(bl)k(bq)k k!
pFy is absolutely convergent for all values of z € C if p < ¢ and also entire
function of z. Also the series form of Kampé de Fériet function by means of
the generalized hypergeometric series of two variables is given as [18, 19]

aik (ap) : (bq); (cx);
Fimt { (ap) : (52);(%); * Q‘)}

(22) _ i ?zl(a]‘)r—i-s ?:1(bj>T H;?/:](cj)s gg
r,s=0 H.ljlzl(aj)r-‘rs H?;(ﬁj)r H;}’:l(%)s rl sl

This double hypergeometric series is convergent (absolutely) for all values of X
and ), ifp+q<'+m'+1and p+k’ <l'+n'+1. Further, if p+q=1+m'+1
and p+ k =1’ +n’ + 1, along with the following any one sets of conditions:
() p < 1, max {|], 9]} < 1
(ii) p > 1, [X[

4 [T < 1.

2. Fractional integration of I**(z)

The main results in this section are based on preliminary assertions includ-
ing composition formulas of the Saigo’s fractional integrals (1) and (2) with the
power function. The left-hand sided and right-hand sided generalized integra-
tions (1) and (2) of a power function are given by the following results.
Lemma 2.1. Leta, b, c € C.

(a) Let R(a) > 0 and R(h) > max {0, R(b — ¢)}. Then
_ ') +c—b) b
23 ISP (2) = I
In its special case, for x > 0, we have

@) g0 - e

(min {R(a), R(h)} > 0),
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and

25) U0 = e ga ™ R > 0. R() > R

(b) If R(a) > 0 and R(h) < 1 + min {R(b), R(c)}, then

a,b,c,p—1 _ F(b_h+1>r(c_b+1) —b—1
(26) (Lﬁth)mo_rufbﬁm+b+c—h+nxhb'

In particular, for x > 0, we have

(27) (10N (z) = Mm“*“_l, (0 < R(a) <1—-R(D))

o)
and
2 (Kl )0 = e () < 14 R0)

2.1. Left-sided fractional integration

Here we consider the Saigo’s left-hand sided fractional integration (1) of the
generalized modified Bessel function of the second kind (15).

Theorem 2.2. LetneN, a,b,¢,h,7; € C, se{l,2,...,k}, 7={0,£1,42,.. .},
kE={1,2,3,...} and aj,p; € Ry (j =1,2,...,n) such that R(a) > 0,R(r;) >
—1,R(h+>27_, (1 +k—s)p;) > max[0, R(b—c)]. Then there holds the formula:

(20) (15" (O ]I it | ] ()
j=1

S+ DT(k—s+1)

n-times
Ch+> (ritk—s)p) Th+ec—b+30 (1 +k—s)pi)
Ty —b+ 30 (ri+k—s)p) T(h+a+c+ >0 (1 +k—s)p;)

n (wiz”j)TjJrkis
2
_ b1 H
s (7,

J

n-times

X F2:1§“' L AL v:A: [1:1] | wyzer\ wpzr\ F
2:2552 | (WeAL[Z:A]: [+l [+l k—s+1:k] 2 ) 2 )
n-times

where A = (k+1)p1, ..., (k+1)pn, U =b+37_ (15 +k—5)p;,V=h+c—b+
(Tt k=8)p, W=b—b+370 (T +k—s)p;, Z =b+at+e+ 37 (15 +
k—s)p; and F222121() is given by (16).

