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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO
3D CONVECTIVE BRINKMAN-FORCHHEIMER EQUATIONS
WITH FINITE DELAYS

LE THi THUY

ABSTRACT. In this paper we prove the existence of global weak solu-
tions, the exponential stability of a stationary solution and the exis-
tence of a global attractor for the three-dimensional convective Brinkman-
Forchheimer equations with finite delay and fast growing nonlinearity in
bounded domains with homogeneous Dirichlet boundary conditions.

1. Introduction

Let © be a bounded domain in R? with smooth boundary Q. In this paper
we consider the following convective Brinkman-Forchheimer (BF) equations
with finite delays

% —vAu+ (u-V)u+ Vp+ f(u) = G(u(t — p(t))) + h(z), z€Q,t>0,
V-u=0, e t>0,
(1) u(z,t) =0, x € 00,t >0,
u(z, 0) = up(z), x € Q,
u(z,t) = ¢(z,t), z€Q,
t e (—r0),

where u = u(z,t) = (u1,ug, u3) is the velocity field of the fluid, v > 0 is the
kinematic viscocity, p is the pressure, h is a nondelayed external force field, G
is another external force term and contains some memory effects during a fixed
interval of time of length r > 0, p is an adequate given delay function, wug is
the initial velocity and ¢ is the initial datum on the interval.

In the special case f(u) = 0 the equations (1) turn to be the Navier-Stokes
equation with delay. Equations of Navier-Stokes type with delay have been
extensively studied in [4-7] for the case of finite delay and in [1,12,16-18] for
the case of infinite delay.
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In order to study problem (1), we make the following assumptions:
e The nonlinearity f € C?(R3, R3) satisfies the following conditions:

(2) 1) f’(u)v U2 (_K + K‘u|6_1)|v‘27 Vu,v € RB’
2) 1f ()] < Cr(1+ [ul®), Vu € R?,

where K, k,Cy, are some positive constants, 8 > 1 (8 > 3 to ensure
the uniqueness of solutions) and u - v is the inner product in R3.
A typical example for such a nonlinear term f(u) is the following

3) f(u) = au+bul’~tu, B € [1,00),

where a € R and b > 0 are the Darcy and Forchheimer coefficients,
respectively.

e G :R?® — R3 is a function satisfying G(0) = 0, and assume that there
exists Lg > 0 such that

(4) G(u) — G)las < Lalu — vls, Vu,v € R,

Consider a function p(-) € C*(R) such that p(t) > 0 for all t € R,
sup,eg P(t) =1 € (0,00), and p, = sup,ep p'(t) < 1.

The convective Brinkman-Forchheimer equations describes the motion of
fluid flow in a saturated porous medium and have been studied in [14]. The
Brinkman-Forchheimer model, that is equation (1) without the convective term
(u - V)u, have been studied extensively in [8,11,13,19-22]. For this model, the
case of the so-called subcritical growth rate of the nonlinearity f (i.e., 5 < 3in
(3)) has been widely considered. The main contribution of [14] is to remove this
growth restriction and verify the global existence, uniqueness and dissipativity
of smooth solutions for a large class of nonlinearity f with an arbitrary growth
exponent > 3.

In this paper, we consider problem (1) when the nonlinear term f(u) satisfied
(2) and the forcing term with bounded variable delay G(-) satisfied (4). We
will discuss the existence and long-time behavior of solutions in terms of the
stability of stationary solutions and the existence of a global attractor. Here
the existence and uniqueness of solutions are studied by combining the Galerkin
approximation method and the energy method. The existence of a stationary
solution is established by a corollary of the Brouwer fixed point theorem, while
its exponential stability is proved by using the Gronwall-like lemma. Finally,
we use the energy method to show the existence of a global attractor in the
phase space L?(—r,0; H) x H.

The paper is organized as follows. In Section 2, we recall some function
spaces and lemmas which will be used frequently later. Section 3 is devoted
to the existence and uniqueness of weak solutions. In Section 4, we study the
existence and exponential stability of a stationary solution. The existence of
a global attractor for the continuous semigroup generated by problem (1) is
shown in the last section.
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2. Preliminaries

Let us recall function spaces, operators, inequalities and notations which are
frequently used in the paper.
Putting

V={ue (C))*: V-u=0}.

Denote H as the closure of V in (L?(9))? with the norm | - | and the inner
product (-,-) defined by

3
(u,v) = Z/Quj (z)v;(z)dx for u,v € (L*(Q))>.

We also denote V' as the closure of V in (H}(2))? with the norm || - || and the
associated scalar product ((,)) defined by

3
_ Ou; Ov; 1))
((u,v)) ;1/9 oz, (%idx for u,v € (HL(Q))3.

