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RESTRICTED POLYNOMIAL EXTENSIONS

No-Ho MYUNG AND SEI-QWON OH

ABSTRACT. Let F be a commutative ring. A restricted skew polyno-
mial extension over I is a class of iterated skew polynomial F-algebras
which include well-known quantized algebras such as the quantum alge-
bra Ug(sl2), Weyl algebra, etc. Here we obtain a necessary and sufficient
condition in order to be restricted skew polynomial extensions over F.
We also introduce a restricted Poisson polynomial extension which is a
class of iterated Poisson polynomial algebras and observe that a restricted
Poisson polynomial extension appears as semiclassical limits of restricted
skew polynomial extensions. Moreover, we obtain usual as well as unusual
quantized algebras of the same Poisson algebra as applications.

1. Introduction

Let F be a commutative ring. Given an F-endomorphism  on an F-algebra
R, an F-linear map v is said to be a left 8-derivation on R if v(ab) = B(a)v(b)+
v(a)b for all a,b € R. For such a pair (8,v), a free left R-module with basis
{z'}22,, becomes an F-algebra with multiplication

za = f(a)z +v(a), a€ R,

which is a skew polynomial F-algebra or an Ore extension of R and denoted by
R[z; 8,v]. Refer to [7, Chapter 2] for details of a skew polynomial algebra.

Definition. An iterated skew polynomial F-algebra
Ay = Flaq][xo; B2, va] - - - [x1; B, vi]

is called a k-restricted skew polynomial extension over F if the pairs (5;,v;)
satisfy that, for all 1 <i < j <k,

(1.1) Bi(1) =1, Bi(wi) = ajizi, aji €F,
(12) I/j(].) =0, l/j(lL'i) =uj; € Aj—1~
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(Note that the conditions (1) = 1 and v;(1) = 0in (1.1) and (1.2) are natural
since §; is an algebra homomorphism and v; is a derivation.)

Let Ap—1 = Flz1][x2; P, va] - [Tk—1; Br—1,Vk—1] be a (k — 1)-restricted
skew polynomial extension over F and let B, v, be F-linear maps from A4
into itself. In this article, we find necessary and sufficient conditions for Sy
and v such that there exists a restricted skew polynomial extension Ay =
Ag_1[z; Bk, vi] over F. See Lemma 2.2 and Theorem 2.4. Hence, using induc-
tion on k, we get a restricted skew polynomial extension Ag over F from the
result.

Suppose that A is an F-algebra and let i € A be a nonzero, nonunit, central
and non-zero-divisor such that A/hA is commutative. Then A := A/hA is a
nontrivial commutative k-algebra as well as a Poisson algebra with the Poisson
bracket

(1.3) {@,b} = h=1(ab — ba)

for @,b € A/hA by [1, IIL5.4]. The algebra A is called a quantization of the
Poisson algebra A and A is called a semiclassical limit of A in [6, §2] and
[10, Definition 3]. Moreover, if h — ¢, ¢ € F, is a nonzero and nonunit, then
the nontrivial algebra A/(h — q)A is called a deformation of A or A in [6, §2]
and [10, Definition 3]. An interested reader is referred to [5], [12] and [2] for a
deformation quantization.

By analogy with the restricted skew polynomial extension, we define a re-
stricted Poisson polynomial extension for iterated Poisson polynomial algebras.
See Definition 3. Here we obtain a condition for 8 and v, such that a restricted
Poisson polynomial extension is a semiclassical limit of Ay. See Theorem 3.2
and Corollary 3.3. As applications, we will show that there are well-known
restricted skew polynomial extensions as well as unusual restricted skew poly-
nomial extensions such that their semiclassical limits are the same as a Poisson
polynomial algebra in §3.

2. A construction of restricted skew polynomial extensions
Set Ay =TF[z1] and let A,,, n > 1, be an iterated skew polynomial F-algebra
Ay = Flzy][w2; B2, v2] - -+ [Tn; B, Vn]-

By monomials in A,, we mean finite products of x;’s together with the unity 1.
A monomial X is said to be standard if X is of the form

leorX::vilsci2~-~scik (1§21§12§§Zk§n)

Note that the set of all standard monomials of A,, forms an F-basis.
Let 8 and v be F-linear maps from an F-algebra R into itself. The following
lemma is well known, e.g. see [9, p. 177].

Lemma 2.1. The following conditions are equivalent:
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(1) The F-linear map ¢ : R — My(R) given by
s (ﬁ(or) u(r))

r

for allr € R, is an F-algebra homomorphism.
(2) B and v are an endomorphism and a left B-derivation on R, respectively.

For a (k — 1)-restricted skew polynomial extension
A1 = Flaa][ze; B2, vo] - - [Tr—1; Br—1, Vk—1]
over IF, we are going to construct a k-restricted skew polynomial extension
Ay = Apalow; Br, vi] = Flo|[wa; Ba, va] - - - [wx5 Br, vi]

over F. Let k = 2. Then there exists an F-algebra homomorphism ¢ : Flz;] —

My (F[z1]) defined by
o(e1) = (52(0””” ”2(5”1)) .