Proof. Here, we note that A; in (18) isgiven by A; =14+nk>0(i=1,...,n €
N, k ={1,2,3,...}), and therefore 117‘2221 21() in the right side of equation (29),
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is defined. To prove (29), we first apply (15) and use (1) and then change the
order of integration and summation. Then, we find

i n
1o | T )| | @)
L j:1
_ (wjtpj )Tj+k75+(k+1)’l“j
n S
2
_ Ia,b,c th—l T
o* E T;F(rj+rj+1)r(k—s+1+krj) ()
o] ) wy \Ttthk—s+(k+1)r wy \Tnthk—s+(k+1)r,
() (3)

- Z T +r+1)T(k—s+1+kr) T(rp+rn+1)T(k—s+1+kr,)

T150,Tn =0

X (Igjrb*cth+2?:1(T'i+k*5)Pi+(k+1)Tipi71) (.’E)

By given condition in Theorem 2.2 statement for any r; € Ny (j = 1,...,n)
ROO+X0 (ritk—s)pi+(k+1)rip;) > R(h+> 1 (Ti+k—s)p;) > max[0, R(b—
¢)]. Applying (23), we obtain
rote {0 T st | | (@)
j=1

[e'e] w1 T1+k—s+(k+1)r1 W Tnt+k—s+(k+1)r,
(%) (%)

— 2 2
a Z I(n+m+0)I(k—s+14+kr) TEndra+D)T(k—s+1+Fkr,)

P —

U(h+ > {(mi + k= s)pi + (K + D)ripi})
Dh—b+>" {(ri+k—s)pi+ (k+1)ripi})
Ph+c—b+>" {(m+k—s)pi + (k+1)rip})
L(b+a+c+ 30 {(7i + k= s)pi + (k+ Drip;})
b—b+2 7 {(ritk—s)pit+(k+1)ripi}—1

X

X T

Now using the definition of Pochhammer symbol (17), we have

It (O T B (st | ] (@)
L J=1
wopps \Titk—s
N G
D+ DIk —s+1)
n-times

PO+ (n+k—s)p) Th+c—b+3" (ri+k—s)p)
Lo =0+ (i +k—s)p) Db +a+c+ 30 (1 +k —s)pi)
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% i (1)T1 "'(Um
—0 (T4 Dry o (Tn+ Dy (b= 8+ Dgry -+ (k= s+ g,
(h+ Z?:l(Ti +k— 5)pi)(k-&-l)mpl—&-‘-'-&-(k-&-l)mpn
( —b+ Z;Z 1 Ti +k— ) ’)(k+1)7“1p1+~~+(k+1)rnpn
(h F o= b+ 3 (T k= 8)Pi) ket 1)1 pr 4 (k4 1)1 pm
(h +a+c+ Zi:l (T’L + k— )pz)(k+1)’r1p1+"'+(k+1)7*npn
o (k+1)r wnar ) (DT
) (o)

2

7“1!"~’I“n!

Expressing the last summation in terms of the generalized Lauricella function or
Srivastava and Daoust hypergeometric function (16), we immediately establish
the required result (29), which completes the proof of Theorem 2.2. O

Substituting b = —a in Theorem 2.2 yields the following result for the fa-
miliar Riemann-Liouville (R-L) fractional integral (5).

Corollary 2.3. Letn €N, a,h,7; € C, s € {1,2,...,k}, 7={0,+1,£2,...},
kE={1,2,3,...} andwj,p; € Ry (j =1,2,...,n) such that R(a) > 0,R(7;) >
—1,R(H + Z;Lzl(Tj +k —s)p;) > 0. Then there holds the formula:

n
30) (g, | [L 2 wpte) | | (@)

=1
(w P )Tj-i-k—s

LT+ 1) Nk—s+1)
= ————
n-times
L(h+ >0 (n + k= s)pi)
L(h+a+ 30 (r+ k= s)pi)

n-times

[[gfl/-- ]]': [n+1;1]“.‘,[m[1+:11]; ifk—s+1:4] ‘(ulgm)m"“v(W"Tw)m )

n-times

_ xh+a71

;:]:

11
X Fl5l )

)

where A = (k + 1)p1,...,(k+ Dpn, U = b+ 30 (15 + k= s)p;, W =
h+a+ >0 (15 +k—s)p; and F50 5 () ds given by (16).

Substituting b = 0 in Theorem 2.2 yields the following result for the so-called
Erdélyi-Kober fractional integral (9).