We use || - ||« for the norm in V' and (-,-)v,y+ for the dual pairing between
V and V’. We recall the Stokes operator A : V' — V' by (Au,v) = ((u,v)).
Denote by P the Helmholtz-Leray orthogonal projection in (H2(€2))? onto the
space V. Then Au = —PAu for all u € D(A) = (H*(Q))> N V. The Stokes
operator A is a positive self-adjoint operator with compact inverse. Hence
there exists a complete orthonormal set of eigenfunctions {w;}72; C H such
that Aw; = A\jw; and

D<A <A< A3 < )\j—>+ooasj—>oo.
We have the following Poincaré inequalities
(5) [ul* = Mluf?, Vu eV,

[ul? > Mifull?, Vu € H.
We define the trilinear form b on V x V x V by

3
b(u,v,w) = Z /Quig;)?wjdx,Vu?v,w ev,

ij=1
and B : V xV — V' by (B(u,v),w) = b(u,v,w). We can write B(u,v) =
P[(u-V)v]. Tt is easy to check that if u,v,w € V, then b(u, v, w) = —b(u, w,v),
and in particular,
(6) bu,v,v) =0, VYu,veV.

Using Hélder’s and Ladyzhenskaya’s inequalities, we can choose the best posi-
tive constant cg such that

(7) [b(u, v, w)| < collull[[olljw] 2 w2, Vu,v,w € V.
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From (7) and using Poincaré’s inequality (5), we obtain that

(8) b, v, )] < cody Y fullllolllwl, W, v,w € V.

We also use the following inequality in [10]

(9) [b(u, v, u)| < ep|ul||ul|||v]] for all u,v € V.

To prove the existence of a stationary solution, we need the following lemma.

Lemma 2.1 ([3]). Let X be a finite dimensional Hilbert space with scalar
product [-,-] and norm [-] and let P be a continuous mapping from X into itself
such that

[P(£),& >0 for [§] =k > 0.
Then there exists £ € X, [€] < k, such that

P(¢) = 0.
The following lemma is the Gronwall-like lemma (see [9]).

Lemma 2.2. Let y(-) : [-r, +00) — [0, +00) be a function. Assume that there
exist positive numbers v, a1 and ag such that the following inequality holds

y(t) < ane™ ™ 4 ay Jy e 0 supger_p g y(s +0)ds, >0,
T |axe ", te[-r,0].

Then
y(t) < are "t fort > —r,

where v € (0,7) is the unique root of the equation %ew =1 in this interval.

We can rewrite the 3D convective Brinkman-Forchheimer equations (1) in
the following functional form

Ou+vAu+ B(u,u) + Pf(u) = PG(u(t — p(t))) + Ph,
(10) u(0) = ug,
u(0) = ¢(0),0 € (—r,0).
3. Existence and uniqueness of weak solutions
We first give the definition of weak solutions.

Definition. A function u is said to be a weak solution of problem (1) if »(0) =
ug, u(t) = ¢(t) for a.e. t € (—r,0),

u e L2(—r,T; V)N L®(0,T; H) N LPTL(0, T; LPT(Q)) for all T > 0,

and

%(U(t),vHV((U(t),v))+b(u(t),U(t),v)+<f(u), v) = (Gu(t—p(t))),v)+(h,v)

for all test functions v € V.

We now prove the following theorem.
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Theorem 3.1. Suppose that (2) and (4) hold, and ug,h € H,¢ € L?(—r,0; H)

2L . . .
,\2(1—Gp ik then there exists a unique weak solution to
7 «

are given. Then if v? >
problem (1).
Proof. Existence. Let {w;} be a basis in V N (H?())3, which is orthonormal

in H, consisting of all eigenfunctions of the Stokes operator A. Denote V,,, =
span{wy, ..., wn,} and consider the projector Pyu = 37", (u,v;)w;. Define

also
(&) =D ymy(hws,
j=1

where the coefficients v, ; are required to satisfy the following system

d

%(uma): w;) + v((Um(t), ws)) + b(um(t), um (t), wj) + (f(um(t)), w;)
(1) 4 = (Glum(t — p(t))), ;) + (hw;) in D'(0,T),1 < j <m,

um(o) = Ppuo, um(t) = Pm(b(t): te (77"7 0)
Observe that (11) is a system of ordinary functional differential equations in the
unknown ¥ (t) = (Ym1(t),- .., Ymm(t)). By a classical result in the theory of
ordinary functional differential equations, problem (11) has a solution defined
in an interval [0, ¢*] with 0 < t* < T. However, by the a priori estimates below,
we can set t* =T.

