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FRACTIONAL CALCULUS OPERATORS OF THE PRODUCT

OF GENERALIZED MODIFIED BESSEL FUNCTION

OF THE SECOND TYPE

Ritu Agarwal, Naveen Kumar, Rakesh Kumar Parmar,
and Sunil Dutt Purohit

Abstract. In this present paper, we consider four integrals and differen-

tials containing the Gauss’ hypergeometric 2F1(x) function in the kernels,

which extend the classical Riemann-Liouville (R-L) and Erdélyi-Kober
(E-K) fractional integral and differential operators. Formulas (images)

for compositions of such generalized fractional integrals and differential

constructions with the n-times product of the generalized modified Bessel
function of the second type are established. The results are obtained in

terms of the generalized Lauricella function or Srivastava-Daoust hyper-

geometric function. Equivalent assertions for the Riemann-Liouville (R-
L) and Erdélyi-Kober (E-K) fractional integral and differential are also

deduced.

1. Introduction

We recognize the Saigo fractional integral along with differential operators
in conjunction with the hypergeometric function 2F1 [4, 8, 9, 12,15,19]:

(1)
(
Ia,b,c0+ f

)
(x) =

x−a−b

Γ(a)

∫ x

0

(x− t)a−1 2F1

(
a + b,−c; a; 1− t

x

)
f(t) dt,

(2)
(
Ia,b,c− f

)
(x)=

1

Γ(a)

∫ ∞
x

(t−x)a−1t−a−b 2F1

(
a + b,−c; a; 1− x

t

)
f(t) dt,

and (
Da,b,c

0+ f
)

(x) =
(
I−a,−b,a+c
0+ f

)
(x)

=

(
d

dx

)n (
I−a+n,−b−n,a+c−n
0+ f

)
(x) (n = [<(a)] + 1),(3)
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Da,b,c
− f

)
(x) =

(
I−a,−b,a+c
− f

)
(x)

= (−1)n
(
d

dx

)n (
I−a+n,−b−n,a+c
− f

)
(x) (n = [<(a)] + 1).(4)

Here and in the following, [x] specifies the greatest integer and [x] ≤ x; x ∈ R.
Setting b = −a in (1), (2), (3), and (4) yields the familiar Riemann-Liouville

(R-L) fractional integral along with differential operators of order a ∈ C with
<(a) > 0 and x ∈ R+ (see, e.g., [8, 16]):

(5)
(
Ia,−a,c0+ f

)
(x) =

(
Ia0+f

)
(x) =

1

Γ(a)

∫ x

0

(x− t)a−1f(t) dt,

(6)
(
Ia,−a,c− f

)
(x) ≡

(
Ia−f

)
(x) =

1

Γ(a)

∫ ∞
x

(t− x)a−1f(t) dt,

and(
Da,−a,c

0+ f
)

(x) =
(
Da

0+f
)

(x) =

(
d

dx

)n
1

Γ(n− a)

∫ x

0

(x− t)n−a−1f(t) dt

=

(
d

dx

)n (
In−a0+ f

)
(x) (n = [<(a)] + 1),(7)

(
Da,−a,c
− f

)
(x) =

(
Da
−f
)

(x) = (−1)n
(
d

dx

)n
1

Γ(n− a)

∫ ∞
x

(t− y)n−a−1f(t) dt

= (−1)n
(
d

dx

)n (
In−a− f

)
(x) (n = [<(a)] + 1).(8)

Further, let N, R+ and C be the sets of positive integers, positive real numbers
and complex numbers, respectively, and also let N0 := N ∪ {0}.

Setting b = 0 in (1), (2), (3), and (4) yields the known Erdélyi-Kober (E-
K) fractional integral and differential of order a ∈ C, (n = [<(a)] + 1) with
<(a) > 0 and x ∈ R+ (see, e.g., [8, 16]):

(9)
(
Ia,0,c0+ f

)
(x) =

(
I+c,af

)
(x) =

x−a−c

Γ(a)

∫ x

0

(x− t)a−1tcf(t) dt,

(10)
(
Ia,0,c− f

)
(x) =

(
K−c,af

)
(x) ≡ xc

Γ(a)

∫ ∞
x

(t− x)a−1t−a−cf(t) dt,

and (
Da,0,c

0+ f
)

(x) =
(
D+

c,af
)

(x) =

(
d

dx

)n (
I−a+n,−a,a+c−n
0+ f

)
(x),(11)

(
Da,0,c
− f

)
(x) =

(
D−c,af

)
(x) = (−1)n

(
d

dx

)n (
I−a+n,−a,a+c
− f

)
(x),(12)

(
D+

c,af
)

(x) = x−c
(
d

dx

)n
1

Γ(n− a)

∫ x

0

ta+c(x− t)n−a−1f(t) dt,(13)
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(
D−c,af

)
(x) = xc+a

(
d

dx

)n
1

Γ(n− a)

∫ ∞
x

t−c(t− x)n−a−1f(t) dt.(14)

The generalized modified Bessel function Ĩk,sτ (z) of the second type is defined
by Griffiths et al. [2]

(15) Ĩk,sτ (z) =
(z

2

)τ+k−s ∞∑
r=0

1

(k(r + 1)− s)! Γ(τ + r + 1)

(z
2

)r(k+1)

,

where s ∈ {1, 2, . . . , k} , τ = {0,±1,±2, . . .}, z ∈ C and k = {1, 2, 3, . . .}.
We aim to investigate compositions of the generalized fractional integration

and differentiation operators (1), (2), (3) and (4) with the n-times product of

the generalized modified Bessel function of the second type Ĩk,sτ (z). Also, those
results for the well known Riemann-Liouville (R-L) and Erdélyi-Kober (E-K)
fractional integral and differential operators are developed.