Corollary 2.4. Letn € N, a,¢,h,7; € C, s € {1,2,...,k}, 7={0,£1,£2,. ..},
E=A{1,2,3,...} and wj,p; € Ry(j =1,2,...,n) such that R(a) > 0,RN(r;) >



564 R. AGARWAL, N. KUMAR, R. K. PARMAR, AND S. D. PUROHIT

—1,R(h + 327, (1 + k — s)p;j) > R(—c). Then there holds the formula:

(31) IF |t 11‘[1’” P | | ()

Tj+k—s
wjxli
(=)

= H T(r; + DT(k — s+ 1)
j=1 N ,
n-times
L(b+ i (ri + k= s)pi)
L(h+a+c+ 350 (T +k—s)p)

n-times

X Fl:li"' ;1 V7 A [1:1] | wy Pt ket Wy P .
L2552 | (27 A]: fm+1:1), .+ 1) [k—s+1:k 2 B 2 ’
n-times

where A = (k+1)p1, ..., (k+ Dpp, V" = b +c+ 37 (15 + k — s)p;, 2" =
hb+at+c+ >0 (15 +k—s)p; and F112121() is given by (16).

2.2. Right-sided fractional integration

The following result yields the generalized right-hand sided fractional inte-
gration of the product of generalized modified Bessel functions.

Theorem 2.5. Letn € N, a,b,¢,h,7,€C, se{1,2,...,k}, 7={0,£1,£2,...},
E={1,2,3,...} and wj,p; € Ry(j =1,2,...,n) such that R(a) > 0,R(r;) >
—1,R(h = X707 (1 + k — s)p;) < 1+ min[R(b),R(c)]. Then there holds the
formula:

(32) [ 1% |- 11‘[1’”(;) (x)

wj )TjJrk*S

2:E"J
1:[1 T]+1 F(k—8+1)
j= . ,

n-times
P(14+b—b+> 0 (r+k—s)pi) P(l4+c—b+>0  (m+k—3s)pi)
PA-b+3 (ritk—s)p) T(A+a+b+c—b+ 0, (r+k—s)pi)

n-times

F21 [P:AL[Q:A]: 1:1] wy \k+ Wy \ k1
X Ligig 2 [R:AL[S:A]: [71+1:1],““[Tn+1:1]:[k:—s+1:k]‘(Zzpl) (m) ’
S——

n-times

where A= (k+1)p1,...,(k+1Dpn, P=1+b—b+ 3" (1 +k—5)p;,Q =
Lte—b+ 30 (r +h—s)pj R=1-h+ 37 (5, +k—s)p;, S =1+a+
b+c—bh+ Z;‘:l(rj +k—s)p; and F222121() is given by (16).
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Proof. Here, we note that A, in (18) is given by A; = 14+nk >0(i=1,...,n €
N, k={1,2,3,...}), and therefore F222121() in the right side of equation (32)
is defined. To prove (30), we apply (15) and use (2) and change the order of
integration and summation. Then, we find

Ig,h,c tb 1 Hlks (tp7> (Z‘)

( w; )Tj+k—s+(k+1)rj

— a,b,c h—1 2tP7
= ! 1;[ TX_:OFTJ—FTJ-—Fl)I‘(k—s—i—l—Fkrj) ()
) T1+k—s+(k+1)r w \ Tntk—s+(k+1)ry,
_ (%) (3)

= 2 T(ri+rm+ 1) T(k—s+1+kr) D(rn+rm+1) T(k—s+1+kry)

Thyenny Trn=0

« (Igjrb,ttb—z:?:l(‘ri-l-k—s)p,i—(k-l—l)mpi—l) (.T)

By given condition for any 7; € Ng (j =1,...,n) R(h = > (s +k — s)p; —
(k+Dripi) <R(h =30, (ri +k—s)pi) < 1 + minfR(b), %(c)]. Applying (26).
we obtain

