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A RESULT ON AN OPEN PROBLEM OF LU, LI AND YANG

SuJoy MAJUMDER AND SOMNATH SAHA

ABSTRACT. In this paper we deal with the open problem posed by Lii,
Li and Yang [10]. In fact, we prove the following result: Let f(z) be a
transcendental meromorphic function of finite order having finitely many
poles, c1,¢2,...,cn € C\{0} and k,n € N. Suppose f"(z), f(z+c1)f(z+
c2) - f(z+cn) share 0 CM and f™(2)—Q1(2), (f(z+c1)f(z+c2) - f(z+
¢n)) %) —Qa(z) share (0,1), where Q1 (z) and Q2(z) are non-zero polyno-

mials. Ifn > k41, then (f(z4c1)f(z4c2) - f(z+en))®) = %f"(z)
Furthermore, if Q1(2) = Q2(z), then f(z) = ¢ e%zz, where ¢, A € C\ {0}
such that er(c1te2++en) — 1 and AF = 1. Also we exhibit some exam-
ples to show that the conditions of our result are the best possible.

1. Introduction definitions and results

By a meromorphic (resp. entire) function we shall always mean meromor-
phic (resp. entire) function in the whole complex plane C. In this paper, it is
assumed that the reader is familiar with the standard symbols and fundamen-
tal results of Nevanlinna value distribution theory of meromorphic functions.
For a meromorphic function f(z) in the complex plane C, we shall use the fol-
lowing standard notations of the value distribution theory: T'(r, f), m(r, co; f),
N(r,00; f), N(r,00; f),... (see, e.g., [7,14]). We adopt the standard notation
S(r, f) for any quantity satisfying the relation S(r, f) = o(T'(r, f)) as r — o0
except possibly a set of finite linear measure.

A meromorphic function a = a(z) is called a small function of a meromorphic
function f(z) if T(r,a) = S(r, f). Let us denote by S(f) the class of all small
functions of f. Clearly C C S(f) and if f is a transcendental function, then
every polynomial is a member of S(f).

Let £ € N and a € CU {oo}. We use the notation Ny)(r,a; f) to denote
the counting function of a-points of f with multiplicity not greater than & and
N(i41(r,a; f) to represent the counting function of a-points of f with multi-
plicity greater than k respectively. Similarly Nk) (r,a; f) and N(k+1(r, a; f) are
their reduced functions respectively.
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Let f(z) and g(z) be two non-constant meromorphic functions. Let a(z) €
S(fINS(g). If f(2) —a(z) and g(z) — a(z) have the same zeros with the same
multiplicities, then we say that f(z) and g(z) share a(z) with CM (counting
multiplicities) and if we do not consider the multiplicities, then we say that
f(2) and g(z) share a(z) with IM (ignoring multiplicities).

We now explain the notation of weighted sharing as introduced in [8].

Definition 1.1 ([8]). Let k¥ € NU {0} U {c0}. For a € CU {oo} we denote
by Ej(a; f) the set of all a-points of f where an a-point of multiplicity m is
counted m times if m < k and k + 1 times if m > k. If Ex(a; f) = Ex(a;g), we
say that f and g share a with weight k.

We write f and g share (a, k) to mean that f and g share a with weight k.
Also we note that f and g share a IM or CM if and only if f and g share (a,0)
or (a,00) respectively.

We recall that the order o(f) of meromorphic function f(z) is defined by

o(f) =limsup M.

r—00 log r

Furthermore, when f(z) is an entire function, we have

log T log log M
o(f) = limsup log T(r. f) _ lim sup loglog M(r f) f),
r—00 10g r r—00 10g T
where M (r, f) = max|f(z)|. Let f be an entire function. We know that f can

|z|=r

be expressed by the power series f(z) = ZZO:O anz™. We denote by

() = mactan="|} and v(r, f) = supfn : fanls™ = u(r, )}

|z|=r
Clearly for a polynomial P(z) = a,2" + an_12""1 + -+ + ag, a, # 0, we have
w(r, P) = |ay|r"™ and v(r,P) =n

for all r sufficiently large.
In 1996, Briick [1] discussed the possible relation between f and f’ when an
entire function f and its derivative f’ share only one finite value CM. In this

direction an interesting problem still open is the following conjecture proposed
by Briick [1].

Conjecture A. Let f be a non-constant entire function. Suppose
loglog T
pl(f) = hmsup M
T—> 00 Ogr

is mot a positive integer or infinite. If f and [’ share one finite value a CM,
then

ff—a

(1.1) =

=c¢ for some c € C\ {0}.
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The conjecture for the special cases (1) a = 0 and (2) N(r,0; f') = S(r, f)

had been proved by Briick [1]. From the differential equations

!/ 4
12 L= () =m and TEE o () = 00),
we see that the above conjecture does not hold when pq(f) € NU {oo}.

The conjecture, for the case that f is of finite order, had been proved by
Gundersen and Yang [6], the case that f is of infinite order with p1(f) < % had
been proved by Chen and Shon [3]. Recently Cao [2] proved that the Briick
conjecture is also true when f is of infinite order with p;(f) = 1. But the case
p(f) > % is still open.

For meromorphic functions the Briick conjecture fails in general. For ex-

ample the meromorphic function f(z) = %ﬁ“ shares the value 1 CM with
f/(2) while % is not a constant.

Since then, shared value problems, especially the case of f and f*) where
k € N sharing one value or small function have undergone various extensions
and improvements (see [14]).

Now it is interesting to ask what happens if f is replaced by f™ in the Briick
conjecture. From the equation (1.2), we see that the conjecture does not hold
when n = 1. Thus we only need to discuss the problem when n > 2. Yang
and Zhang [15] proved that the Briick conjecture holds for the function f™ and
the order restriction on f is not needed if n is relatively large. Actually they

proved the following result.

Theorem A ([15]). Let f be a non-constant entire function and n(>7) be an
integer. If f™ and (f™)" share 1 CM, then f™ = (f™)" and f assumes the form
f(z) = cen?, where ¢ € C\ {0}.