We derive that such compositions are written in term of the generalized
Lauricella function or Srivastava and Daoust hypergeometric function [18, 19]
which is defined by

FA:B′;··· ;B(n)

C:D′;··· ;D(n) [z1, . . . , zn](16)

= FA:B′;··· ;B(n)

C:D′;··· ;D(n)

[
[(a) : θ′, . . . , θ(n)], [(b′) : φ′]; · · · ; [(b)(n) : φ(n)] :
[(c) : ψ′, . . . , ψ(n)], [(d′) : δ′]; · · · ; [(d)(n) : δ(n)] :

z1, . . . , zn

]

=

∞∑
k1,...,kn=0

∏A
j=1(aj)k1θ′j+···+knθ(n)j∏C
j=1(cj)k1ψ′j+···+knψ

(n)
j

∏B′

j=1(b′j)k1φ′j · · ·
∏B(n)

j=1 (b
(n)
j )

knφ
(n)
j∏D′

j=1(d′j)k1δ′j · · ·
∏D(n)

j=1 (d
(n)
j )

knδ
(n)
j

zk11
kn!
· · · z

k1
1

kn!
,

the coefficients

(i) θmj (j = 1, . . . , A), φmJ (j = 1, . . . , B(m)),
(ii) ψmj (j = 1, . . . , C),

(iii) δmj (j = 1, . . . , D(m)),

∀ m ∈ {1, . . . , n} are real and positive, and (a) abbreviates the array of A

parameters a1, . . . , aA, (b(m)) abbreviates the array of B(m) parameters b
(m)
j

(j = 1, . . . , B(m)),∀ m ∈ {1, . . . , n}, with similar interpretations for (c) and
(dm) (m = 1, . . . , n). (y)a is defined as Pochhammer symbol:

(δ)a =
Γ(δ + a)

Γ(a)
, δ, a ∈ C.(17)

The multiple series (16) converges (absolutely) either ∆i > 0 (i = 1, . . . , n),
∀ z1, . . . , zn ∈ C or ∆i = 0 |z| < %i (i = 1, . . . , n), and divergences when ∆i < 0
except for the trivial case z1 = · · · = zn = 0, where

∆i = 1 +

C∑
j=1

ψ
(i)
j +

D(i)∑
j=1

δ
(i)
j −

A∑
j=1

θ
(i)
j −

B(i)∑
j=1

φ
(i)
j (i = 1, . . . , n),(18)

%i = min
µ1,...,µn>0

(Ei) (i = 1, . . . , n),(19)
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with

Ei = (µi)
1+

∑D(i)

j=1 δij−
∑B(i)

j=1 φij

{∏C
j=1

(∑n
i=1 µψ

(i)
j

)ψ(i)
j

}(∏D(i)

j=1 (δ
(i)
j )δ

(i)
j

)
{∏A

j=1

{∑n
i=1 µθ

(i)
j

}θ(i)j }{∏B(i)

j=1 (φ
(i)
j )φ

(i)
j

} .(20)

The special cases of (16) reduce to the hypergeometric function of one variable

pFq(z) and two variables F p:q;kl:m;n given below.

A generalized hypergeometric function pFq(z) is defined for complex ai, bj ∈
C, bj 6= 0,−1, . . . , (i = 1, 2, . . . , p; j = 1, 2, . . . , q) by the generalized hypergeo-
metric series [18,19]

pFq(a1, . . . , ap; b1, . . . , bq; z) =

∞∑
k=1

(a1)k · · · (ap)k
(b1)k · · · (bq)k

zk

k!
.(21)

pFq is absolutely convergent for all values of z ∈ C if p ≤ q and also entire
function of z. Also the series form of Kampé de Fériet function by means of
the generalized hypergeometric series of two variables is given as [18,19]

F p:q;k
l′:m′;n′

[
(ap) : (bq); (ck);
(αp) : (βq); (γk);

X,Y

]

=

∞∑
r,s=0

∏p
j=1(aj)r+s

∏q
j=1(bj)r

∏k′

j=1(cj)s∏l′

j=1(αj)r+s
∏m′

j=1(βj)r
∏n′

j=1(γj)s

Xr

r!

Ys

s!
.

(22)

This double hypergeometric series is convergent (absolutely) for all values of X
and Y, if p+q < l′+m′+1 and p+k′ < l′+n′+1. Further, if p+q = l′+m′+1
and p + k = l′ + n′ + 1, along with the following any one sets of conditions:

(i) p ≤ l, max {|X|, |Y|} < 1;

(ii) p > l, |X|
1

(p−l) + |Y|
1

(p−l) < 1.

2. Fractional integration of Ĩk,sτ (z)

The main results in this section are based on preliminary assertions includ-
ing composition formulas of the Saigo’s fractional integrals (1) and (2) with the
power function. The left-hand sided and right-hand sided generalized integra-
tions (1) and (2) of a power function are given by the following results.

Lemma 2.1. Let a, b, c ∈ C.
(a) Let <(a) > 0 and <(h) > max {0,<(b− c)}. Then

(23) (Ia,b,c0+ th−1)(x) =
Γ(h)Γ(h + c− b)

Γ(h− b)Γ(h + a + c)
xh−b−1.

In its special case, for x > 0, we have

(24) (Ia0+t
h−1)(x) =

Γ(h)

Γ(h + a)
xh+a−1, (min {<(a), <(h)} > 0),
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and

(25) (I+c,at
h−1)(x) =

Γ(h + c)

Γ(h + a + c)
xh−1, (<(a) > 0, <(h) > −<(c)).

(b) If <(a) > 0 and <(h) < 1 + min {<(b),<(c)}, then

(26) (Ia,b,c− th−1)(x) =
Γ(b− h + 1)Γ(c− h + 1)

Γ(1− h)Γ(a + b + c− h + 1)
xh−b−1.

In particular, for x > 0, we have

(27) (Ia−t
h−1)(x) =

Γ(1− a− h)

Γ(1− h)
xh+a−1, (0 < <(a) < 1−<(h))

and

(28) (K−c,at
h−1)(x) =

Γ(c− h + 1)

Γ(a + c− h + 1)
xh−1, (<(h) < 1 + <(h)).

