Bull. Korean Math. Soc. 58 (2021), No. 4, pp. 1021-1029
https://doi.org/10.4134/BKMS.b200784
pISSN: 1015-8634 / eISSN: 2234-3016

S-NOETHERIAN IN BI-AMALGAMATIONS

HwaANKOO KiMm, NAJIB MAHDOU, AND YOUSSEF ZAHIR

ABSTRACT. This paper establishes necessary and sufficient conditions for
a bi-amalgamation to inherit the S-Noetherian property. The new results
compare to previous works carried on various settings of duplications and
amalgamations, and capitalize on recent results on bi-amalgamations.
Our results allow us to construct new and original examples of rings
satisfying the S-Noetherian property.

1. Introduction

All rings considered below are assumed to be commutative with identity and
all modules are assumed to be unital. Let A be a ring. A nonempty subset
S of A is said to be a multiplicative subset if 1 € S and for each a,b € S we
have ab € S. Throughout this note, Spec(A) will denote the set of all prime
ideals of A. Any concept and notation not defined here can be found in [1,14].
In [1], Anderson and Dumitrescu introduced the concept of S-Noetherian rings
as a generalization of Noetherian rings. Let A be a ring, S be a multiplicative
set of A, and E be an A-module. According to [1], we say that F is S-finite
if there exist a finitely generated submodule F' of E and s € S such that
sE C F. Also, we say that F is S-Noetherian if each submodule of E is S-
finite. A ring A is said to be S-Noetherian if it is S-Noetherian as an A-module
(i.e., if each ideal of A is S-finite). In [1], Anderson and Dumitrescu gave a
number of S-variants of well-known results for Noetherian rings: S-versions
of Cohen’s result, the Eakin-Nagata theorem, the Hilbert Basis theorem, and
under certain supplementary hypothesis, they studied the transfer of the S-
Noetherian property to the ring of polynomials and the ring of formal power
series. In [17], Liu studied when the ring of generalized power series is S-
Noetherian. Finally, it is worthwhile recalling that, Lim and Oh investigated
necessary and sufficient conditions for an amalgamated algebra to inherit the S-
Noetherian property (see [16]). Recently S-Noetherian and S-version of many
special rings, ideals and modules draw attention. See, for examples [12,17,20].
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Let f: A— B and g: A — C be two ring homomorphisms and let J and
J’ be two ideals of B and C, respectively, such that f=1(J) = ¢g=!(J’). The
bi-amalgamation (or bi-amalgamated algebra) of A with (B, C) along (J,J’)
with respect to (f, g) is the subring of B x C given by:

Aval9 (1,0 = {(f(a) + j,g(a) + §') | a € A, (j,j') € T x J'}.

This construction is a natural generalization of duplications [4, 5,9, 10] and
amalgamations [6-8]. In [14], the authors introduce and provide original exam-
ples of bi-amalgamations and, in particular, show that Boisen—Sheldon’s CPI-
extensions [3] can be viewed as bi-amalgamations. They also show how every
bi-amalgamation can arise as a natural pullback (or even as a conductor square)
and then characterize pullbacks that can arise as bi-amalgamations. This al-
lowed them to characterize Traverso’s glueings of prime ideals [19, 21,22, 24],
which can be viewed as special bi-amalgamations. Then the last two sections
deal, respectively, with the transfer of some basic ring theoretic properties to bi-
amalgamations and the study of their prime ideal structures. All their results
recover known results on duplications and amalgamations.

In [11], the authors investigate the transfer of the property of coherence in
the bi-amalgamation. On the other hand, in [15], the authors establish neces-
sary and sufficient conditions for a bi-amalgamation to inherit the arithmetical
property, with applications on the weak global dimension and transfer of the
semihereditary property. Also, in [18], the authors investigate the transfer of
the notions of Gaussian and Priifer rings to the bi-amalgamation and theirs
results recover all well known results on amalgamations and generate new orig-
inal examples of rings satisfying these properties. Suitable background on bi-
amalgamated algebra is [11,14,15,18].

In this paper, we pursue the investigation on the structure of the ring of
the form A /9 (J,.J'), with a particular attention to the S-Notherian ring
property introduced and studied in [1]. More precisely, we give a necessary and
sufficient condition for the bi-amalgamations to be S-Noetherian. Our results
generalize the well-known results provided in [16] and [14]. Our main goal is
to provide new classes of rings which satisfy this property.

For a set U, denote by (U) the ideal generated by U. We refer the reader to
[23] for the undefined terminology and notation.