In 2009, Zhang [16] improved and generalized Theorem A by replacing the
first derivative (f™)" by the general derivative (f*)*), where n,k € N and
obtained the following result.

Theorem B ([16]). Let f be a non-constant entire function, k, n € N and
a(#0,00) € S(f). Suppose f* —a and (f*)*) —a share 0 CM and n > k + 4,
then f* = (f™)®) and f assumes the form f(z) = cen?, where ¢, € C\ {0}
and \F = 1.

In the same year, Zhang and Yang [17] further improved Theorem B by
reducing the lower bound on n. Actually they proved the following result.

Theorem C ([17]). Let f be a non-constant entire function, k, n € N and
a(# 0,00) € S(f). Suppose f* —a and (f*)*) —a share 0 CM and n > k + 1.
Then conclusion of Theorem B holds.

After one year, Zhang and Yang [18] again improved their above result by
reducing the lower bound of n in the following manner.
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Theorem D ([18]). Let f be a non-constant entire function, k, n € N. Suppose
™ and (f™)® share 1 CM and n >k + 1. Then the conclusion of Theorem B
holds.

In 2011, using the theory of normal family Lii and Yi [11] further generalized
Theorem D with the idea of sharing polynomial and obtained the following
result.

Theorem E ([11]). Let f be a transcendental entire function, k, n € N with
n>k+1 and Q # 0 be a polynomial. If f* —Q and (f™)*) — Q share 0 CM,
then f* = (f")*) and f(z) = ce®*/™, where c,w € C\ {0} such that w* = 1.

Now observing the above theorem, Lii, Li and Yang [10] asked the following
question:
Question 1. What can be said “if f* — Q; and (f*)*) — Q, share the value
0 CM”? where 1 and @5 are non-zero polynomials.

Lii, Li and Yang [10] solved the above question for kK = 1 by giving the
transcendental entire solutions of the equation

(13) F/ — Q1 = Reo‘(F - Qg),

where F' = f™ R is a rational function and « is an entire function and they
obtained the following results.

Theorem F ([10]). Let f be a transcendental entire function and let F = f™
be a solution of equation (1.3), n € N\ {1}. Then % reduces to a polynomial

and f' = n%lgf.

Theorem G ([10]). Let f be a transcendental entire function and n € N\ {1}.
If f* = Q and (™) — Q share 0 CM, where Q(# 0) is a polynomial, then
f(2) = ce*/™, where c € C\ {0}.

Also Lii, Li and Yang [10] proved that if % is not a polynomial, then
the differential equation (1.3) has no transcendental entire solution when n €
N\ {1}. In [10], Lii, Li and Yang exhibited some relevant examples to show
that the differential equation (1.3) has no polynomial solution and the condition
n € N\ {1} is sharp.

Also in the same paper Lii, Li and Yang [10] posed the following conjecture.

Conjecture 1.1. Let f be a transcendental entire function andn € N. If f™—
Q1 and (f")(k) — Q2 share 0 CM, where Q1 and Q2 are non-zero polynomials
and n >k +1, then (f*)*) = %f" Furthermore, if Q1 = Q2, then f(z) =
ce®?/™ where ¢,w € C\ {0} and w* = 1.

Again at the end of the paper, Lii, Li and Yang [10] asked the following
question.
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Question 2. What can be said if the condition in Conjecture 1.1 “(f")(k)” be
replaced by “{f(z+c1)f(z+c2) - f(z+¢c,)}F)” where ¢;(j = 1,2,...,n) are
constants.

In the meantime, Majumder [12] fully resolved Conjecture 1.1. To the knowl-
edge of authors Question 2 is still open. Naturally the main objective of this
paper will be to give an affirmative answer of the above Question 2. To do this
at first we have to check whether Question 2 is solvable or not. For the validity
of Question 2, we now exhibit the following example.

Example 1.1. Let f(z) = e* + 1, Q1(2) = 3, Q2(2) = 1 and e = e =
1. Let k = 1 and n = 2. Note that f?(z) — Q1(z) = €** 4+ 2¢* — 2 and
(f(z 4 c1)f(z+c2)) — Qa(z) = (e** + 2¢* — 2). Clearly f?(z) — Q1(z) and
(f(z+c1)f(z+02)) = Qa(2) share 0 CM, but (f(z+c1)f(2+¢2)) # B2 f2(2).

From Example 1.1, one can easily come into conclusion that Question 2 is
not solvable as its stand. As a result one may easily conclude that Question 2
is not solvable without imposing any other condition(s).

In this paper we have been able to solve Question 2 at the cost of considering
the fact that f(z) is a transcendental meromorphic function of finite order
having finitely many poles such that f(z) and f(z+c1)f(z+c2) -+ f(z+cy)
share 0 CM, where n € N. The following theorem is the main result of this
paper.

Theorem 1.1. Let f(z) be a transcendental meromorphic function of finite
order having finitely many poles, c¢1,ca,...,c, € C\{0} and k,n € N. Suppose
@), 2+ @) f(z 4 ca) - f(z+ ) share 0 CM and f(2) - Qu(2), (f(= +

c)f(z+ca) - fz 4 cn)®) — Qa(2) share (0,1), where Q1(2) and Qo(2) are
non-zero polynomials. If n > k41, then (f(z+c1)f(z4c2)--- f(z+¢,))F) =

Q2 Z) f"( ). Furthermore, if Q1(z) = Qa(z), then f(z) = c en?, where ¢, \ €
(C \ {O} such that eMeiteatFen) — 1 gnd \F =1,

Remark 1.1. Tt is easy to see that the condition “n > k+1” in Theorem 1.1 is
sharp by the following examples.

Example 1.2. Let f(2) = e** + 1, Q1(2) = 3, Q2(2) = 4 and ¢ = 7i. Let
n =k = 1. Clearly f(z) and f(z + ¢) share 0 CM. Also f(z) — Q1(z) and
' (z+¢) — Q2(z) share 0 CM, but f'(z +c) # gfgzgf(z)

Example 1.3. Let f(z) =e* —e %, Q1(2) =2, Q2(2) =16 and ¢; = ¢z = 7.