2.1. Left-sided fractional integration

Here we consider the Saigo’s left-hand sided fractional integration (1) of the
generalized modified Bessel function of the second kind (15).

Theorem 2.2. Let n∈N, a, b, c, h, τj ∈ C, s∈{1, 2, . . . , k}, τ={0,±1,±2, . . .},
k = {1, 2, 3, . . .} and aj , ρj ∈ R+ (j = 1, 2, . . . , n) such that <(a) > 0,<(τj) >
−1,<(h+

∑n
j=1(τj+k−s)ρj) > max[0,<(b−c)]. Then there holds the formula:Ia,b,c0+

th−1 n∏
j=1

Ĩk,sτj (ωjt
ρj )

 (x)(29)

= xh−b−1

 n∏
j=1

(
ωjx

ρj

2

)τj+k−s
Γ(τj + 1) Γ(k − s+ 1)︸ ︷︷ ︸

n-times


×

Γ(h +
∑n
i=1(τi + k − s)ρi)

Γ(h− b +
∑n
i=1(τi + k − s)ρi)

Γ(h + c− b +
∑n
i=1(τi + k − s)ρi)

Γ(h + a + c +
∑n
i=1(τi + k − s)ρi)

× F 2:1;··· ;1
2:2;··· ;2

 [U : Λ], [V : Λ] :

n-times︷ ︸︸ ︷
[1 : 1]

[W : Λ], [Z : Λ] : [τ1 + 1 : 1], . . . , [τn + 1 : 1] : [k − s+ 1 : k]︸ ︷︷ ︸
n-times

|
(
ω1x

ρ1

2

)k+1

, . . . ,

(
ωnx

ρn

2

)k+1

,

where Λ = (k+1)ρ1, . . . , (k+1)ρn,U = h+
∑n
j=1(τj +k−s)ρj , V = h+ c−b+∑n

j=1(τj +k−s)ρj ,W = h−b+
∑n
j=1(τj +k−s)ρj , Z = h+a+ c+

∑n
j=1(τj +

k − s)ρj and F 2:1;··· ;1
2:2;··· ;2 (·) is given by (16).

Proof. Here, we note that ∆i in (18) is given by ∆i = 1+nk > 0 (i = 1, . . . , n ∈
N, k = {1, 2, 3, . . .}), and therefore F 2:1;··· ;1

2:2;··· ;2 (·) in the right side of equation (29),
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is defined. To prove (29), we first apply (15) and use (1) and then change the
order of integration and summation. Then, we findIa,b,c0+

th−1 n∏
j=1

Ĩk,sτj (ωjt
ρj )

 (x)

=

Ia,b,c0+

th−1 n∏
j=1

 ∞∑
rj=0

(
ωjt

ρj

2

)τj+k−s+(k+1)rj

Γ(τj + rj + 1) Γ(k − s+ 1 + krj)



 (x)

=

∞∑
r1,...,rn=0

(
ω1

2

)τ1+k−s+(k+1)r1

Γ(τ1 + r1 + 1) Γ(k − s+ 1 + kr1)
...

(
ωn
2

)τn+k−s+(k+1)rn

Γ(τn + rn + 1) Γ(k − s+ 1 + krn)

×
(
Ia,b,c0+ th+

∑n
i=1(τi+k−s)ρi+(k+1)riρi−1

)
(x).

By given condition in Theorem 2.2 statement for any rj ∈ N0 (j = 1, . . . , n)
<(h+

∑n
i=1(τi+k−s)ρi+(k+1)riρi) ≥ <(h+

∑n
i=1(τi+k−s)ρi) ≥ max[0,<(b−

c)]. Applying (23), we obtainIa,b,c0+

th−1 n∏
j=1

Ĩk,sτj (ωjt
ρj )

 (x)

=

∞∑
r1,...,rn=0

(
ω1

2

)τ1+k−s+(k+1)r1

Γ(τ1 + r1 + 1) Γ(k − s+ 1 + kr1)
· · ·

(
ωn
2

)τn+k−s+(k+1)rn

Γ(τn + rn + 1) Γ(k − s+ 1 + krn)

×
Γ(h +

∑n
i=1{(τi + k − s)ρi + (k + 1)riρi})

Γ(h− b +
∑n
i=1{(τi + k − s)ρi + (k + 1)riρi})

×
Γ(h + c− b +

∑n
i=1{(τi + k − s)ρi + (k + 1)riρi})

Γ(h + a + c +
∑n
i=1{(τi + k − s)ρi + (k + 1)riρi})

× xh−b+
∑n
i=1{(τi+k−s)ρi+(k+1)riρi}−1.

Now using the definition of Pochhammer symbol (17), we haveIa,b,c0+

th−1 n∏
j=1

Ĩk,sτj (ωjt
ρj )

 (x)

= xh−b−1

 n∏
j=1

(
ωjx

ρj

2

)τj+k−s
Γ(τj + 1) Γ(k − s+ 1)︸ ︷︷ ︸

n-times


×

Γ(h +
∑n
i=1(τi + k − s)ρi)

Γ(h− b +
∑n
i=1(τi + k − s)ρi)

Γ(h + c− b +
∑n
i=1(τi + k − s)ρi)

Γ(h + a + c +
∑n
i=1(τi + k − s)ρi)
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×
∞∑

r1,...,rn=0

(1)r1 · · · (1)rn
(τ1 + 1)r1 · · · (τn + 1)rn(k − s+ 1)kr1 · · · (k − s+ 1)krn

×
(h +

∑n
i=1(τi + k − s)ρi)(k+1)r1ρ1+···+(k+1)rnρn

(h− b +
∑n
i=1(τi + k − s)ρi)(k+1)r1ρ1+···+(k+1)rnρn

×
(h + c− b +

∑n
i=1(τi + k − s)ρi)(k+1)r1ρ1+···+(k+1)rnρn

(h + a + c +
∑n
i=1(τi + k − s)ρi)(k+1)r1ρ1+···+(k+1)rnρn

×

(
ω1x

ρ
1

2

)(k+1)r1
· · ·
(
ωnx

ρ
n

2

)(k+1)rn

r1! · · · rn!
.