Ia,b,c tb 1 H Ik s (tT]) (.13)

oo (ﬂ)71+k—s+(k+1)r1 (W,L)Tﬂ+k s+ (k-+1)rn
2 2

- Z (T +ri+1) T(k—s+1+kr) T(ta+ra+1)D(k—s+1+kr,)

PA+b—b+>7" {(ri+k—s)pi+ (k+1rip})
C(1—=b+ 30 {(ri +k—s)pi+ (k+Dripi})
PA—b+c+ 7" {(ri+k—s)pi+ (k+1D)rip;})
Fl—b+a+b+c+>" {(ri+k—s)p+(k+1)rip})
PO S (b )it (b Drapi )1

Now using the definition of Pochhammer symbol (17), we have

e |- 11—[1“(17]') ()

h—b—1 . (;Z )Tﬁk_s

. —b— TJ

- H (r; + DDk —s+1)
~————

J:1 it

n-times
FA+b-b+30 (itk—s)p) TA-b+c+30 (ri+k—s)p)
PA—b+>0 (ri+k—s)p) D(l—h+atbt+c+d (1 +k—s)p;)
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« i (l)n o (l)Tn
~ o (M A D (T4 D (k= 5+ Dy - (B = 5+ D,
(T+b0—b+ 3" (Ti + k= 8)Pi) (k- 1)r1 pr (k4 1) pn
(L =0+ 27 (7i + k= 8)Pi) (k1)r1 prt- (k4 1)
(L=b4c+ D" (Ti + k= 5)pi) (k- 1)ripr b (k4 1) rnpn
(I=b+at+b+ct+ 30 (i + k= 8)pi) ket 1)raprtor(htD)rmpn

o (k+1)ry w (k+1)ry
(2) "7 (s2)

7"1!"~7“n!

=T

X

Expressing the last summation in terms of the generalized Lauricella function or
Srivastava and Daoust hypergeometric function (16), we immediately establish
the required result (32), which completes the proof of Theorem 2.5. (]

Substituting b = —a in Theorem 2.5 yields the following result for the fa-
miliar Riemann-Liouville fractional integral (6).

Corollary 2.6. Letn €N, a,b,7; € C, s {1,2,...,k}, 7={0,+1,£2,...},
E=1{1,2,3,...} andw;,p; € Ry (j =1,2,...,n) such that R(r;) > —-1,0 <
R(a) <1—R(H— 2?21(7']‘ +k —s)p;). Then there holds the formula:

tPi

ey (e [ I ()] @

n wj \Titk—s
— bta-t H (247)
LT3 Dre—s+1)
Jj=1 . ,
n-times

T(l—a—b+>0 (mi+k—s)p:)
DI =b+ >0 (r+k—5)pi)

n-times

——
~ Flrl;--~;1 [P':A]: [1:1] ‘( Wi )k“ ( W )“‘
1:2;---52 [R:A): [m+1:1),.. [+ 1:1]:[k—s+1:k] 2P/ T 2P ’
N ——

n-times

where A = (k+1)p1,...,(k+1)pp, PP =1—a—h+37_ (1j+k—s)p;, R =
L=+ 3" (7 +k—s)p; and F07 35 (o) is given by (16).

Substituting b = 0 in Theorem 2.5 yields the following result for the so-called
Erdélyi-Kober fractional integral (10).

Corollary 2.7. Letn € N, a,¢,h,7; € C, s € {1,2,...,k}, 7={0,£1,£2,. ..},
E=1{1,2,3,...} and wj,p; € Ry (j =1,2,...,n) such that R(a) > 0,R(7;) >
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—1,R(h = >0 (1 + k — s)p;) < 1+ R(c). Then there holds the formula:

tPi

(34) e [ T 25 (ﬁ) (z)
j=1

n ( wg )Tj+k—s
— h—b—1 223
* Hr(7j+1)r(k—s+1)
Jj=1 N ,

n-times

FA4+c—b+> (i+k—s)p)
Fl+a+c—h+> " (i+k—s)p;)

n-times

~—
w fliliesliQr: Al [1:1] ‘( wi )k‘“ (ww )Hl
L:2552 0 (87 A 4101, 1] k—s+1:k] '\2gm /) 700 2P ’
-

A= (k+Dp1,...,(k+1)p, where Q" =1+4c—h+ 37 (1 +k—s)p;, 8" =
Ltatce—b+37  (15+k—s)p; and F11::21;;_:.,.;21(') is given by (16).