Multiplying (11) by “pm;(t) then summing in j from 1 to m, and using (6),

we have

5 g1l OF + v O + [ fun () ()

_ / Gl (t = p(t)) )t (£)d + / B ()
Q Q
Using the inequality flu) - u>—C+ klulPt!, we get

33710 OF + vlun @+ [ o
< C+[G(um(t = p(0))] - fum ()] + |h] - [um(#)].
Assumption (4) implies that
(12) IG(&)| < Lalgl-

Then, we obtain

1d 2 2 B41
5 351 (OF + v (O + 5 [ a1

< O+ Lalum(t — p()] - [um (8)] + |h] - [um ()]
By the Cauchy inequality,

1d 2 2 / A+1
5 7/t OF + vllun @I + 5 | fun|" dz
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L% Ay 1 Ay
< C o 3 fum(t = () + = lum (OF + 1R + = (1)

Integrating from 0 to ¢t and using (12), we have
)2 I2
i ()] +2y/ e |ds+2f;/ et (IEELs s
g2CT+|u0|2+—G/ [um (s — p(s) 2ds+—/ |h|2ds
/\1V 0

t
—I—)\lz// |t (8)|%ds.
0

From (5) we deduce that

1
i (t)? + v / i () s + 20 / ()25, s
(13)

< 20T + Jugl + TS/ lum (s — pl(s))[2ds + 7/ Ih[2ds.
1

Let 7 = s — p(s), and since p(s) € [0,7] and 7 p, < 1— Then
2 1 ' 2
m(s — ds = m d
[ s = ptsnas = - [ un(ryar
1 t
(14) <= | lwokar

= [P [
=T _TumT T+ U, (7)]2dT.
Using (13), (14), and the fact that u(t) = ¢(¢t), t € (—r,0), we have

@+ [ s 25 [ a2
2

212, 2y
gy [ oo

2L,
)\1V1—p /|um |2d7'+—/ |h|?ds.

Using inequality (5) once again, we obtain

5 2L% 811
\um(t)H(V prrca ||um )2ds + 2+ ||um 5L s

S QCT + |U0‘2

(15) N
< 20T + Juol + L/ 6(r)2dr + —— /|h\ds
- U (=) ) v
Since v? > #_ép) and ¢ € L%*(—r,0;H), it follows that {u,,} is bounded
70—p-

in L2(0,T;V) N L>=(0,T; H) N LA+1(0,T; LP+1(Q)). Moreover, observe that
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Um = Pp¢ in (—7,0) and, by the choice of the basis {w;}, the sequence {uy,}
weakly converges to ¢ in L2(—r,0; H).

Moreover, {G(u,)} is bounded in L?(0,T; H) and it is straight forward to
bound the nonlinear term {b(ty,, um,-)}. Using (2), we obtain that |f(u)| <
C(1+ |u|?) with C depending on C;. Hence,

t t
/ /|f<u)\‘%dxdtgc/ /(1+|u\ﬂ)ﬁ%da:dt
0 Q 0 Q
t
< O/ /(1+|u\5+1)dzdt.
0 Q

{f(um)} is bounded in LB+D/8(0, T; LE+D/5(()).
Now, we prove the boundedness of {dg—tm}. We have

ium(t) = — VAU (t) — P B(Um, um) — Pf(un)

(16) dt
+ Poh 4 PGt u (t — p(t))).
From (8), (15) and (16), it follows that

Hence,

| S| < vl + 1Bt )+ 1 )73y + 1

+[IG(t, wm (t = p(E)]]-

< | + oAy |+ 1 Q)| a0y + ||
+ A IG( um (= p(1))]

< | + oAy |+ 1f Q)| Lm0y + |1
+ LaAy 2 [um (t = p(1)]

<C,Vm>1.

This implies that {dg—tm is bounded in the space

L2(0,T; V') + L(5+1)/'B(0,T; L(ﬂﬂ)/ﬁ(g))_

Using the compactness of the injection of the space W = {u € L?(0,T;V); % €
L2(0,T; V') 4 LB+D/8(0, T; LB+D/B(Q))} into L?(0,T; H), and from the pre-
ceding analysis and the assumptions on G, we can deduce that there exist a
subsequence (denoted again by {u,,}) and a function u € L?(0,T; V') such that

Uy, — u weakly in L2(O,T; V),

U, — u weakly star in L*°(0,T; H),

Uy, — ¢ weakly in LQ(—r, 0; H),

f(tm) — x weakly in LETD/B(0, 7, LEFD/B(Q)),
G (um) — G(u) weakly in L*(0,T; H),
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duy, d .

% — ditl weakly in L?(0,T; H).
Since {u,} is bounded in L?(0,T;V), {42} is bounded in L2(0,T; H), us-
ing the Aubin-Lions compactness lemma we deduce that w,, — u strongly in
L2(0,T; (L?(£2))), up to a subsequence. Thus, we have (up to a subsequence)

U, — U a.e. in Q.
From the continuity of f(-) we obtain that
f(um) = f(u) ae. in Qp.

Since the uniqueness of the weak limit, we have f(u) = x.

Arguing now as in the non-delay case, we can take the limits in (11) to show
that u is a weak solution to problem (1).