Expressing the last summation in terms of the generalized Lauricella function or
Srivastava and Daoust hypergeometric function (16), we immediately establish
the required result (29), which completes the proof of Theorem 2.2. �

Substituting b = −a in Theorem 2.2 yields the following result for the fa-
miliar Riemann-Liouville (R-L) fractional integral (5).

Corollary 2.3. Let n ∈ N, a, h, τj ∈ C, s ∈ {1, 2, . . . , k}, τ = {0,±1,±2, . . .},
k = {1, 2, 3, . . .} and ωj , ρj ∈ R+ (j = 1, 2, . . . , n) such that <(a) > 0,<(τj) >
−1,<(h +

∑n
j=1(τj + k − s)ρj) > 0. Then there holds the formula:Ia0+
th−1 n∏

j=1

Ĩk,sτj (ωjt
ρj )

 (x)(30)

= xh+a−1

 n∏
j=1

(
ωjx

ρj

2

)τj+k−s
Γ(τj + 1) Γ(k − s+ 1)︸ ︷︷ ︸

n-times


×

Γ(h +
∑n
i=1(τi + k − s)ρi)

Γ(h + a +
∑n
i=1(τi + k − s)ρi)

× F 1:1;··· ;1
1:2;··· ;2

 [U ′ : Λ] :

n-times︷ ︸︸ ︷
[1 : 1]

[W ′ : Λ] : [τ1 + 1 : 1], . . . , [τn + 1 : 1] : [k − s+ 1 : k]︸ ︷︷ ︸
n-times

|
(
ω1x

ρ1

2

)k+1

, . . . ,

(
ωnx

ρn

2

)k+1

,

where Λ = (k + 1)ρ1, . . . , (k + 1)ρn, U
′ = h +

∑n
j=1(τj + k − s)ρj, W

′ =

h + a +
∑n
j=1(τj + k − s)ρj and F 1:1;··· ;1

1:2;··· ;2 (·) is given by (16).

Substituting b = 0 in Theorem 2.2 yields the following result for the so-called
Erdélyi-Kober fractional integral (9).

Corollary 2.4. Let n ∈ N, a, c, h, τj ∈ C, s ∈ {1, 2, . . . , k}, τ={0,±1,±2, . . .},
k = {1, 2, 3, . . .} and ωj , ρj ∈ R+(j = 1, 2, . . . , n) such that <(a) > 0,<(τj) >
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−1,<(h +
∑n
j=1(τj + k − s)ρj) > <(−c). Then there holds the formula:I+c,a
th−1 n∏

j=1

Ĩk,sτj (ωjt
ρj )

 (x)(31)

= xh−1

 n∏
j=1

(
ωjx

ρj

2

)τj+k−s
Γ(τj + 1) Γ(k − s+ 1)︸ ︷︷ ︸

n-times


×

Γ(h +
∑n
i=1(τi + k − s)ρi)

Γ(h + a + c +
∑n
i=1(τi + k − s)ρi)

× F 1:1;··· ;1
1:2;··· ;2

 [V ′′ : Λ] :

n-times︷ ︸︸ ︷
[1 : 1]

[Z ′′ : Λ] : [τ1 + 1 : 1], . . . , [τn + 1 : 1] : [k − s+ 1 : k]︸ ︷︷ ︸
n-times

|
(
ω1x

ρ1

2

)k+1

, . . . ,

(
ωnx

ρn

2

)k+1

,

where Λ = (k + 1)ρ1, . . . , (k + 1)ρn,V
′′ = h + c +

∑n
j=1(τj + k − s)ρj , Z ′′ =

h + a + c +
∑n
j=1(τj + k − s)ρj and F 1:1;··· ;1

1:2;··· ;2 (·) is given by (16).

2.2. Right-sided fractional integration

The following result yields the generalized right-hand sided fractional inte-
gration of the product of generalized modified Bessel functions.

Theorem 2.5. Let n ∈ N, a, b, c, h, τj ∈C, s∈{1, 2, . . . , k}, τ={0,±1,±2, . . .},
k = {1, 2, 3, . . .} and ωj , ρj ∈ R+(j = 1, 2, . . . , n) such that <(a) > 0,<(τj) >
−1,<(h −

∑n
j=1(τj + k − s)ρj) < 1 + min[<(b),<(c)]. Then there holds the

formula:Ia,b,c−

th−1 n∏
j=1

Ĩk,sτj

( ωj
tρj

) (x)(32)

= xh−b−1

 n∏
j=1

( ωj
2xρj

)τj+k−s
Γ(τj + 1) Γ(k − s+ 1)︸ ︷︷ ︸

n-times


× Γ(1 + b− h +

∑n
i=1(τi + k − s)ρi)

Γ(1− h +
∑n
i=1(τi + k − s)ρi)

Γ(1 + c− h +
∑n
i=1(τi + k − s)ρi)

Γ(1 + a + b + c− h +
∑n
i=1(τi + k − s)ρi)

× F 2:1;··· ;1
2:2;··· ;2

 [P : Λ], [Q : Λ] :

n-times︷ ︸︸ ︷
[1 : 1]

[R : Λ], [S : Λ] : [τ1 + 1 : 1], . . . , [τn + 1 : 1] : [k − s+ 1 : k]︸ ︷︷ ︸
n-times

|
( ω1

2xρ1

)k+1

, . . . ,
( ωn

2xρn

)k+1

,

where Λ = (k + 1)ρ1, . . . , (k + 1)ρn, P = 1 + b− h +
∑n
j=1(τj + k − s)ρj , Q =