3. Fractional differentiation of I~7’f’s (2)

Our main results in this section are based on preliminary assertions giving
composition formulas of generalized fractional differentiation (3) and (4) with
the power function. Since the proof of the theorems in this section is based
on similar techniques used in Section 2, so here, we give the results without
proof. The left-hand sided and right-hand sided generalized differentiation (3)
and (4) of a power function are given by the following results.

Lemma 3.1. Let a, b, c € C. Then
(a) If R(a) > 0 and R(h) > —min{0, R(a+b+c)}, then

(35) (DG 1) () = r(gzg(f :);(;if)%m_l-

In particular, for x > 0, we have

(36) (D5 )() =~ et ey > 0, () > 0)

I'h—a)
and
(37) (DYt Y)(x) = W@«hl, (R(@) >0, R(p) > —R(a+0)).
(b) If R(a) > 0, R() < 1+ min{R(—b — n), R(a+ <)} and n = [R(a)] + 1,
then
(38) (Di’b’ctb_l)(‘f) _ F(]- — b — b)r(l — h +a+ C) xb-ﬁ-b—l.

T(1—B)I(1—bh+c—b)
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In particular, for x > 0, we have

(39)
(Duhwu)w%£$®ﬁul,(m@>0ﬂwn<1+w®m
and
(40)
(D@ﬁfwm):Egiifiﬁm*{(%@y>amm)<1+%@+ogww

I'(l1—-h—c)
3.1. Left-sided fractional differentiation

First we consider the generalized left-hand sided fractional differentiation
(3) of the generalized modified Bessel function of the second kind (15).

Theorem 3.2. Letn € N, a,b,¢,h,7,€C, se{1,2,...,k}, 7={0,£1,42,.. .},
k=1{1,2,3,...} and wj,p; € Ry (j =1,2,...,n) such that R(a) > 0,R(7;) >
—1,R(h+3°7_ (75 + k= s)p;) > —min{0,R(a+b+c)}. Then there holds the
formula:

(@) Do [ [T I (wit™) | | (@)
j=1

wjmp]. Ti+k—s
2

_ h—b-1
! HI‘(T--!-l)I‘(k—S-i-l)
j=1 . ,

n-times

T(h+ Y (i+k—s)p) Th+atb+c+d0 (ri+k—s)pi)
Po+b+> 0 (i+k—s)p) Plh+c+ > (ri+k—s)p:)

mes

[U:ALV:A]: 1:1] (2 s wna? )”1
WALZ:A]: [m+1:1], [+ 11 [k—s+1:k ( 2 ) """ ( 2 ’
-

n-times

2:1;---51
X F2:2;~~ ;2

where A = (E+1)p1, ..., (k+1)pn, U = b—l—Z;L:l(Tj—l—k‘—s)pj, V =bh+a+b+c+
i (Titk=8)p;, W = b+b+3"0 (1j+k—s)p;j, Z = b+e+377_ (1j+k—s)p;
and F222121() is given by (16).

Corollary 3.3. Letn €N, a,h,7; € C, s € {1,2,...,k}, 7={0,+1,£2,...},
k=1{1,2,3,...} and wj,p; € Ry (j =1,2,...,n) such that R(a) > 0,R(7;) >
—1,R(H + Z;L:l(Tj +k—s)p;) > —R(c). Then there holds the formula:

n
(42) | D3 [ T[22t | | (@)

j=1



FRACTIONAL CALCULUS OPERATORS 569

w.ixPi Titk—s
— phta-1 H ( 2 )
. F(Tj—Fl)F(k‘—S—f—l)
Jj=1 —_——
n-times
L(h+ 30 (r + k= s)pi)
Lh—a+ 30 (i +k—s)p:)

n-times

—— ; :

U :A]: [1:1] | wyzer | Wz \ M

WA [m+1:1],..., [rn+1:1]:[k—s+1:k] 2 ) Y 2 ’
—_—

where A = (k+1)p1,...,(k+1)pn,U/:h+z;}:1(7j+k75)pj,w:f)*a+

Z;L=1(Tj +k—s)p; and F112121() is given by (16).