Uniqueness. Let u and v be two weak solutions of problem (1) and let
w = u — v. Then, we have

W w0 V)t (0 V)t fw) — ()
() = Glult — p(t)) — G(o(t — p(1))),
V.-w=0,

w(f) =0, 6 ¢€ (—r0].

It is well known (see, e.g. [2]) that there exist two nonnegative constants o =
a(B) and Cy such that

(18) 2 / ((w)—f (0))(u—v)dz > —Cylu—v*+a / (ulP~ 40P~ u—v[de.

Multiplying the first equation in (17) by w and integrating by parts, and then
noticing that f satisfies (18) and using the definition of b(w, v, w), we have

Gl + 2wl +a [ (ul~ 4 o) = oPda
(19) < Cjluf +2/Q (w - V)u) - w|de
+2 [ [Glult = plt)) = Glo(t = ple))] - lw(0)d
By the Holder inequality and the Young inequality, we have
2 [ N 90 wlde < 2fulju V] < 5[Vl + Clufuf?

where C = C(v). Assuming that § — 1 > 2 and using the Young inequality
again, we obtain

2 [ (- V) wlds < ZIVul +a [ (4 ol uwPde + Cluf,
Q Q
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where C' = C(v, ). Thus, (19) implies that
Sl + 20l < Colu + ZVul? + Cluf
+2 /Q Glult - p(t))) — G(olt = p(t)] - [w(t)|da
Combining with (4), we get
Clul? + 2wl < (Cp + Ol + 2] Vul
2 / Lalult = p(t) = vt — p(t))] - leo(2)]da-

By the Cauchy inequality, we obtain

d 2 2 2V 2 QL%; 9, A1V, o
= 2 < = 226w (t — 22 w2
Gl + 2wl < (Cr + Ol + 5wl + =€ (e = p() 2 + 5w

Using inequality (5), we have

d 2L2
— |w? + vl|wl* < (Cr + C)wl* + = hw(t — p(t))[*.
dt )\1V

Intergrating from 0 to ¢, we get
t
wl +v [ ulds
0

t 212, [t
< [w(0)2 + (Cy +C) / wl?ds + 22 / s — p(s))Pds.
0 A 0

Using (14) again, we have
t
wP v [ ulds
0
t 2L2 ¢
< [w(0) + (Cy + C) / s + ——C / (7).
0

>\1V(]. - P*) —r
Note that w(s) =0 for s € (—r,0) and (5), we obtain

(]2 + v / Jo(s)]?ds

< WO + (5 +0) [ Juo)ds + s [ uo)|Pas

Thus,
___ 2L
Afv(l = ps)
2 2Lé
Note that v= > N (—pD)
using the Gronwall lemma. (I

w(b)? + (v ) [ s < o) + (€0 +.0) [ futo)Pas

and w(0) = 0, we get the uniqueness of solutions by



536 L. T. THUY

4. Existence and exponential stability of a stationary solution
Let us recall the definition of stationary solutions to problem (1).

Definition. A weak stationary solution to problem (1) is an element u* € V
such that

v((u,v)) +b(u, u,v) + (f(u*),v) = (G(u"),v) + (h,v)
for all test functions v € V.

Theorem 4.1. Suppose that G satisfies (4) and 2Lg < vAy. Then, there exists
a weak stationary solution of problem (1). Moreover, if

C L 2C¢ A h|?
(20) T sy I
/\1 )\1 \//\1 Z/(I/)\l — 2Lg)
where ¢y is the positive constant in inequality (9), then this stationary solution
1S unique.

Proof. Let {w;} be a Hilbert basis of (L?*(2))? such that V,,, = span{w;},;>1
is dense in (H())2 N (LP*+1(Q))3. For each integer m > 1, we find the
approximate stationary solution in the form

um(t) - Z Tmj (t)wja

where
(21) V((um (t),w5)) 4 b(um (), um (), w;) + (f (um (1)), w;)
= (G(um), w;) + (h,w;)
for all j = 1,...,m. We apply Lemma 2.1 to prove the existence of u,, as
follows.