2. Main results

The first main result establishes necessary and sufficient conditions for a
bi-amalgamation to inherit the S-Noetherian property. For this purpose, let us
adopt the following notation: Let S be a multiplicative subset of A. Clearly
f(S) and g(S) are multiplicative subsets of f(A)+J and g(A)+J’ respectively.
Set S" := {(f(s),g(s))|s € S}, which is a multiplicative subset of A >(f:9)
(J,J"). For brevity, we say that a ring homomorphism f : A — B is said to be
S-finite if B is an S-finite A-module. According to [1], a multiplicative set S
of a ring A is called anti-archimedean if ((,~, s"A) NS # ( for every s € S.
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Proposition 2.1. Let f: A — B and g : A — C be two S-finite homomor-
phisms. Consider the following two conditions:

(1) B is an f(S)-Noetherian ring and C is a g(S)-Noetherian ring.

(2) Awvaf9 (J,J') is an S’-Noetherian ring.
Then (1) implies (2) and the converse is true if S’ is anti-archimedean.
Proof. (1) = (2) By [1, Corollary 7], it suffices to show that B x C' is S’-finite
as an A /9 (J,J)-module. Since B and C are S-finite A-modules, there
exist elements s1,s9 € S such that f(s1)B C f(A)by + -+ f(A)b, C B and
9(s2)C C g(A)er + -+ + g(A)em € C, where each b; € B and ¢; € C. Put
s = s189. For each (b,¢) € B x C, there exist ay,...,a, and f1,...,08, in A
such that

(f(5),9(s))(b,c) = (f(s)b, g(s)c)
= (f(5182)b,0) + (0, g(s182)c)
= (f(s2),9(s2))(f(51)b,0) + (f(s51),9(51))(0, g(s2)c)

(f(ai), g(0))(f(52), g(52)) (b, 0)

I
NE

o
Il

="

+ > (f(B),9Bi)(f(s1),9(51))(0,¢)

j=1
€ ({(5:,0),(0,¢;) |1 <i<n,1<j<m}).
Therefore we obtain
(f(5),9(s))B x C € ({(,0),(0,¢j) [1<i<n,1<j<m})CBxC.

So B x C is an S§'-finite A </+9 (], J')-module.

(2) = (1) Under the additional hypothesis that S is anti-archimedean, the
result follows immediately from [1, Proposition 9] and the fact that B x C' =
Aaf9 (J, J)wy,. .., w,], where wy,...,w, € B x C. O

Our next goal is to describe more precisely the S-Noetherianity of A a(/>9)
(J,J") by using its pullback structure. In fact, A /9 (J,J') is the pullback
o X a1 B, where I := f~3J) = g7'(J'), o : f(A)+J — A/ and 3 :
g(A)+J — A/I (see [14, Section 3]).

Theorem 2.2. Under the above notation. The following conditions are equiv-
alent.

(1) Asalf:9) (J,J') is an S'-Noetherian ring.

(2) f(A)+J is an f(S)-Noetherian ring and J' is an S’-Noetherian A va(F>9)
(J, J")-module (with the A ><\/:9) (J, J")-module structure naturally induced by
the surjective canonical homomorphism A alf:9) (J, J") — g(A) + J').

(3) f(A)+J is an f(S)-Noetherian ring and g(A)+ J' is a g(S)-Noetherian

7ing.
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The proof of the above theorem involves the following lemma, which is of
independent interest.

Let D be a pullback of A and g as in [16, Definition 2.2]. We denote the
restriction to D of the projection of A x B onto A (resp., B) by pa (resp., pg).

Lemma 2.3 ([16, Proposition 2.3]). Let D be the pullback of X and p as in
[16, Definition 2.2], where u is surjective. If S is a multiplicative subset of D,
then the following

(1) D is an S-Noetherian ring.

(2) A is a pa(S)-Noetherian ring and Ker(u) is an S-Noetherian D-module.

Proof of Theorem 2.2. (1) < (2) This follows immediately from Lemma 2.3.
(1) = (3) Assume that A 0<(/9) (.J,.J') is S’-Noetherian. By [14, Proposition

4.1(2)], % ~ f(A) + J and % ~ g(A) + J'. The result
follows immediately from [17, Lemma 2.2] since p;(S’) = f(S) and pa2(S’) =
9(S), where p; and ps denote the surjective canonical homomorphisms A pa(f:9)
(J,J') = f(A) + J and A9 (J,J') — g(A) + J' respectively.