1 + c− h +
∑n
j=1(τj + k − s)ρj , R = 1− h +

∑n
j=1(τj + k − s)ρj , S = 1 + a +

b + c− h +
∑n
j=1(τj + k − s)ρj and F 2:1;··· ;1

2:2;··· ;2 (·) is given by (16).
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Proof. Here, we note that ∆i in (18) is given by ∆i = 1+nk > 0 (i = 1, . . . , n ∈
N, k = {1, 2, 3, . . .}), and therefore F 2:1;··· ;1

2:2;··· ;2 (·) in the right side of equation (32)

is defined. To prove (30), we apply (15) and use (2) and change the order of
integration and summation. Then, we findIa,b,c−

th−1 n∏
j=1

Ĩk,sτj

( ωj
tρj

) (x)

=

Ia,b,c−

th−1 n∏
j=1

 ∞∑
rj=0

( ωj
2tρj

)τj+k−s+(k+1)rj

Γ(τj + rj + 1) Γ(k − s+ 1 + krj)

 (x)

=
∞∑

r1,...,rn=0

(
ω1

2

)τ1+k−s+(k+1)r1

Γ(τ1 + r1 + 1) Γ(k − s+ 1 + kr1)
·

(
ωn
2

)τn+k−s+(k+1)rn

Γ(τn + rn + 1) Γ(k − s+ 1 + krn)

×
(
Ia,b,c0+ th−

∑n
i=1(τi+k−s)ρi−(k+1)riρi−1

)
(x).

By given condition for any rj ∈ N0 (j = 1, . . . , n) <(h−
∑n
i=1(τi + k − s)ρi −

(k+ 1)riρi) ≤ <(h−
∑n
i=1(τi + k− s)ρi) < 1 + min[<(b),<(c)]. Applying (26),

we obtainIa,b,c−

th−1 n∏
j=1

Ĩk,sτj

( ωj
tρj

) (x)

=

∞∑
r1,...,rn=0

(
ω1

2

)τ1+k−s+(k+1)r1

Γ(τ1 + r1 + 1) Γ(k − s+ 1 + kr1)
· · ·

(
ωn
2

)τn+k−s+(k+1)rn

Γ(τn + rn + 1) Γ(k − s+ 1 + krn)

×
Γ(1 + b− h +

∑n
i=1{(τi + k − s)ρi + (k + 1)riρi})

Γ(1− h +
∑n
i=1{(τi + k − s)ρi + (k + 1)riρi})

×
Γ(1− h + c +

∑n
i=1{(τi + k − s)ρi + (k + 1)riρi})

Γ(1− h + a + b + c +
∑n
i=1{(τi + k − s)ρi + (k + 1)riρi})

× xh−b−
∑n
i=1{(τi+k−s)ρi+(k+1)riρi}−1.

Now using the definition of Pochhammer symbol (17), we haveIa,b,c−

th−1 n∏
j=1

Ĩk,sτj

( ωj
tρj

) (x)

= xh−b−1

 n∏
j=1

( ωj
2xρj

)τj+k−s
Γ(τj + 1) Γ(k − s+ 1)︸ ︷︷ ︸

n-times


× Γ(1 + b− h +

∑n
i=1(τi + k − s)ρi)

Γ(1− h +
∑n
i=1(τi + k − s)ρi)

Γ(1− h + c +
∑n
i=1(τi + k − s)ρi)

Γ(1− h + a + b + c +
∑n
i=1(τi + k − s)ρi)
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×
∞∑

r1,...,rn=0

(1)r1 · · · (1)rn
(τ1 + 1)r1 · · · (τn + 1)rn(k − s+ 1)kr1 · · · (k − s+ 1)krn

×
(1 + b− h +

∑n
i=1(τi + k − s)ρi)(k+1)r1ρ1+···(k+1)rnρn

(1− h +
∑n
i=1(τi + k − s)ρi)(k+1)r1ρ1+···(k+1)rnρn

×
(1− h + c +

∑n
i=1(τi + k − s)ρi)(k+1)r1ρ1+···(k+1)rnρn

(1− h + a + b + c +
∑n
i=1(τi + k − s)ρi)(k+1)r1ρ1+···(k+1)rnρn

×

(
ω1

2xρ1

)(k+1)r1
· · ·
(
ωn
2xρn

)(k+1)rn

r1! · · · rn!
.

Expressing the last summation in terms of the generalized Lauricella function or
Srivastava and Daoust hypergeometric function (16), we immediately establish
the required result (32), which completes the proof of Theorem 2.5. �

Substituting b = −a in Theorem 2.5 yields the following result for the fa-
miliar Riemann-Liouville fractional integral (6).

Corollary 2.6. Let n ∈ N, a, h, τj ∈ C, s ∈ {1, 2, . . . , k}, τ = {0,±1,±2, . . .},
k = {1, 2, 3, . . .} and ωj , ρj ∈ R+ (j = 1, 2, . . . , n) such that <(τj) > −1, 0 <
<(a) < 1−<(h−

∑n
j=1(τj + k − s)ρj). Then there holds the formula:Ia−

th−1 n∏
j=1

Ĩk,sτj

( ωj
tρj

) (x)(33)

= xh+a−1

 n∏
j=1

( ωj
2xρj

)τj+k−s
Γ(τj + 1) Γ(k − s+ 1)︸ ︷︷ ︸

n-times


×

Γ(1− a− h +
∑n
i=1(τi + k − s)ρi)

Γ(1− h +
∑n
i=1(τi + k − s)ρi)

× F 1:1;··· ;1
1:2;··· ;2

 [P ′ : Λ] :

n-times︷ ︸︸ ︷
[1 : 1]

[R′ : Λ] : [τ1 + 1 : 1], . . . , [τn + 1 : 1] : [k − s+ 1 : k]︸ ︷︷ ︸
n-times

|
( ω1

2xρ1

)k+1

, . . . ,
( ωn

2xρn

)k+1

,

where Λ = (k+ 1)ρ1, . . . , (k+ 1)ρn, P
′ = 1− a− h +

∑n
j=1(τj + k− s)ρj , R′ =

1− h +
∑n
j=1(τj + k − s)ρj and F 1:1;··· ;1

1:2;··· ;2 (·) is given by (16).