Let X = (H}(Q))? N (LPH1(Q))? and Ry, : Vi — Vy, be defined by
((R’mu7 U)) = V((uv U)) +b(u7 U, U) + <f(u)a U> - (G(’U,), U) - (h7 U)v \VIU, v, € ‘/m~
For all u € V,,,, we have

(R, w) = vlull* + b(u, u,u) + sllul| 751 = Cp = Lalul - [u] = [A] - Ju]

1
2/\1V
v Lg 2 B+1 Lo

> (2 - =< —Cf— ——|n%.
> (5 = 50 IulP + sllul 2 = Cp = gyl
It follows that ((Rpyu,u)) > 0 for ||u||x = ||lul| + ||u||r+1 = k sufficiently large,
and thus we obtain
o (2Cf>\11/ + |h\2)1/2 (2Cf)\11/ + |h|2)1/(ﬁ+1)
- \v(\v—2Lg) 2\1Vk

L v
+1 G
> vul® + sllull 5 - Cr — /TIIUIF - |h|? — §HUII2

)

where Lg < ”—;‘1 Thus, there exists a solution u,, € V,, satisfying R,, (u,,) = 0.
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Now multiplying (21) by v,,; and adding resulting equalities for j = 1,...,m,
we obtain
VHumH2 + (f(um), um) = (G(um), um) + (hy um).
Hence we have the estimate

v Lg 2 B+1 1 2
(22) (5= 32 humll® + slhul 12 < O + 5= 1P

Then {u,,} is bounded in (H}(Q))3 N (L#+1(2))3, and therefore there exists
some u* in (H}(2))3 N (LP+1(Q))3 and a subsequence n — oo such that

u, — u* weakly in (H(Q))? N (LPT1(Q))3.

On the other hand, using (2) and applying the Aubin-Lions lemma (see [15]),
we can conclude that

Fm) = f(u") weakly in (LE+D/8(@))
Finally, using (4), we have
G (Uum) — G(u*) weakly in (L*(2))>.

Combining the above, we conclude that u* is a weak stationary solution to
problem (1).

Now let u and v be two stationary solutions to problem (1). Denote w =
u — v, we have

= ol () = £(0), 0= 0) = (G = G)u=0) +2 [ [((w- 90) wlde.
By inequality (9), we have

2/9 [((w- V)v) - wlde < erfw] - [lw]] - o] <

C1

VAL

From inequality [,(f(u) — f(v))(u — v)dz > —Cy|u — v|* and (4), we obtain

o]l - flwl®.

c1
vlwl? < Cplwl* + Lefwl* + TIHUII lwlf®.

V1

Hence,
2 2 1 2
vlw||* < (Cr+ Lg)|w|* + vl - ||w
[w]]* < (Cy )|wl \/X” |+ [l
C LG C1
< (L + 35+ =l w]?

MM VN
Finally, we get
( Cf LG C1
D VS VIR, v
where ||v|| satisfies the a priori estimate like (22). Hence we get the uniqueness
of stationary solutions. O

lol)lu = vl* <0,

Theorem 4.2. Assume that the assumptions of Theorem 4.1 and (20) hold.
Then the unique stationary solution u* of problem (1) is exponentially stable.
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Proof. Notice that we can write the solution u(t) to problem (1) in the form
u(t) = u* + v(t), for v(t) satisfies

dv * * *
5~ vAvH (u- Viu— (u” - Vyu' + f(u(t) = fu”) =Gu(t) - p(t) - G().
Multiplying this equation by v and an exponential term e with a positive A
to be fixed later on, we obtain

d

(€ OF) = A @) + 20 o) + 26X (f(u(t) - F(u), ult) - u7)
< 2eM(Gu(t — p(t)) — G(u*)7 u(t) — u*) — 2eMb(u — u*,u*,u —u*).

Using the facts that [,(f(u) — f(v))(u — v)dz > —Cylu — v|* and that
b(u —u®su™u—u”) <erfu—a| - flu— |- o7
e [ R

A1
we then have
i Mu(t)?) + 2ve [[o(1)]?
< AeMu(t)]? + 2C’f6)‘t|v(t)\2 + 2eM(G(u(t — p(t))) — G(u*), u(t) — u*)
+ 26X T - (o)

From (4), we get

d
S P) + 206N (1)
< AMu () + 2CreMu(t) ]2 4+ 2LgeM vt — p(t))] - [o(t)]
C1
+ 2eM ——||lu*| - (D)2
on - llv(®)]
Using the Cauchy inequality, we have
d
(o))

< (4200 [o(t))? 2(u—f\\u 1) el

+ Lae|u(t — p(t))]* + Lae™ |o(t)]”

< (A +205 + Le)e M) 2 — 2(1/ -

2! * At 2
t
i GGl

+ Lo ult = p(t))?
C
< (A+2C; + La)eMo(t)? = 2 (v — —=|[u*]| ) eM[o(t)

VAL

+ LaeMo(t — p(t)?
< (A +2C; + L + 2y e h||u®|| — 2vhp)eM|o(t) > + Lae|v(t — p(t)) 2.
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Integrating from 0 to ¢, we obtain
t
Mot)2 < [w(0)* + (A + 2Cr+ Lg + 2/ e M ||u™|| — 21/)\1)/ e**|lu(s)||?
0

t
+Lo [ Nluls = p(s)ds.
0

Consequently,

[o(t)]?
< e Mu(0)f?