(3) = (2) Let K be an A <x(f:9) (J, J')-submodule of J'. Clearly K is
an ideal of g(A) + J'. Since g(A) + J' is g(S)-Noetherian, there exist s € S
and ky,...,k, € K such that g(s)K C (g(A4) + J)ki + -+ (9(4) + J)k, C
K. Then (f(s),g(s))K C (A 59 (J,J)Nky + -+ + (A B9 (J, T )Nk, C
K. Therefore K is an S'-finite A >a(/9) (.J, J')-module. Finally J’ is an S'-
Noetherian A >a(:9) (], J')-module. O

When S consists of units of A, we reobtain [14, Proposition 3.2].

Corollary 2.4. Under the above notation, we have: A /9 (J,J') is Noether-
ian if and only if f(A)+ J and g(A) + J' are Noetherian.

Recall that A (/) (I,J) = A >f J, where i = ida and I = f~1(J). Put
S":={(s, f(s))| s € S}. Then S’ is a multiplicative subset of A >/ J. In this
case, we reobtain the special case of amalgamated algebras, as recorded in the
next corollary.

Corollary 2.5 ([16, Theorem 3.2]). Let f : A — B be a ring homomor-
phism, J an ideal of B, and S a multiplicative subset of A. Then the following
statements are equivalent.

(1) A</ J is an S’-Noetherian ring.

(2) A is an S-Noetherian ring and J is an S’-Noetherian A <! J-module.

(3) A is an S-Noetherian ring and f(A) + J is an f(S)-Noetherian ring.

By using [1, Corollary 5], we give a more useful criterion for the S’-Noether-
ian property of A 0</+9 (J,.J). To do this, we need to recall the form of the
prime ideals of the bi-amalgamations. For this, let us adopt the following
notations: For L € Spec(f(A) + J) and L' € Spec(g(A) + J'), consider the
prime ideals of A >/9 (J,.J') given by:

L:=(Lx(g(A)+J))NnAl9(J,.J)
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(f(a)+3,9(a) + ') a€ A (j.5') € J x J and f(a) +j € L};

(f(A) +J) x L'y N Avpah9 (J,.T")

(f(a)+34,9(a)+7") | a€ A (4,5)€JxJ and g(a) +j € L'}.
(

Lemma 2.6 ([14, Proposition 5.3]). Under the above notation, let P be a prime
ideal of A<x/9 (J,J"). Then

(1) J x J' C P if and only if there exists a unique P € Spec(A) with P D I
such that P = P </9 (J,J'), where I := f~1(J) = g~ (J'). In this case, there
exist L € Spec(f(A) + J) with L 2 J and L' € Spec(g(4) + J') with L' O .J'
such that P =L =L'.

(2) J x J' € P if and only if there exists a unique L in Spec(f(A) +J) (or
L € Spec(g(A) + J)) such that J € L (or J' ¢ L) and P =L

Consequently, we have:

Spec(A /9 (J,J') = {L|L € Spec(f(A) + J) U Spec(g(A) + J)}.

Theorem 2.7. Under the above notation, assume that A is an S-Noetherian
ring and B (resp., C) is an S-finite A-module (with the A-module structure
induced by f (resp., by g)). Then Av<l9 (J,J") is an S'-Noetherian ring.

Proof. Let P be a prime ideal of A /9 (J,J') disjoint from S’. By Lemma
2.6, we have two cases:

Case 1. P has the form P /9 (J, J'), where P is a prime ideal of A disjoint
from S. Since A is S-Noetherian, there exist s; € S and aq, as,...,a, € P such
that s1P C ({a1,a2,...,a,}) C P. Since B is an S-finite A-module, there exist
an element sy € S and ji,...,Jm € J such that soJ C Aj1+ -+ Ajm C J
(or f(s2)d C f(A)j1+ -+ f(A)jm C J). Also C is an S-finite A-module,
there exist s3 € S and jj,...,J, € J' such that s3J' C Ajj +---+ Aj, € J
(or g(s3)J" C g(A)jy + - +g(A)j, € J'). Put s = sises3. Let (f(p) +
4,9(p)+4") € Paf9 (J,J'). Sop € P, and thus there exist oy, oo, ..., a, € A
such that sp = 31" | aa;. Also j € J and j' € J' implies that there exist
B1, B2, ..., Bm and y1,72,...,7, in A such that jf(s) = >, f(Bk)jx and
3'a(s) = 321 9(m)j;- Then

(f(5), 9(s))(f(p) + 4, 9(p) + ")