1:1;---51
X Fiollh

)

Corollary 3.4. Letn € N, a,¢,h, 7, € C, s € {1,2,...,k}, 7={0,+1,£2,...},
k=1{1,2,3,...} and wj,p; € Ry (j =1,2,...,n) such that R(a) > 0,R(7;) >
—1,R(H + Z?:]_(Tj +k—s)p;) > —R(a+c). Then there holds the formula:

3) | DL [ [T I wit) | | (@)
j=1

— b1
’ Hr(7j+1)r(kfs+1)
Jj=1 —_—
n-times

LPh+a+c+ >, (i+k—s)p;)
Ch+c+ >0 (1 +k—5)pi)

n-times

(V' A]: [1:1] WP\ WP k+1
[Z" A : [Tl+1:1],...,[7'77,+1:1]:[kferl:k,]‘( 2 ) “““ (T) 9
N

n-times

1:15--51
X Fiyllh

) 3

where A = (k+1)p1, ..., (k+1)pn, V' =b+at+c+ 30 (1j+k—s)p;, Z' =
bt ¢+ Y0y (7 + k= s)p; and Fy5 75 () is given by (16).
3.2. Right-sided fractional differentiation

The following result yields the generalized right-hand sided fractional differ-
entiation of the product of generalized modified Bessel functions.
Theorem 3.5. Letn € N, a,b,¢,h,7,€C, s€{1,2,...,k}, 7={0,£1,£2,...},
E=1{1,2,3,...} and wj,p; € Ry (j =1,2,...,n) such that R(a) > 0,R(7;) >
-1, R — 2?21(7j +k —s)p;) < 1+ min[R(b),R(c)]. Then there holds the
formula:

n
(44) [ Do |0 T 2R (ﬂ) (x)
j=1

1P
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wj )TJJrk: s

2:cpJ
H I +1)T'(k—s+1)
—_———

n-times

Fl—p—b+>r (m+k—s)p)TA—bh+a+c+d o (rn+k—s)p)

X
FA-b+3 (it+k—s)p) T(A—b+e—b+30 (ri+k—s)p)
2:1551 0 [piAL[Q:A]: m wi |+ wy |k
x F2:2;---;2 [R:AL[S:A]: [Tl+1:1],...,[Tn+1:1]:[k—s+1:k]‘(2.7:2') (w) ’
A

n-times

where A = (k+1)p1,..., (k+1)pn, P=1-h—b+37_ (1 +k—5)p;,Q =
L-—b+atc+ 30 (+k—sp R=1-b+3" (5, +k—s)p;,S =
L—b+c—b+37 (7 +k—s)p; and F2221 1() is given by (16).

Theorem 3.6. Letn € N, a,h, 7, € C, s € {1,2,...,k}, 7 = {0,£1,42,.. .},
kE={1,2,3,...} andwj,p; e Ry (j =1,2,...,n) such that R(a) > 0,R(7;) >
—1L,R(h = X7 (1j + k — s)p;) < 1+ min[R(b),R(c)]. Then there holds the
formula:

(45) | D= |- 11‘[1’“(#]) (@)

n wj Ti+k—s
h+a—1 H (21”1)
LT+ 1) (k—s+1)
= ~————
n-times

Fl—b+a+>  (i+k—3s)p)
D(1=b+ >0 (r+k—5)pi)

n-times
——

2:1;- [P A]: [1:1] wy \ k1 w, \k+1
X F2 2 [R:A: [m41:1], . ra+1:1]:[k—s+1:k ‘(27,/’1) (w) ’
N

n-times

where A = (k+1)p1,...,(k+1)py, P'=1-b+a+37 (1 +k—s)p;, R =
1—h+ Z;‘L:1(Tj +k—s)pj, and F222121() is given by (16).