t
+ A+ 207 +2Lg + 2/ er M |Ju”|| — 2V/\1)/ e =) sup  |u(s + 0)|%ds.
0 Oe[—r;0]
If 2vA; > 2C; 4+ 2Lg + 2v/c1 A1 ||u*||, then there exists A > 0 such that
A+ 2Cf + 2LG + 2\/ 01)\1||u*|| — 21/)\1 > 0.
By Lemma 2.2, it follows that
lu(t) —u*|> < Me™™*, >0,

where v € (0, A). The proof is complete. O

5. Existence of a global attractor

By Theorem 3.1, we can define a semigroup S(t) : L?(—r,0; H) x H —
L?*(—r,0; H) x H by
S(#)(¢,u0) = (ur, u(t)),
where u(+) is the unique weak solution of problem (1) with the initial datum

(d)a UO)‘

We first prove the following continuity result.

Lemma 5.1. Under the assumptions of Theorem 3.1, the mapping S(t) :
L?(—r,0; H) x H — L*(—r,0; H) x H is continuous for any t > 0.

Proof. Let (¢,uq), (,v0) € L?(—7,0; H) x H be two pairs of initial data, and
u, v are the corresponding solutions to problem (1). We have

(=) ~ A=) + (- V)u— (0 V)0 + Vo~ pu) + () — F(0)
= G(u(t — p(t))) — G(v(t — p(t)))-

Setting w = u — v and multiplying the above equality by w, we deduce that
*i\wl2 +vfw]? + {(u- V)u— (v V)v,w) + (f(u) — f(v),w)

= (G(ult = p(t)) = G(v(t = p(1))), w).
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Therefore, from the assumption of f and (9) we get

< Cylwl? + erfwl|lull[w]| + Lalu(t — p(t) — vt = p(1))] - [w]
L
< Cylwl® + eafwl ull” + vllwl® + = (u(t = p(t) = v(t = p(t)* + 5 o]
From (4) we obtain
d
S [w? < (Cr 4 2caJull* + Dw]* + Law(t — p(#))]*.

Using (14) we have
w(t)? < Iw(0)|2+/ (Cr + 2ca||u(s)[1* + 1)|w(8)|2d5+LG/ [w(s — p(s))[*ds
0 0

t L 0
<o = ol + [ (€5 + 2ealu(s) P + Do) s+ 725 [ o) ar
0 T PxJ—r
Lg /t )
+ w(T)|“dT.
R MG

Consequently,

Leg [°
0 < fuo =l + 725 [ o= uiPds

G *)|w(s)|2ds

t
+ [ (er+2eue)P+ 1+
0 L—p

Lg
< |uo — vol* + ﬁw — T2 ro.m)

t
+ [ (05 + 2ealluo)P 4 14 1 (o) P,
0 *

IL—p
Using the Gronwall lemma, we have
lw(t)|? = [u(t) —v(t)?

L
< (|Uo —vol® + &

1—ps

lp — w|%2(—r,O;H)>

1 pr* ) ds) .

t
xexp(/ (Cf—|—262||u(5)”2_|_1+
0

For 6 € [—r,0], assume now that

lug —ve|? < sup  |u(t +6) —o(t + 0)[?
oe[—r,0]
Lg

1—ps

IN

(\UO*UO|2+ |¢*1/)|%2(—r,o;H))
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1 pr* )ds)

40
xexp(/ (Cf—|—262||u(3)||2+1—|—
0

Lg
< (‘uo — 110|2 + 1 P) |¢ - w'iQ(—r,O;H)>

X exp t Cy + 2¢co|lu(s)||* + 1 + fG ds).
0 L—ps

Thus,

0
s = ooy = [ [unl6) — wu(6) Pt

-7

0
< / sup |u(t+0) —v(t + 0)>do
—r 0€[—r,0]

0
Lg
< / (|U0*U0|2+ l—p |¢77/}‘%2(—7",0;H))

-T

x exp(/ot+9 (Cf 4 2col|u(s)|? + 1+ %)ds)d&

0 2 LG 2
< (|’LL0 —’U0| + 1 |¢_1/}‘L2(7T‘,0;H))
- — P
t ) Lo
xexp( (Cf+202||u(5)|| +1+ 1—p )ds)d@
0 - *
L¢
< r(|u0 —vo|* + = |p — ¢|%2(7r,0;H)>

X exp(/ot (202||u(8)||2 +1+ 1€Gp*)ds>.

The proof is now complete. O

We now prove the existence of an absorbing set in L?(—r,0; H) x H.

Lemma 5.2. Suppose that the assumptions of Theorem 3.1 hold and 2Lg <
vA1. Then the semigroup S(t) has an absorbing set By in L?(—r,0; H) x H.

Proof. Multiplying the first equation in (1) by u, we obtain
5l + vllull® + (f(w), u) = (hyu) + (G(u(t = p(t))), w).