Let n = k = 2. Clearly f?(z) and f(z + c¢1)f(z + ¢2) share 0 CM. Also

2(z) — Qi(2) and (f(z + c1)f(z + c2))” — Q2(z) share 0 CM, but (f(z +
) f s+ ) # LEP()

Remark 1.2. Tt is easy to see that the condition “f"(z) and f(z + ¢1)f(z +
¢2) -+ f(z+¢,) share 0 CM” in Theorem 1.1 is sharp by the following examples.
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Example 1.4. Let f(z) = e + 1, Q1(2) = =2, Q2(z) = ¢ and e, e2, s
are the roots of the equation 623 — 1822 + 92z — 2 = 0, where ¢ # 0. Let k =1
and n = 3. Clearly f3(z) and f(z + c1)f(z + ¢2)f(2 + c3) have no common
zeros. Also f3(2) — Q1(2) and (f(z + c1)f(z + c2)f(z + ¢3))’ — Q2(z) share 0
CM, but (f(z+ 1) f(z + c2)f (2 + e3)) # T f2().

Example 1.5. Let f(z) = z Ql( ) =2, Q2(z) = —8i, e = —1 and
e? =1 Letk=1and n = 2 Clearly f2(2) and f(z + c1)f(z + ¢c2) have no
common zeros. Also f2(z) — Q1(z) and (f(z + c1)f(z + ¢2))’ — Q2(z) share 0

CM, but (f(z+ 1) f(z + c2)) # S2E2(2).

2. Lemmas

In this section we present the following lemmas which will be needed in the
sequel.

Lemma 2.1 ([4]). Let f be a meromorphic function of finite order o and let
c € C\ {0} be fized. Then for each ¢ > 0, we have

n (oo ) o (ol ) =0 b = st

Lemma 2.2 ([4]). Let f be a meromorphic function of finite order o and let
c € C\ {0} be fizred. Then for each € > 0, we have

T(r, f(z4¢)) =T(r, f(2)) + O(r° 1) + O(log 7).

Lemma 2.3 ([5]). Suppose that f is a transcendental meromorphic function
and that f"P(f) = Q(f), where P(f) and Q(f) are differential polynomials
in [ with functions of small proximity related to f as the coefficients and the
degree of Q(f) is at most n. Then m(r, P(f)) = S(r, f).

Lemma 2.4 ([13]). Let f be a non-constant meromorphic function and let
an(#0),an-1,...,a0 € S(f). Then T(ryanf™ +an—1f" 1+ +arf +ag) =
nT(r, f) +5(r, f)-

Lemma 2.5 ([7]). Let f be a non-constant meromorphic function and let
ar,as € S(f). Then

T(va) SN(T,OO;]C)+N(T,a1;f)+ﬁ(’l“,a2;f)—|—S(7“,f).

Lemma 2.6 ([7], Lemma 3.5). Suppose that F' is meromorphic in a domain
D and set f = % Then for n € N, we have
F) nn—1) .. _ _ _
= MO g b N 4 Paalf),
where a, = $n(n —1)(n —2), b, = in(n — 1)(n — 2)(n — 3) and P,—3(f) is
a differential polynomial with constant coefficients, which vanishes identically
forn < 3 and has degree n — 3 when n > 3.
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Lemma 2.7 ([9], Corollary 2.3.4). Let f be a transcendental meromorphic

function and k € N. Then
(k)
m <r7f) = S(’I",f)

f
and if f is of finite order of growth, then

m (r, f;k)) = O(logr).

Lemma 2.8 ([9], Lemma 1.3.1). Let P(z) = Y.I"_, a;z", where a,, # 0. ThenV
e > 0, there exists ro > 0 such thatV r = |z| > r¢ the inequalities (1—¢)|ay|r"™ <

|P(2)] < (14 ¢&)|an|r™ hold.

Lemma 2.9 ([9], Theorem 3.2). Let f be a transcendental entire function,
v(r, f) be the central index of f. Then there exists a set E C (1,400) with
finite logarithmic measure, we choose z satisfying |z| = r € [0,1] U E and
|f(2)] = M(r, f) such that

f9%) _ (v DY .
8 —( . ) (14 0(1)) forjeN.
Lemma 2.10 ([9], Theorem 3.1). If f is an entire function of order o(f), then

1
o (f) = lim sup 282,
r—oo  logr

3. Proof of the theorem
Proof of Theorem 1.1. Let
(31)  F(z)=f"(z) and G(z) = (f(z+e)f(z+ o) f(z+ )P

Using Lemma 2.4, we can conclude that S(r, F) = S(r, f). Also from Lemma
2.5, we see that

nT(r, f) < N(r,0; F) + N(r,Qu; F) + S(r, f)
= N(r,0; f) + N(r,Q1; F) + S(r, f).

Since n > k + 1, it follows that N(r,Q1; F) # S(r, f). As F —Q; and G — Q-
share (0,1), it follows that N(r,Q2; G) # S(r, f). Let

_ /") (fz+e))f(z+ca) - flz+ )P
Q1(2) Q2(2) '

Clearly F; and Gp share (1,1) except for the zeros of Q;(z), where i = 1,2.
Again since f"(z) and f(z+c1)f(z+c2)--- f(2+¢,) share 0 CM and f(z) has
finitely many poles, it follows that

(3.2) flet+e)f(z+ca) - flz+cn) = fr(2)a(z)e"?),

Fi(2) and Gy(z) =
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where a(z) is a rational function and 7n(z) is a polynomial. Let t¢(z) =
a(z) e"®). Clearly 4 is of finite order. Now by Lemma 2.1, we have

Therefore T(r,7)) = N(r,00;9) + m(r,00;1)) = S(r, f) and so T(r,)) =
S(r, f) for j =1,2,.... Again by Lemma 2.2, we have

T (r,l:[lf(z+ci)> < ZT(r,f(z—i—ci)) =nT(r, )+ S(r, f).

i=1

Also by Lemmas 2.1 and 2.4, we have
nT(r, f) =T(r, f") + S(r, f) = m(r,00; f") + S(r, f)

171
Sm(r,oo,il:[lf(z+6i)>
+m <T, oo;Hf(z—t—ci)) +S(r, f)

i=1

<T (ﬁHf(Z'f‘Ci)) +S(r, f)-
i=1
Therefore T (r, ]_n[ flz+ ci)> =nT(r,f)+ S(r, f) and so S (r, ﬁ flz+ CZ))
i=1 =1
=5(r, f).
On the other hand using Lemmas 2.1 and 2.7, we have m (r, o0; %) =S5(r, f).