Theorem 3.7. Letn € N, a,¢,h, 75, € C, s € {1,2,...,k}, 7 ={0,£1,42,.. .},
kE=1{1,2,3,...} and wj,p; € Ry (j =1,2,...,n) such that R(a) > 0,R(7;) >
-1, R(h — Z;L:l(rj +k —s)p;) < 1+ min[R(b),R(c)]. Then there holds the
formula:

(46) | Do, | 1HI’”(,5,37) ()
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b n ( wj )’Tjﬁ*k}*é‘

_ —1 2zFi

- Hr(rj+1)r(k—s+1)
Jj=1 —_————

n-times
Fl—b+a+c+d> " (+k—s)p)
T(l—h+ct+>r (ri+k—s)p;)

n-times

L1510 [Q A]: 1:1] wy Wy \EHL
X F1:2§"'§2 [S":A]: [m+1:1) [T71+111]:[k'—5+1:k]‘(21%) "‘”’(QI%L) ’
-

where A = (k+1)p1,...,(k+1)p,, Q = lff)+a+c+Z?:1(Tj +k—s)p;, S =
L—b+c+ 37 (15 +k—s)p; and F112121() is given by (16).

Concluding remarks and observations

Our present study is based mainly on the generalized modified Bessel func-
tion of the second type introduced by Griffiths et al. [2]

I7%(z) = (%)THH ; (k(r+ 1) — s)!l T(r+7+1) (%

where s € {1,2,...,k}, 7={0,+£1,£2,...}, 2 € Cand k = {1,2,3,...}. The
motivation for introducing I%%(z) by Griffiths et al. [2] was George Luchak’s
papers [10,11] in finding the continuous time solution of the single-channel
queueing equations characterized by a time-dependent Poisson-distributed ar-
rival rate and introduced modified Bessel function of the first type

jzf(z) - (%)T Z rl (7 —1|— rk+1) (g)r(kﬂ) '

r=0

)T(kJrl)

)

The special case for k = s = 1 and k = 1 in I%%(2) and I¥(z), respectively
reduces to modified bessel function I (z) (see, for details, [2,10,11]):

H0=0G) Y e ()

r=0
The generalized modified Bessel function of the second type can be expressed

in terms of Fox-Wright function ,¥,(z) [18] in slightly corrected version given
in Griffiths et al. [2, p. 273]:

7k,s Z\THhos (171); Zk+1
(47) () = (5) 12 [ (t+1,r),(k—s+1,7); 2k+1] :

In our present investigation, we have established formulas (images) for com-
positions of generalized fractional integrals and differential containing the
Gauss’ hypergeometric o F (z) function in the kernels with the n-times prod-
uct of generalized modified Bessel function of the second type given by (15) in
terms of generalized Lauricella function or Srivastava-Daoust hypergeometric
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function. Special cases for the findings are obtained for the classical Riemann-
Liouville (R-L) and Erdélyi-Kober (E-K) fractional integral and differential
operators. Various other related papers on operators can be found as other
aspects in diverse areas of mathematical, physical, engineering and statistical
sciences by some authors (see, [1,3,5-7,13,14,17] and the references therein).
Furthermore, another compositions of generalized fractional integrals and
differential for the product of classical Bessel function J,(z) of the first kind

N VG M ) il
Tu(z) = ,Z% n! T(v —|—2n +1) 1"(1/2—&— 1) of1 ( vl s ) '

has been developed by Kilbas and Sebastian [7] and Sebastian and Gorenflo
[17].

Moreover, the results established in this paper are presumably new and
different those of obtained for classical Bessel function J, (%) in [7,17].
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