Using the inequality f(u)-u > —C + x|u/**! and (4), we have

Ld

5 gl + vl 5 [ ol e < €+ Lau(t = p(e)) - ul + 1] -ul.
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Choose o > 0 small enough such that \yv > 2Lg+0. By the Cauchy inequality,

we have L d
§%|u|2 + vl|ul|® + n/ﬂ lu|PHda

L 1
<C+ ?G|u(t = PP +2Leuf* + L [h* + oful®
By inequality (5), we have
d, o 1 2, Lo 2 2
- < - & _ _ _ )
Liuf? < 20 4+ 0P+ Z2 (e - pa)? — (2001 — (20 + 4Ll

We now choose m € (0,mq), mo > 0, such that

m
A > ——F ™ 4 2L =,
VA1 8(1—p*)€ + G+0’+2
Then
d d
ﬁ(emt‘uﬁ) — memt|u‘2 + 6mt%‘uﬁ
1 L
< me™|ul? +2Ce™ + 2—6””|h|2 + TGemt|u(t — p(t))?
o
— (2u\; — (20 +4Lg)) e™|ul?.
Hence,
d

1
mt 2 <9 mt mt 2
—dt(e lu|?) < 2Ce™ + 25¢ |h]

£ EEm ult — (1)) + (m — (A~ (0 + L)) "l

Integrating between 0 and ¢ we obtain

2 1 Lo (' s
Mu(B)f® — fuol* < ~Ce™ 4 Z—e™ B[ + =7 e fuls - p(s))Ids
t
(23) +(m— (v — (20 +4L¢))) / ™3 |u(s) |2ds.
0
Now, let 7 = s — p(s). In view of p(s) € [0,r] and ﬁ < ﬁ, then
t t
/ e lu(s — p(s))[2ds < / e (1) dr
0 1-— Psx J_p
(24) )
em?" L
= / e u(T)|dr.
1- Px J—r

Combining (23) and (24), we have

2 1 L K
emt|u(t)\2—|u0|2 < %Cemt_’_%emtlhﬁ_’_rfp*)emr/ ems|u(s)|2d8

-r

+ (m—(2vA — (20 + 4Lg)))/0 e |u(s)|*ds.
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Since u(t) = ¢(t) for t € (—r,0), we obtain

™ Ju(t)|* — [uol®

1 L 0
mt mt h 2 G mr/ ms 2d
Ce +—2mae |h| +74(1_p*)6 e’ |p(s)|*ds

-T

2
Si
m

Lg

t
+7emr/ e™ u(s)|?ds
a-p o O

+ (m— (2vA; — (20 + 4Lg)))/0 e |u(s)|*ds

:zcemt+ 1 emt|h‘2+ LG emr/o ems‘¢(8)‘2d8
m 2mo 4(1 — py) .

_Le
4(1 — py)
0

1 L
mt mt 2 G mr ms 2
Ce™ + o™ || = / ™| (s)|2ds.

-7

n (m n e (A — (20 + 4Lc))) /Ot ™ u(s)|2ds

2
Si
m
Thus,

2 1 Lg 0
mt 2 2 mt 2 mr ms 2
)]* < —C —Ih —_ d
b < ol + - Ce™ o o e [ () s

-r

and
0

2 1 L
2 < = 2 —mt 2 G mr ms 2 .
U < 20 o e (o + e [ oo as)

-7

Therefore,

lu(t — p(t))[?
2 1 —m(t— LG mr 0 ms
=m %‘}”2 +e (t=p(t)) (‘UO‘Q + m@ / € |¢(S)|2d8>

-

VAN
\
Q
+

ECJr 1 ‘h|2 +e—mt 'emp(t)(‘u ‘2+ Lg emr /0 em5|¢(5)|2d5)
m 2mo 0 4(1 — py)

-T

IA

ECJF 1 ‘h|2+e—mt.emr(|u |2Jr LG emr/o ems|¢(s)|2d8)
m 2mo 0 4(1 — py)

-r

IN

for p € [0,7]. For 6 € [—r,0], we have
[ut + 0)[?

2 1
~C+
m

- Lg .
0

L
2 —m(t—r) 2 G mr ms 2
|+ e (juol e /_re 6(s)ds)

2 1
~C+
m
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2 1 0
= —C hl2 fmt< mr 2 2mr/ ms 24 )
e e (el e [ () s
Hence,
2 1 L 0
2<7C h2 7mt( mr 2 G 2mr/ ms 2d )
< 20+ o b e (e ol e [ emeloga) s

T

2 1
Denoting P _ oy ——1h[?, we have
2 m 2mo
(25) uil® < prr.
This implies the existence of an absorbing set for the semigroup S(t). O

Lemma 5.3. Under the assumptions of Lemma 5.2, the semigroup S(t) is
asymptotically compact in L?(—r,0; H) x H.