Set

R -1 F—1
We now consider the following two cases.
Case 1. Suppose ® # 0. Then by Lemma 2.7, it is clear that m(r, co; ®) =
S(r, f). Let 21 be a zero of f with multiplicity p such that Q;(z1) # 0, where
it = 1,2. Then z; will be a zero of F; with multiplicity np. Since f™(z) and
f(z+c)f(z+c2)--- f(z + ¢) share 0 CM, it follows that z; is a zero of
fz4+ec)f(z4c2) - f(z + ¢,) with multiplicity np and so z; is a zero of Gy
with multiplicity np — k. Now from (3.3), we get

(3.4) ®(z) =0 ((z - zl)”p*’H) .

Q2 F
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Since n > k + 1, it follows that ® is holomorphic at z;.

Let 2z be a common zero of F; — 1 and G; — 1 such that Q;(z2) # 0, where
i =1,2. Suppose 23 is a zero of F; — 1 of multiplicity ¢q. Since F} and G share
(1,1) except for the zeros of Q1(z) and Q2(z) respectively, it follows that zo
must be a zero of G; — 1 of multiplicity . Then in some neighbourhood of zs,
we get by Taylor’s expansion

Fi(2) =1 =by(z — 22)? + bgy1(z — 22) +--- b, #0 and
Gi(2) —1=cp(z—22)" 4+ cry1(z—22)" T -+ e, £0.

Clearly
F{(2) = gbg(z — 22) 7  + (g + Dbgy1(z — 22)T 4 - - .
Note that
bg(z — 22)7 + -+, ifg <,
Fi(2) =Gi(2) = —c(z—22)" =+, ifqg>r
(bg —cg)(z —22)T + -+, ifg=r.

Therefore from (3.3), we get
(3.5) ®(z) =0 ((z . ZQ)H) :

where t > min{g,r}. Now from (3.5), it follows that & is holomorphic at zs.
Therefore we conclude that the poles of ® may come from the poles of f or
the zeros of Q; for ¢ = 1,2. Since f has finitely many poles, it follows that
® may have finitely many poles. Consequently N(r,00; ®) = O(logr) and so
T(r,®) = S(r, f). On the other hand from (3.5), we see that N(r,1;Fy) <
N(r,0;®) < T(r,®)+0(1) = S(r, f), i.e., No(r, 1; F1) = S(r, f). Since F; and
G share (1,1) except for the zeros of Q1(2) and Q2(2) respectively, it follows
that W(z(r, 1;G1) = S(r, f). Consequently we have N(Z(T,Ql;F) = S(r, f)
and N o(r, Q2; G) = S(r, f). Again from (3.3), we get

1_1F1’(1_¢21G)
F, ®R(F—1) QF)’

Therefore by Lemma 2.7, we have m(r, 0o; F%) = S(r, f) and so
=S(r, f).
+) =)

Now we consider following two sub-cases.
Sub-case 1.1. Suppose n > k + 1. Then from (3.4), we see that

(3.6) m (r, 5o; =

3.7 N0 f) < N(r0;) < T <r, ;)) < T(r,®) +O(1) = S(r, f).

Now from (3.6) and (3.7), we conclude that T'(r, f) = S(r, f), which is a con-
tradiction.
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Sub-case 1.2. Suppose n = k + 1. Then from (3.4), we have N5(r,0; f) <
N(r,0;®) < T(r,®) 4+ O(1) = S(r, f) and so using (3.6), we conclude that

(3.8) T(r, f) = Nuy(r,0; f) + S(r, f).
Let
(3.9) =Y7CQ . GoQ,=BF-Q.

F—Qr
Since @2 is a polynomial and G is a transcendental meromorphic function, it
follows that G # Q2. Similarly we can prove that F' # Q. Consequently

B #0.

First suppose 8 € S(f). From (3.9), we have G — SF = Q2 — 8Q1, i.e.,
(Fz+e)f(z 4 ca) - Sz + )™ = B (2) = Qalz) — BR)Q1(2).
Since f(z+c1)f(z+ec2) - f(z+ckr1) and f¥+1(2) share 0 CM, it follows that

N(r,0; f) = S(r, f) and so from (3.8), we arrive at a contradiction.
Next suppose 8 ¢ S(f). Since F and G are of finite order, from (3.9) we
conclude that
o(B) < max{o(G — Q2),0(F — Q1)} = max{c(G),c(F)} < o0,

i.e., B is of finite order. As F'— @1 and G — Q3 share (0, 1), it follows that 8 has
a zero at z3 if z3 is a zero of F'— @ and G — Q2 with multiplicities ps(> 2) and
q3(> 2) respectively such that p3 < ¢3 and S has a pole at z3 if g3 < p3. Since
F and G have finitely many poles, it follows that N(r,o0; F) = O(logr) =
N(r,00; G). Since N(Q(T,Ql;F) = S(r, f) and N(g(r, Q2;G) = S(r, f), from
(3.9), we have
N(r,0;8) < Na(r,Qa; G) + O(logr) = S(r, f) and
N(r,00; 8) < No(r,Qu; F) + O(logr) = S(r, f).
Let £ = %’ Using Lemma 2.2, we have

T(r,B8) <T(r,G)+T(r,F)+S(rf)

<nT(r,f)+ (k+1)T (n H flz+ cl»)> +S(r, f)