Substituting b = 0 in Theorem 2.5 yields the following result for the so-called
Erdélyi-Kober fractional integral (10).

Corollary 2.7. Let n ∈ N, a, c, h, τj ∈ C, s ∈ {1, 2, . . . , k}, τ={0,±1,±2, . . .},
k = {1, 2, 3, . . .} and ωj , ρj ∈ R+ (j = 1, 2, . . . , n) such that <(a) > 0,<(τj) >
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−1,<(h−
∑n
j=1(τj + k − s)ρj) < 1 + <(c). Then there holds the formula:Ic,a−
th−1 n∏

j=1

Ĩk,sτj

( ωj
tρj

) (x)(34)

= xh−b−1

 n∏
j=1

( ωj
2xρj

)τj+k−s
Γ(τj + 1) Γ(k − s+ 1)︸ ︷︷ ︸

n-times


×

Γ(1 + c− h +
∑n
i=1(τi + k − s)ρi)

Γ(1 + a + c− h +
∑n
i=1(τi + k − s)ρi)

× F 1:1;··· ;1
1:2;··· ;2

 [Q′′ : Λ] :

n-times︷ ︸︸ ︷
[1 : 1]

[S′′ : Λ] : [τ1 + 1 : 1], . . . , [τn + 1 : 1] : [k − s+ 1 : k]︸ ︷︷ ︸
n-times

|
( ω1

2xρ1

)k+1

, . . . ,
( ωn

2xρn

)k+1

,

Λ = (k+ 1)ρ1, . . . , (k+ 1)ρn where Q′′ = 1 + c− h +
∑n
j=1(τj + k− s)ρj , S′′ =

1 + a + c− h +
∑n
j=1(τj + k − s)ρj and F 1:1;··· ;1

1:2;··· ;2 (·) is given by (16).

3. Fractional differentiation of Ĩk,sτ (z)

Our main results in this section are based on preliminary assertions giving
composition formulas of generalized fractional differentiation (3) and (4) with
the power function. Since the proof of the theorems in this section is based
on similar techniques used in Section 2, so here, we give the results without
proof. The left-hand sided and right-hand sided generalized differentiation (3)
and (4) of a power function are given by the following results.

Lemma 3.1. Let a, b, c ∈ C. Then

(a) If <(a) > 0 and <(h) > −min{0,<(a + b + c)}, then

(35) (Da,b,c
0+ th−1)(x) =

Γ(h)Γ(h + a + b + c)

Γ(h + b)Γ(h + c)
xh+b−1.

In particular, for x > 0, we have

(36) (Da
0+t

h−1)(x) =
Γ(h)

Γ(h− a)
xh−a−1, (<(a) > 0, <(h) > 0)

and

(37) (D+
c,at

h−1)(x) =
Γ(h + a + c)

Γ(h + c)
xh−1, (<(a) > 0, <(h) > −<(a + c)).

(b) If <(a) > 0,<(h) < 1 + min{<(−b− n),<(a + c)} and n = [<(a)] + 1,
then

(38) (Da,b,c
− th−1)(x) =

Γ(1− h− b)Γ(1− h + a + c)

Γ(1− h)Γ(1− h + c− b)
xh+b−1.
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In particular, for x > 0, we have
(39)

(Da
−t

h−1)(x) =
Γ(1−h+a)

Γ(1−h)
xh−a−1, (<(a) > 0, <(h) < 1 + <(a)− n)

and
(40)

(D−c,at
h−1)(x) =

Γ(1−h+a+c)

Γ(1−h−c)
xh−1, (<(a) > 0, <(h) < 1 + <(a + c)− n).

3.1. Left-sided fractional differentiation

First we consider the generalized left-hand sided fractional differentiation
(3) of the generalized modified Bessel function of the second kind (15).

Theorem 3.2. Let n ∈ N, a, b, c, h, τj ∈C, s∈{1, 2, . . . , k}, τ={0,±1,±2, . . .},
k = {1, 2, 3, . . .} and ωj , ρj ∈ R+ (j = 1, 2, . . . , n) such that <(a) > 0,<(τj) >
−1,<(h +

∑n
j=1(τj + k− s)ρj) > −min{0,<(a + b + c)}. Then there holds the

formula:Da,b,c
0+

th−1 n∏
j=1

Ĩk,sτj (ωjt
ρj )

 (x)(41)

= xh−b−1

 n∏
j=1

(
ωjx

ρj

2

)τj+k−s
Γ(τj + 1) Γ(k − s+ 1)︸ ︷︷ ︸

n-times


× Γ(h +

∑n
i=1(τi + k − s)ρi)

Γ(h + b +
∑n
i=1(τi + k − s)ρi)

Γ(h + a + b + c +
∑n
i=1(τi + k − s)ρi)

Γ(h + c +
∑n
i=1(τi + k − s)ρi)

× F 2:1;··· ;1
2:2;··· ;2

 [U : Λ], [V : Λ] :

n-times︷ ︸︸ ︷
[1 : 1]

[W : Λ], [Z : Λ] : [τ1 + 1 : 1], . . . , [τn + 1 : 1] : [k − s+ 1 : k]︸ ︷︷ ︸
n-times

|
(
ω1x

ρ1

2

)k+1

, . . . ,

(
ωnx

ρn

2

)k+1

,

where Λ = (k+1)ρ1, . . . , (k+1)ρn,U = h+
∑n
j=1(τj+k−s)ρj , V = h+a+b+c+∑n

j=1(τj+k−s)ρj ,W = h+b+
∑n
j=1(τj+k−s)ρj , Z = h+c+

∑n
j=1(τj+k−s)ρj

and F 2:1;··· ;1
2:2;··· ;2 (·) is given by (16).