Proof. Let B be a bounded set in L?(—r,0; H) x H and u™(-) be a sequence
of solutions in [0, +00) with initial data (¢™,uJ) € B. Consider the sequence
& = S(tn)(¢™,ufl), where t,, — 400 as n — +oo. We will show that this
sequence is relatively compact in L?(—r,0; H) x H.

First, let T > 0. We will prove that £ is relatively compact in L?(—r, 0; H) x
H. Tt follows from (25) that there exists ng such that ¢, > T for all n > ng
and

(26) €220,y < PE-
Let y"(-) = ui _4(-) = u"(- +t, —T). Then for each n > 1 such that t,, > T,

the function y™ is a solution on [0, 7] of a similar problem to (1), namely,

SN )~ A"+ (VW F () = G~ plt) +

with y = uf 5, yp = &". Then yg satisfies the estimates in (26) for all
n > ng. Using arguments as in the proof of Theorem 3.1, we have

Y™ (tn) — y(to) weakly in V if ¢, — to € [0, 7.
Also, by (4), we obtain
t
/ |G(y"™ (t — p(t)))|?ds < Ct,Y0 <t < T,
0

where C' > 0 does not depend either on n or t. Since G(y"(t —p(t))) — £ — p(t)
in L2(0,T; H), we get

t t
/ ?dr < limint / Gy? — p(r))ldr < C(t—s), Y0 < s <t < T.

Thus, we can pass to the limits and prove that y is a solution of a similar
problem to (1), that is

%(y(t),v) +v((y(t),v) + B(y(t), v) +/<f(y(t)),v>d$ = (§v) + (h,v)
Q
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for all v € L>(0,T; V) N LA*+1(0, T; LP*1(Q)). Since

[ [ snzoatear < [ 16 - pnar+ 257 [ o

we obtain the energy inequality

0 +v [ ORar+2 [ (1), 20)

¢
= |z(s)]* + 2/ (h, z(r))dr +2C(t —5),Y0 < s <t <T,

where z = y™ or z = y.
Now, consider two functions J,,, J : [0,7] — R defined by

70 = 5l ®F + [ 16 @) e = [ i =

50 = 5wOF + [ ) pedr= [ hoyrar—cr

0

It is clear that J, and J are non-increasing and continuous functions. Since
y"(t) converges to y(t) for a.e. t € (0,7), we obtain

Jn(t) — J(t) for a.e. t € [0,T].

Analogously as we did in the proof of Theorem 3.1, for a fixed ¢y > 0, using
a sequence {t;} with t; — to, we are able to establish the convergence of the
norms

Jim |y (tn)] = ly(to)]-
And therefore, jointly with the weak convergence already proved, we deduce
that y™ — y in C([0,T]; H).

Now, since T' > 0 and y™ — y in C([0,T]; H), we obtain that " — ¢
in C([0,T]; H), where ¢(s) = y(s + T) for s € [-r,0]. Repeating the same
procedure for 27T, 3T, etc., for a diagonal subsequence (relabeled the same) we
can obtain a continuous function ¢ : (—r,0] — H and a subsequence such that
&" — pin C([-r,0]; H) on every interval [—r, 0]. Moreover, for a fixed T' > 0,
we also have

lo(s)| < pm,Vs € [—r,0],VT > 0.
Second, we claim that " converges to ¢ in L?(—r,0; H). Indeed, we have to
prove that for every e > 0, there exists n. such that

(27) [€7(s) = () < e,Yn > ne.

Fix T. > 0 such that p3; < <.
From the first step, we have ¢" — ¢ in L?(—r,0; H), so there exists n. =
ne(T:) such that for all n > n., we obtain

[€7(s) = @(s)]” < e,Vtn > Tt
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In order to prove (27), we only have to check that
[€7(s) = ¢(s)* < e,Yn > ne.

Because of (26) and the choice of T, we can check that for all £ € NU{0} and
s€[—(T: +k+1),—(T: + k)], the following holds

0 0
[ tetias< [ et~ - wpas< .

—r -r

> m

Thus, it suffices to prove that
" ()7 < 5. ¥n 2 ne.
We have
" " (s+t,), ifse|—r —t,],
gs)= {00 el
u(s+ty), ifs€[—t,,0].
Hence the proof is finished if we prove that

max{/_o |¢"(s+tn)|2d3,/0 |u”(s+tn)|2ds} <

-Tr

=] M

The first term above can be estimated as follows
0
[ 1ot s < 5.

And, finally, for the second term, we obtain

0
/ |u" (s 4 t,)|2ds <

-r

> m

This completes the proof. ([l
From Lemmas 5.2 and 5.3, we obtain the following theorem.

Theorem 5.4. Under the assumptions of Lemma 5.2, the semigroup S(t) has
a compact global attractor in the phase space L*>(—r,0; H) x H.
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