=n(k+2)T(r, f) + S(r, f)

which implies that T'(r,3) = O(T(r, f)) and so S(r,3) can be replaced by
S(r, f). Consequently

il BN (B
T(Tvg) _N< ) 003 6) +m( y 003 ﬂ)
= N(r,0;8) + N(r,00; 8) + S(r, 8) < S(r, f),
ie., T(r,&) = S(r, f). Now differentiating (3.9) once, we get
(3.10) G'—Qy =P (F - Q1)+ BF — Q).
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Now combining (3.9) and (3.10), we get

! !/

G'F-LGF-GF = Q6" (501 + Q)G - Qo

g g
(-G r+ Do+ @0 - i

ie.,
(3.11) G'F—(GF —GF = Qi6' — (£Qi + Q1) G — QoF'
+ (@)~ €Q2 ) F +€Q1Qz + Q201 - Q1Qh.
By induction, we have
(Y =R+ 05 (N = (ke + DR+ R+ 1) 57,
(SN = (k+ Dk(k = D)2 ()% + 3k + DR 7+ (k+ 1)
and so on. Thus
(fSH® = R+ 1)U () +
vt (k4 1) fR ),

k(k — 1)

TR DU

Also
(FEIED = {(k+ Dk(k = 1) -3} (S + -
= U DI

Clearly each term of (f*+1)(*=9) (1 <j < k — 1) contains f™ (2<m < k) as a
factor. By Leibnitz’s rule for differentiating a product, we have

k k , '
_ (fk (k) _ k (k—1),/,(3)
1)@= = 3 (7)o
_ (fk+1)(k)1/}—|—k(fk+1)(k71)1l}/ 4. +fk+11/)(k)

b+ DU T,

where T4 (f) is a differential polynomial in f such that each term of Ti(f)

contains f™(3 <m < k+ 1) as a factor. Therefore we have

k(k—1)
4

(3.13) f—/G = (k+ D)y +

; (k+ DU

n g(’f F O ()R + Ta(f),
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where Th(f) is a differential polynomial in f such that each term of T5(f)
contains f™(2 < m < k) as a factor. Again from (3.12), we get

G11) @ = kD) EEED gyt

+ (k+ 1)k + DU ()Y + Ts(f),

where T3(f) is a differential polynomial in f such that each term of T3(f)
contains f™(2 <m < k+ 1) as a factor. Also from (3.14), we have

kE+1)(k+2
U D2 ey
+ (k+2)(k+ DIy + Tu(f),
where Ty(f) is a differential polynomial in f such that each term of T4(f)

contains f™(1 < m < k+ 1) as a factor. Substituting (3.1), (3.12), (3.13) and
(3.14) into (3.11), we have

(3.15) G =

(3.16) PP = Q).
where
(3.17) P(f) = G —£G — (k+1)J;I
= k(e 0+ [EEDEE R ey

E(k+1)(3—k)(k+1)!
4
= Ao(f)" + Bof(f1)"
k(k —k)(k !
is a differential polynomial in f of the degree k + 1,

(k+1)2(2—k)¢,_w> k4 1)

and R;(f) is a differential polynomial in f such that each terms of Rj(f)
contains f™(2 <m < k+ 1) as a factor and
(3.18) Q(f) = QG — (£Q1 + Q)G — Q2F' + (Q5 — £Qo) F

+£Q1Q2 + Q207 — Q1Qs

is a differential polynomial in f of degree k+ 1. Now we consider following two

sub-cases.
Sub-case 1.2.1. Suppose P(f) = 0. Then from (3.16), w Q(f)

ve =
and so from (3.11), we have G'F — %GF —GF' =0, ie., % = % + % B
integration, we have G = dy8F), i.e.,

(Fz+e)f(z+ )+ F(z + crga)™ = doB(2) £ (2), where dg € C\ {0}.

FUN o+

Ao = —k(k+ 1), By= (
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By the given condition, we have f(z+c1)f(z+c2)--- f(z+cpy1) and fFH1(2)
share 0 CM. Since N(r,00;8) = S(r, f), it follows that N(r,0; f) = S(r, f).
Then from (3.8), we arrive at a contradiction.

Sub-case 1.2.2. Suppose P(f) # 0. Clearly P(f) is of finite order. Using
Lemma 2.3, we conclude that m(r, P(f)) = S(r, f). Since N(r,o00;P(f)) =
O(logr), we have

(3.19) T(r,P(f)) = S(r, f) and T'(r, P'(f)) = S(r, f).
Now differentiating (3.17) once, we get
(3.20) P'(f) = Au(f)" 1" + Bi(f)* 1 + 81(1),
where
A = —%k(k FD2(k+ 1), B = (Ww - gw) (k+1)!

and S (f) is a differential polynomial in f such that each term of S;(f) contains
f™(1 <m < k+1) as a factor. Let z4 be a simple zero of f(z). Then from
(3.17) and (3.20), we have respectively

P(f(z)) = Ao(z4)(f’(z4))
P'(f(24)) = Ar(za) (f'(20)) " £ (z0) + Bu(za) (' (z)) "

This shows that z4 is a zero of

PN = (K P(f) = KxP(f)) f,

k+1
and

where
A 4
Kl_zl_(k+1)2 and
B 4 1-K)k+2)¢
Fe=y = k(k+1)2( 2 m 5>€S(f)'
Let
(3.21) o, = PDI" = (KaP'(f) = KsP(F) f'

f
Suppose ®; # 0. Then by Lemma 2.7, we have m(r, co; ®1) = S(r, f). Since
N(r,00;®1) = S(r, f), it follows that &, € S(f). From (3.21), we see that

(3.22) " =o1f+pbf,
where

Clearly aq, 1 € S(f). Note that (3.22) is also true even when ®; = 0.
Actually in that case a; = 0. Also (3.23) yields
b K

(3:24) P = (g + 5 )P0
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and
_ P AP(f) B
BEREg TR TP T A

ie.,

Now from (3.18), we have

(3.26) QUf) = Q1G" = (£Q1 + Q)G — QoF + (Qy — £Q2) F + 7,

where v = £Q1Q2 + Q2Q} — Q1Q%. Obviously ~ is of finite order. Suppose
~v = 0. By integration, we have 8 = dl%, where d; € C\ {0} and so 8 € S(f),
which is a contradiction. Consequently v #Z 0. Also v € S(f). Similarly we
have £Q1 + Q] # 0. Differentiating (3.26) once, we get

(3:27) Q'(f) = Q1G + Q1G" — (£Q1 + Q)G — (€Q1 + Q1)'G
— QoF = Q2F" 4+ (Q — €Q2)'F + (Q5 — O F' ++.
Now we consider following two sub-cases.