Corollary 3.3. Let n ∈ N, a, h, τj ∈ C, s ∈ {1, 2, . . . , k}, τ = {0,±1,±2, . . .},
k = {1, 2, 3, . . .} and ωj , ρj ∈ R+ (j = 1, 2, . . . , n) such that <(a) > 0,<(τj) >
−1,<(h +

∑n
j=1(τj + k − s)ρj) > −<(c). Then there holds the formula:Da

0+

th−1 n∏
j=1

Ĩk,sτj (ωjt
ρj )

 (x)(42)
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= xh+a−1

 n∏
j=1

(
ωjx

ρj

2

)τj+k−s
Γ(τj + 1) Γ(k − s+ 1)︸ ︷︷ ︸

n-times


×

Γ(h +
∑n
i=1(τi + k − s)ρi)

Γ(h− a +
∑n
i=1(τi + k − s)ρi)

× F 1:1;··· ;1
1:2;··· ;2

 [U ′ : Λ] :

n-times︷ ︸︸ ︷
[1 : 1]

[W ′ : Λ] : [τ1 + 1 : 1], . . . , [τn + 1 : 1] : [k − s+ 1 : k]︸ ︷︷ ︸
n-times

|
(
ω1x

ρ1

2

)k+1

, . . . ,

(
ωnx

ρn

2

)k+1

,
where Λ = (k+ 1)ρ1, . . . , (k+ 1)ρn,U

′ = h +
∑n
j=1(τj + k− s)ρj ,W = h− a +∑n

j=1(τj + k − s)ρj and F 1:1;··· ;1
1:2;··· ;2 (·) is given by (16).

Corollary 3.4. Let n ∈ N, a, c, h, τj ∈ C, s ∈ {1, 2, . . . , k}, τ={0,±1,±2, . . .},
k = {1, 2, 3, . . .} and ωj , ρj ∈ R+ (j = 1, 2, . . . , n) such that <(a) > 0,<(τj) >
−1,<(h +

∑n
j=1(τj + k − s)ρj) > −<(a + c). Then there holds the formula:D+

c,a

th−1 n∏
j=1

Ĩk,sτj (ωjt
ρj )

 (x)(43)

= xh−1

 n∏
j=1

(
ωjx

ρj

2

)τj+k−s
Γ(τj + 1) Γ(k − s+ 1)︸ ︷︷ ︸

n-times


×

Γ(h + a + c +
∑n
i=1(τi + k − s)ρi)

Γ(h + c +
∑n
i=1(τi + k − s)ρi)

× F 1:1;··· ;1
1:2;··· ;2

 [V ′ : Λ] :

n-times︷ ︸︸ ︷
[1 : 1]

[Z ′ : Λ] : [τ1 + 1 : 1], . . . , [τn + 1 : 1] : [k − s+ 1 : k]︸ ︷︷ ︸
n-times

|
(
ω1x

ρ1

2

)k+1

, . . . ,

(
ωnx

ρn

2

)k+1

,
where Λ = (k+ 1)ρ1, . . . , (k+ 1)ρn, V

′ = h+ a+ c+
∑n
j=1(τj + k− s)ρj , Z ′ =

h + c +
∑n
j=1(τj + k − s)ρj and F 1:1;··· ;1

1:2;··· ;2 (·) is given by (16).

3.2. Right-sided fractional differentiation

The following result yields the generalized right-hand sided fractional differ-
entiation of the product of generalized modified Bessel functions.

Theorem 3.5. Let n ∈ N, a, b, c, h, τj ∈C, s∈{1, 2, . . . , k}, τ={0,±1,±2, . . .},
k = {1, 2, 3, . . .} and ωj , ρj ∈ R+ (j = 1, 2, . . . , n) such that <(a) > 0,<(τj) >
−1,<(h −

∑n
j=1(τj + k − s)ρj) < 1 + min[<(b),<(c)]. Then there holds the

formula:Da,b,c
−

th−1 n∏
j=1

Ĩk,sτj

( ωj
tρj

) (x)(44)
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= xh−b−1

 n∏
j=1

( ωj
2xρj

)τj+k−s
Γ(τj + 1) Γ(k − s+ 1)︸ ︷︷ ︸

n-times


× Γ(1− h− b +

∑n
i=1(τi + k − s)ρi)

Γ(1− h +
∑n
i=1(τi + k − s)ρi)

Γ(1− h + a + c +
∑n
i=1(τi + k − s)ρi)

Γ(1− h + c− b +
∑n
i=1(τi + k − s)ρi)

× F 2:1;··· ;1
2:2;··· ;2

 [P : Λ], [Q : Λ] :

n-times︷ ︸︸ ︷
[1 : 1]

[R : Λ], [S : Λ] : [τ1 + 1 : 1], . . . , [τn + 1 : 1] : [k − s+ 1 : k]︸ ︷︷ ︸
n-times

|
( ω1

2xρ1

)k+1

, . . . ,
( ωn

2xρn

)k+1

,

where Λ = (k + 1)ρ1, . . . , (k + 1)ρn, P = 1− h− b +
∑n
j=1(τj + k − s)ρj , Q =

1 − h + a + c +
∑n
j=1(τj + k − s)ρj , R = 1 − h +

∑n
j=1(τj + k − s)ρj , S =

1− h + c− b +
∑n
j=1(τj + k − s)ρj and F 2:1;··· ;1

2:2;··· ;2 (·) is given by (16).