{
(
{

= (f(sp) +1f(s),9(sp) +5'9(p))
= (> fla)f(as +Zf Br)ik, Y glai)gla) + Y g(n)ii)
1 k=1 1=1 =1

(f (), g(ci)) (f( )+ )k, 0)

I
= ¢
Ms

.
Il

=~
Il
_

e -

+ (f(’yl)ﬂg('n))(le/)
=1

€ ({(f(a:), 9(ai)); (G- 0), (0, j)) [L < i <m, 1<k <m, 1 <1< q}).
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Case 2. P = L for some prime ideal L of f(A) +J or P = L’ for some prime
ideal L' of g(A) + J'. Without loss of generality we may assume that P = L.
Note that pg(L) = {f(a) + j| (f(a) + j,g(a) + j') € L} is an A-submodule of
B. As B is an S-finite A-module and A is an S-Noetherian ring, there exist
s1 € S and f(ay) + j1, f(az) + j2, ..., f(an) + jn € p(L) such that

fls0)pp(L) C f(A)(flar) + 1) + -+ F(A)(f(an) + jn) € pB(L).
Let (f(a) + j,9(a) + j') € L. Then

n

(f(s1): 9(s))(f(@) + s g(a) +§) = (D Flew)(f(a:) + Gi), g(s1)g(a) + g(s1)5")
i=1

for some v, s, ..., € A. Note that g(s1)g(a) — > i g(a;)g(ar) € J', and

hence sja — > aa; € g '(J'). As g7 '(J’) is an ideal of A and A is an

S-Noetherian ring, there exist an element sy € S and by,bs,...,b,, € A such

that

Sgg_l(J/) - <{b1, ba,. .., bm}> - g_l(Jl).

Hence sa(s1a — Y i aza1) = Yo, Brby for some By, Ba,...,0n € A. So
$981a = S2 Y iy ;a; + > pey Bebr. Moreover, as C' is an S-finite A-module,
there exists s3 € S such that g(s3)J" € g(A)j; +g(A)jy +--- +g(A)j, € J".
Putting s = s15253, we have:

(f(5),9(s))(f(a) + 4, g(a) + 5)

= (f(s253) Zf ai)(f(ai) + i), g(s15283)9(a) + g(s15253)5")

= (D flsass)flai) flai) + > fs283) f (i),
=1 =1
n m P
9(s253)(>_ g(ai)g(a:)) + 9(s3) (O 9(Br)a(be) + g(s152) (O g(m)i))
1=1 k=1 =1

+ 2 (f(s285)f(i), g(s255)9(0:)) (i 0)

@
Il
-

+ ) (£(s3)f(Br), 9(s3)9(Bk)) (0, g(br))

+

M= 11

(f(s182)f(m), g(s152)9(m)) (0, j;)

~

1
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Then it follows from all cases that P is S’-finite, which implies that A /9
(J,J’) is an S’-Noetherian ring. O

We close this note by the following examples.

Example 2.8. Let A be an S-Noetherian ring and I, K two proper ideals of
A such that I C K. Set B := A/I and C := A x A. Let f: A — B be the
canonical ring homomorphism and g : A — C be the canonical embedding on
the first component. Consider J := K/I and J' := K x 0 the ideals of B and C
respectively. Note that B and C are S-finite as A-modules. Then by Theorem
2.7, Ax/9 (J,J') is an S’-Noetherian ring.

The following example uses the A < E construction introduced and studied
n [13]. Let A be a ring and E an A-module. Then A x E = A x E is a ring
with identity (1,0) under addition defined by (a,e)+ (b, f) = (a+b,e+ f) and
multiplication defined by (a,e)(b, f) = (ab,af + be). See for instance [2,10].

Example 2.9. Let A be an S-Noetherian ring and E and E’ two A-modules
such that £ # E’ which are S-finite. Consider the natural injective ring ho-
momorphisms f: A > Ax Eand g: A - Ax E’ and set J := I « E and
J':= 1 « E’ to be two ideals of A & F and A < E’ respectively for some ideal
I of A. We claim that the bi-amalgamation A >/9 (J,J’) is an S’-Noetherian
ring. Indeed, notice first that f=1(J) = g7 1(J') =1, f(A) +J = A x E, and
g(A) +J = A x E’. Furthermore, f(A) + J is an f(S)-Noetherian ring and
g(A) + J' is a g(S)-Noetherian ring by [16, Theorem 3.8.]. Now the assertion
follows immediately from Theorem 2.2(3).

Acknowledgements. The authors would like to express their sincere thanks
for the referee for his/her careful reading and helpful comments, which have
greatly improved this paper.
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