Sub-case 1.2.2.1. Suppose k = 1. Using (3.1), (3.12) and (3.14) into (3.26),
we have

(3.28) QU = Qu{2(f 20+ 4f 0 20 "0 + T5()}
(€@ + @) (2110 + f2)
—2Q2ff" + (Q5 — €Q2) f + .
Again using (3.1), (3.12), (3.14) and (3.15) into (3.27), we have
(329) Q)
= Q{2020+ AL P 2 1+ T )
+Qu{6(r2 + 65 "0+ Ta(h) )
— (€Qu+ Q{2020+ 41 +2f 1+ Ta(f) )
— (6Qu+ Q) {21 f v+ 10y =200 = Qo {28 + 211"
+ (@) —€Q2) 2 +2(Q — )+
Let z5 be a simple zero of f(z) such that P(f(z5)) # 0, 00. Clearly from (3.16),

we conclude that zs must be a zero of Q(f). Consequently from (3.28) and
(3.29), we conclude that

Y(z5) = A2(25)(f'(25))? and 7'(z5) = As(z5)f"(25) /" (25) + Bs(zs)(f'(25))%,

where

Ay = —2Q1¢), Az = —6Q1¢ and Bs = 2Q19¢ +2Q2 — 6Q17)'.
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This shows that z5 is a zero of

vf" = (K3y' — Kav) f',

where
_ AQ _ 1 B3 o 1 Q2 _ ﬂl
K3—A73 Sand K, = A3 ( §+3Q11/1 q/j)GS(f)
Let
(330) (I)g — r}/f” B (Kg’)// — K4’Y) fl )

f

Suppose @3 #Z 0. Then by Lemma 2.7, we have m(r, co; ®3) = S(r, f). Since
N(r,00;®3) = S(r, f), it follows that ®3 € S(f). From (3.30), we see that

(3.31) f"=oaf+of,

where
@ !

(332) 01 = 72 and gf)l 31 — K4.
Y Y

Clearly 01, ¢1 € S(f). Note that (3.31) is also true even when ®5 = 0. Actually
in that case 91 = 0. Now we claim that ¢; # 81. If ¢1 = S1, then from (3.23)
and (3.32), we have

1y 1, 1Q ¢ P(f)

- + — R —
EEIAE AR ToRTR T SN
ie.,
P'(f) o B Y
3.33 3 —— —4—+3— = Re™
(3:33) Py BT
where R = Q2 . Let us consider following two sub-cases.

Sub-case 1.2.2.1.1. Suppose n € C. For the sake of simplicity we assume
that €¢” = 1. Using Lemma 2.7, we see that

R .

<m(r7oo; (f(z+c1 (2 +c2)) )

fz4+c)f(z+ )
+m(r,oo;f(z+cl Z+02

= O(logr) + m(r,00;a) = O(log r) + O(log r)
= O(logr),

ie.,

m <r, 00; g) = O(logr).
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Finally by using Lemma 2.7, we conclude that m(r, oo; ®) = O(logr). Since
N(r,o0;®) = O(logr), we have T(r,®) = O(logr) and so ® is a rational
function.

Now from (3.5), we see that N(o(r,1; F1) < N(r,0;®) < T(r,®) + O(1) =
O(logr), i.e., N(Q(r,l;Fl) = O(logr). Since F; and G; share (1,1) except
for the zeros of Q1(z) and Q2(2) respectively, it follows that N(r,1;G1) =
O(logr). Clearly No(r,Q1; F) = O(logr) and N(3(r, Q2; G) = O(log 1") Since
F—Qand G — Qg share (0,1), from (3.9) it follows that $ has finitely many
zeros and poles. Since ( is of finite order, by Hadamard factorization theorem,
we can take

(3.34) B=me™,

where 77 is a rational function and 7, is a polynomial. We claim that 7, is a non-
constant polynomial. If not, suppose 7; is constant. Then from (3.34), we see
that 8 € S(f), which is a contradiction. Hence 7, is a non-constant polynomial
and so we let deg(m) = m > 1. Let 1(2) = 2™ + em_12™ 1 + -+ + co,
where ¢; € C for : =0,1,...,m and ¢, # 0.

Since f(z) has finitely many poles, by Hadamard factorization theorem, we
can take f(z) = %, where g(z) is a transcendental entire function and d(z)
is a non-zero polynomial.

Let g1(2) = ¢g*(2). Then we have f2(z) = Zégg and so from (3.2), we have

2 4 z
flz+e)f(z + @) = a(z) % = P (2) = T4 g1(2), where U, V3 are

non-zero polynomials. Therefore

U ! U U- VUl — U,V U
(335) G- (1gl> _ (1) gl ni-ovi U

Vi Vi " V2 o
Now from (3.9), (3.34) and (3.35), we have
ViU —UL V!
St 191+€19’1 Q2
716771 = )
-
ie.,
U _ V¢ _ Vi@
Vi e — Ui Vi 91 Ui 912
U1d2 71 - 1_ d2Q, 9
g1
i.e.,
Gotesope
m 1 1 g1 1 91
726 L= 1 - d2Q1 ’

g1
where v, = %yl is rational function. Therefore
ﬂ M Qe
1 Ui g1

2 I
V2 1——d G
g1

= log —
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where log h means the principle branch of logarithm. Now by Lemma 2.8, we
have V £ > 0, there exists 1o > 0 such that ¥ r = |z| > rg the inequalities

(L =8)lemll2[™ < [m(2)] < (1 +¢e)leml|2]™
hold. Therefore

z
(1€)§|cm|(|z)7|”§(1+5) Y |z| > 1o,

e, tim AL e )] = emllA™ (4 o(1), de,
|z| =00 |Cm||2|™

Im ()] = lem|r™ (1 + o(1)).
Consequently we have

(3.36)  |em|r™(1+0(1))

1 (2)]

Ui(z) _ V/(2) + 91(z) _ Vi(2) Q2(2)
U Vi(z) ' g1(2)  Ui(z) g1(2)
"2(2) 1 - £ERE)

Il
=
9

0

Since ¢; is a transcendental entire function, it follows that M (r,g1) — oo as
r — 00. Again we let

(3.37) M(r,g1) = |g91(2)|, where z. =re? and 6 € [0,27).