Theorem 3.6. Let n ∈ N, a, h, τj ∈ C, s ∈ {1, 2, . . . , k}, τ = {0,±1,±2, . . .},
k = {1, 2, 3, . . .} and ωj , ρj ∈ R+ (j = 1, 2, . . . , n) such that <(a) > 0,<(τj) >
−1,<(h −

∑n
j=1(τj + k − s)ρj) < 1 + min[<(b),<(c)]. Then there holds the

formula:Da
−

th−1 n∏
j=1

Ĩk,sτj

( ωj
tρj

) (x)(45)

= xh+a−1

 n∏
j=1

( ωj
2xρj

)τj+k−s
Γ(τj + 1) Γ(k − s+ 1)︸ ︷︷ ︸

n-times


×

Γ(1− h + a +
∑n
i=1(τi + k − s)ρi)

Γ(1− h +
∑n
i=1(τi + k − s)ρi)

× F 2:1;··· ;1
2:2;··· ;2

 [P ′ : Λ] :

n-times︷ ︸︸ ︷
[1 : 1]

[R′ : Λ] : [τ1 + 1 : 1], . . . , [τn + 1 : 1] : [k − s+ 1 : k]︸ ︷︷ ︸
n-times

|
( ω1

2xρ1

)k+1

, . . . ,
( ωn

2xρn

)k+1

,

where Λ = (k+ 1)ρ1, . . . , (k+ 1)ρn, P
′ = 1− h + a +

∑n
j=1(τj + k− s)ρj , R′ =

1− h +
∑n
j=1(τj + k − s)ρj , and F 2:1;··· ;1

2:2;··· ;2 (·) is given by (16).

Theorem 3.7. Let n ∈ N, a, c, h, τj ∈ C, s ∈ {1, 2, . . . , k}, τ = {0,±1,±2, . . .},
k = {1, 2, 3, . . .} and ωj , ρj ∈ R+ (j = 1, 2, . . . , n) such that <(a) > 0,<(τj) >
−1,<(h −

∑n
j=1(τj + k − s)ρj) < 1 + min[<(b),<(c)]. Then there holds the

formula:D−c,a
th−1 n∏

j=1

Ĩk,sτj

( ωj
tρj

) (x)(46)
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= xh−1

 n∏
j=1

( ωj
2xρj

)τj+k−s
Γ(τj + 1) Γ(k − s+ 1)︸ ︷︷ ︸

n-times


×

Γ(1− h + a + c +
∑n
i=1(τi + k − s)ρi)

Γ(1− h + c +
∑n
i=1(τi + k − s)ρi)

× F 1:1;··· ;1
1:2;··· ;2

 [Q′ : Λ] :

n-times︷ ︸︸ ︷
[1 : 1]

[S′ : Λ] : [τ1 + 1 : 1], . . . , [τn + 1 : 1] : [k − s+ 1 : k]︸ ︷︷ ︸
n-times

|
( ω1

2xρ1

)k+1

, . . . ,
( ωn

2xρn

)k+1

,
where Λ = (k+1)ρ1, . . . , (k+1)ρn, Q

′ = 1−h+a+ c+
∑n
j=1(τj +k−s)ρj , S =

1− h + c +
∑n
j=1(τj + k − s)ρj and F 1:1;··· ;1

1:2;··· ;2 (·) is given by (16).

Concluding remarks and observations

Our present study is based mainly on the generalized modified Bessel func-
tion of the second type introduced by Griffiths et al. [2]

Ĩk,sτ (z) =
(z

2

)τ+k−s ∞∑
r=0

1

(k(r + 1)− s)! Γ(τ + r + 1)

(z
2

)r(k+1)

,

where s ∈ {1, 2, . . . , k}, τ = {0,±1,±2, . . .}, z ∈ C and k = {1, 2, 3, . . .}. The

motivation for introducing Ĩk,sτ (z) by Griffiths et al. [2] was George Luchak’s
papers [10, 11] in finding the continuous time solution of the single-channel
queueing equations characterized by a time-dependent Poisson-distributed ar-
rival rate and introduced modified Bessel function of the first type

Ĩkτ (z) =
(z

2

)τ ∞∑
r=0

1

r! Γ(τ + rk + 1)

(z
2

)r(k+1)

.

The special case for k = s = 1 and k = 1 in Ĩk,sτ (z) and Ĩkτ (z), respectively
reduces to modified bessel function Iτ (z) (see, for details, [2, 10,11]):

Iτ (z) =
(z

2

)τ ∞∑
r=0

1

r! Γ(τ + r + 1)

(z
2

)2r
.

The generalized modified Bessel function of the second type can be expressed
in terms of Fox-Wright function pΨq(z) [18] in slightly corrected version given
in Griffiths et al. [2, p. 273]:

(47) Ĩk,sτ (z) =
(z

2

)τ+k−s
1Ψ2

[
(1, 1);

(τ + 1, r), (k − s+ 1, r);

zk+1

2k+1

]
.

In our present investigation, we have established formulas (images) for com-
positions of generalized fractional integrals and differential containing the
Gauss’ hypergeometric 2F1(x) function in the kernels with the n-times prod-
uct of generalized modified Bessel function of the second type given by (15) in
terms of generalized Lauricella function or Srivastava-Daoust hypergeometric
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function. Special cases for the findings are obtained for the classical Riemann-
Liouville (R-L) and Erdélyi-Kober (E-K) fractional integral and differential
operators. Various other related papers on operators can be found as other
aspects in diverse areas of mathematical, physical, engineering and statistical
sciences by some authors (see, [1, 3, 5–7,13,14,17] and the references therein).

Furthermore, another compositions of generalized fractional integrals and
differential for the product of classical Bessel function Jν(z) of the first kind

Jν(z) =
∑
n≥0

(−1)n
(
z
2

)ν+2n

n! Γ(ν + n+ 1)
=

( z2 )ν

Γ(ν + 1)
0F1

(
; ν + 1;−1

4
z2
)
.

has been developed by Kilbas and Sebastian [7] and Sebastian and Gorenflo
[17].

Moreover, the results established in this paper are presumably new and
different those of obtained for classical Bessel function Jν(z) in [7, 17].
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