Then from (3.37) and Lemma 2.9, there exists a subset E C (1, +00) with finite
logarithmic measure such that for some point z, = re® (0 € [0, 27)) satisfying
|Z’r| =r ¢ F and M(T7 gl) = |gl(zr)|a we have

gll(zr) _ I/(T', gl)
gl(zr) B < Zr

Let a,, 2™t and by, 2™ denote the leading terms in the polynomials Q2 (2)V1(2)
and Uy (z) respectively. Taking ¢ = %, we get from Lemma 2.8 that

(3.38) ) (I1+0(1)) as r — oo.

1 m 3 m
§|am1|7" Qa2 ) Vi(z)] < §|am1|7“ !

and
1 ny 3 ny
Slbn, 1™ < 101 (20)] < 5 o .
Therefore
Q2(2r)Vi(2r) |@m, |7
Ui (zr) T by ™ '

Since F' is a transcendental entire function, we know that M(r, F) increases
faster than the maximum modulus of any polynomial and hence faster than
any power of r. Now from (3.37), we have

’ Vl(zr) QZ(ZT)
Ui(zr) gl(zr)

‘a’ml |7,m1

3.39 lim i
(3:39) < T M (g1 (5)

r——400

=0.
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Similarly we have

(3.40) i [FE0BE)]
Also

/ /
(3.41) gglm‘gigz; =0and lim_ ‘12((;:; _
Since g; is of finite order, from Lemma 2.10, we have
(3.42) logv(r,g1) = O(logr).

Therefore from (3.36)-(3.42), we have
|C77L|Tm(1 =+ 0(1)) = |771(Z7’)| = O(log 7’)

for |z.| = r ¢ E, which is impossible.

Sub-case 1.2.2.1.2. Suppose 1 ¢ C. If the equation (3.33) has no meromor-
phic solution in C, then we arrive at a contradiction. Next we suppose the
equation (3.33) has a meromorphic solution in C. By integration, we have

(3.43) P3()py 1B = dpe?,
where ¢(z) = [; R(t)e "Wdt and dy € C\ {0}. Since o(g) = o(g'), it follows
that

o(p) =0o(¢) =0o(Re™") = o(e”") = deg(n) > 1
and so e? is of infinite order. Since P(f), 1) and 8 are of finite order, it follows
that P3(f)y3y~15~% is of finite order. Therefore from (3.43), we arrive at a
contradiction.
Consequently both Sub-cases 1.2.2.1.1 and 1.2.2.1.2 lead to a contradiction.
Hence ¢1(2) # 51(2). Now from (3.17), (3.20) and (3.31), we have respectively
(3.44) P(f)=Ao(f")? + T ff +Tizf? and
(3.45) P'(f) = (A1¢1 + B1)(f')* + Suf '+ S12f?,

where T1;,51; € S(f) for j = 1,2. Multiplying (3.44) by P’(f) and (3.45) by
P(f) and then subtracting, we get

(3.46) uo(f')? +urff +uaf? =0,
where
(3.47) ug = P(f) <A1¢1 + B1— 4o 1;((;))) € 5(f) and

= P(f)S1; — P'(f)Ti; € S(f) forj=1,2.

Since 81 # ¢1 and P(f) £ 0, from (3.25) and (3.47) we have ug £ 0. Let
S1 = {i:u; Z0,i=1,2}. Now from (3.46), we see that a simple zero of f
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must be either a zero of ug or a pole of at least one of w;, where i € Sy.
Therefore

Nyy(r,0; f) < N(r,0;u0) + Y N(r,003u;) + S(r, f) < S(r, f)
1€S1

and so from (3.8), we arrive at a contradiction.

Sub-case 1.2.2.2. Suppose k > 2. Then using (3.1), (3.12) and (3.14) into
(3.26), we have

(348 Q)
= Qu (ke ey BEED ey g

+ (b 1)k + DU ()0 + T (f)} — (€@ + @) { R+ (kY

+@(k+1)!f2(f Ye2 gy 4 2 (k+1)'f (7 + T }

— (k+1)Qaf"f" + (@5 - €Q2)fk+1 + 7.
Again using (3.1), (3.12), (3.14) and (3.15) into (3.27), we have
(3.49) Q'(f)

= Q1 (k+ )1y + (k+ DUy

O+ Dk + DU+ Ta(f) }

rQu{ BT gy
(k= 2) (R + DI+ Ta() | = (61 + Q1) { (b + D) 1w

k(k; D 4 DU 7+ (o D+ DU+ T3(0)}

k(k + 1)

_l’_
—(e@u+ @) (e e+ MY ey
FER P S T - kD@

- Q2{ (k+ D2+ D7+ (@5 —€Q2) £

+(k+1)(Q =& *f +9".

Let zg be a simple zero of f(z) such that P(f(zs)) # 0,00. Then from (3. 16)
we conclude that zg must be a zero of Q(f). Now from (3.48) and (3.49), w
have respectively

v(z6) = A4(26)(f/(26))k+1 and
7' (26) = As(26)(f'(26))* f" (z6) + Bs(z6)(f'(26))F 1,
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where Ay = —(k + 1)!Q1¢), A5 = —EE3EE2(k 4 1)1Q¢) and Bs = (k +
DIEQ1yY — (k+ 2)Q1¢"). This shows that zg is a zero of v f” — (K5v' — Kg7) f/,
where

Ay 2
Ke="2-__=
=4 Piskre
B5 2 wl
Ke—=—"2_-____= k92 '
Let
(3.50) o, — 17— (s~ Ken) /1

f

Suppose @3 £ 0. Then by Lemma 2.7, we have m(r, co; ®3) = S(r, f). Since
N(r,00; ®3) = S(r, f), it follows that &5 € S(f). From (3.50), we see that

(3.51) fr=ar+af,

where
d /

(352) Cl = = and 51 = K5l — K6.
Y 0

Clearly (1, 01 € S(f). Note that (3.51) is also true even when ®3 = 0. Actually
in that case (; = 0. Now we claim that 6; £ 81. If §1 = 31, then from (3.23)
and (3.52), we have

2 l/ 9 ﬂ N 2
=2 B A )(k+2)g
T (k+12 P Kk(k+1)2 USRS
h 2 6, P’ ’ 1/11
(K + 3k +4) 7 = k(k+2)?—k(k+1)7+2(;€+2)¢
By integratiom we have
(K2 +3k+4) _ dg P2k(k+2)),2(k+2)
’ B ~k(k+1) )

where d3 € C\ {0} and so from (3.19), we have 5 € S(f), which is a contradic-
tion. Hence 01(z) # B1(z). Now differentiating (3.51) and using it repeatedly
we have

(3.53) FO=Gaf+ i f,
where (;—1,0;,—1 € S(f) for ¢ > 2. Also from (3.17), (3.20) and (3.53), we have
respectively

k+1
(3.54) P(f) = Ao(f)"™ 4+ goi f2(f)F and
j=1
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k+1
(3.55) P'(f) = (A1dy+ B)(f) > hoy f2(f)FH,

Jj=1

where g25, ho; € S(f). Multiplying (3.54) by P’(f) and (3.55) by P(f) and
then subtracting we get

(3.56) Ho(f)"* + Hif(f)* + -+ Hepr /7 =0,

where

(357) Hy = P(f) (A151 + By — AO ];((}f))) S S(f) and

(358) HJ = P(f)hgj - P/(f)ggj S S(f) fOI'j = 1,2, ey k + 1.

Since 51 # 6; and P(f) # 0, from (3.25) and (3.57), we have Hy # 0. Then
from (3.56), one can easily conclude that Ny(r,0; f) = S(r, f) and so we arrive
at a contradiction from (3.8).

Case 2. Suppose ® = 0. Since f is a transcendental meromorphic function, it
follows that F| # 0. Then from (3.3), we have F; = Gy, i.e., (f(z+c1)f(z+
co) - f(z4cn))®) = %f”(z) Furthermore if Q1(2z) = Q2(2), then

(3.59) F'(2) = (fa+e)f(z+ca) - [zt ).

Let z7 be a zero of f(z) with multiplicity p;. Then z7 is a zero of f™(z) with
multiplicity np;. Since f"(z) and f(z+c1)f(z+c2) -+ f(z+¢p) share 0 CM, it
follows that z7 must be a zero of f(z+c¢1)f(z+c2) - -+ f(z+¢,) with multiplicity
np1. Consequently z; will be a zero of (f(z+c1)f(z+ca)--- f(z+¢,))®) with
multiplicity np; — k. Therefore from (3.59), we arrive at a contradiction. As a
result we have f(2) # 0 and (f(z+c1)f(z +ca) -+ f(z 4 cn))® # 0.

Let Ga(2) = f(z4+c1)f(z +c2) - f(2 4+ ¢n). Then (Go(2))*) # 0.

Since f(z) is a transcendental meromorphic function with finitely many poles
and f(z) # 0, f(z) must take the form f(z) = Pll(z)ePZ(z), where P;(z) is a non-
zero polynomial and Py(z) is a non-constant polynomial. Therefore Ga(z) =
P31(2)6P4(z)’ where P3(z) = Pi(z + c1)Pi(z + ¢2) - Pi(z + ¢,) and Py(z) =
S Pa(z +¢;). Clearly Go(z) # 0. Let

_Gy(2) _ o Ps(2)

Clearly g is a non-zero rational function, otherwise Ps(z) = dse’*(*), which is
impossible. Therefore by Lemma 2.6, we have

k
Gy (2)
Ga(z)
where Q}(g) = 0 and Q}_,(g9) (i = 1,2,...,k) is a differential polynomial of

ai® . .
& % 0, otherwise G5 will be

= ¢"(2) + Qi_1(9(2));

degree i — 1 in g and its derivatives. Clearly
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a polynomial of degree at most & — 1, which contradicts the fact that G is a
transcendental meromorphic function.
We claim that Pj is a constant. If not, suppose P; is non-constant. Then g

must be a non-constant rational function. Therefore we see that

G3'(2) o

———= ~ g (2) ~ (Py(2)" = 00 as z — o0.

G 9~ (Bi()
We know that every non-constant rational function assumes every value in the
closed complex plane. Consequently G(Qk) = 0 somewhere in the open complex

plane. But since f(z) # 0, from (3.59), we see that Gék) has no zeros. Therefore
we arrive at a contradiction. Hence Pj is a constant. Let Py = . Since Py is
a non-constant, it follows that A # 0.
If g(z) is non-constant, then we see that g(z) = A, ¢'(2) =¢"(z) =--- =
k

(k) (k)
0 at oco. Also we observe that 0022 = M at co. Again %2 must have a

zero in the open complex plane. Therefore we again arrive at a contradiction.
. . P}

Consequently g is constant. Since g and P, are constants, from 5= Py — g,

we conclude that Pj = 0, i.e., P53 is a non-zero constant, i.e., Py is a non-zero

constant. Therefore we must have P; = A\ = g and so Ga(z) = e**T¢ where

d € C. Finally f(z) assumes the form f(z) = ¢ en?, where ¢ € C\ {0},
eMerteatten) — 1 and \F = 1. This completes the proof. O
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