Z1

Hence (5 is an F-algebra endomorphism and v, is a left Bo-derivation on A; =
F[x1] by Lemma 2.1 and thus there exists the skew polynomial F-algebra A; =
Ailza; B2, v2]. Henceforth we assume k > 3. The following statement gives
us necessary conditions for the existence of a k-restricted skew polynomial
extension Ay = Ag_1[xk; Bk, Vi) over F.

Lemma 2.2. Let Ay = Flay][xe; Ba,va] -+ [€k—1; Be—1, Vk—1] be a (k — 1)-
restricted skew polynomial extension over F. If there exists a k-restricted skew
polynomial extension
Ay = Ap—1[zr; B, vie] = Flo|[wa; B2, va - - - [wk; Br, Vi
over F, then By, v satisfy the following conditions
(2.1) Br(uzi) = anjaniug; (1<i<j<k),
(2.2) arjTjur + UkjTi = QjiQRiTiUk; + 05U + vip(ug) (1 <1< j <k).
Proof. Let 1 <1i < j < k—1. Since S is an F-algebra endomorphism, we have
that
Br(zjzi) = Br(Bj(wi)x; + vj(2:)) = anjariajizizy + Br(uji)
and
Br(zjx;) = Br(x;)Br(z:) = agjariz;z;
= akjai (B (z:)x; + (i) = arj0ria;ivit; + arjarig;
by (1.1), (1.2). Hence we get (2.1).

Similarly, since vy is a left Sg-derivation, we have that

vi(xjzi) = Br(z;)ve () + v ()@ = ar;Tjup + Uk
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and
vi(wjm:) = vi(Bj(wi)x; + vj(:)) = vi(agizi; + uji)
= aji(Br(@i)vi(z;) + vie(wi);) + vi(uji)
= QiR Tl + a5k + vk (Ugi)
by (1.1), (1.2). Hence we get (2.2). O

Lemma 2.3. Let Ap_1 = Flz1][xe; B2, va] -+ [Xk—1; Bk—1, Vk—1] be a (k — 1)-
restricted skew polynomial extension over F and let Bi,vyr be F-linear maps
from Ag_1 into itself subject to the conditions (1.1), (1.2). If B and vy satisfy
(2.1) and (2.2), then the following conditions hold.

(2.3) Bre(x5) Br(w:) = BrBj(2i)Br(x5) + Brvj (i),

(24)  Brlzj)ve(z:) + vi(zj)zs = BrBj(xi)vi(z;) + viBj(@i)z; + viv;(z;).

Proof. Since Ai_1 is a (k — 1)-restricted skew polynomial extension over F,
the equations (2.3) and (2.4) follow from (2.1) and (2.2), respectively, by (1.1),
(1.2). O

In the following theorem, we see that (2.1) and (2.2) are sufficient con-
ditions for the existence of the restricted skew polynomial extension Ap =
Ag-1[zk; Br, vi] over F.

Theorem 2.4. Let Ag_1 = Flaq][xo; Bo, v2] - -+ [k—1; Be—1, Vk—1] be a (k —1)-
restricted skew polynomial extension over F. Given F-linear maps Bk, vy from
Aj_1 into itself subject to the conditions (1.1), (1.2), if Br and vy satisfy the
conditions (2.1), (2.2), then there exists a k-restricted skew polynomial exten-
ston

Ay = Ap_1low; Br, vi] = Flo][ze; B2, v2] - - - [2n; Br, Vi)

over IF.

Proof. 1t is enough to show that there exist an [F-algebra endomorphism S
on Ai_1 and a left Si-derivation vy subject to the conditions (1.1) and (1.2).
Note that the set of all standard monomials forms an F-basis of Ax_;1. For any
standard monomials x;, ---x;. € Ag_1, define F-linear maps Sy and v, from
Aj_1 into itself by

(2.5) Br(1) =1, Br(xy - xi,) = (agi, @iy) - - (ki  T4,.),

”

(2.6) vi(1) =0, k(@i 2i) =Y (ariTi,) - (@rip_, ip ki (Tipy, - T,
=1

r

where ag;, € F and ug;, € Ax—1 for £ = 1,...,r. Observe that these F-linear
maps B and vy satisfy (1.1) and (1.2). We claim that the map Sy defined by
(2.5) is an F-algebra endomorphism and the map vy defined by (2.6) is a left
Br-derivation by using Lemma 2.1.
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Let F(Sk_1) be the free F-algebra on the set Sy_1 = {z1,...,2,_1}. Define
an F-algebra homomorphism f : F(Sx_1) — My(Ak_1) by

f(xi)(ﬂk(xi) ”’““””) (1<i<k).

0 xZ;

Let us show that

(2.7) Fj(a) = <5k1/6(33i) l/kl/j(.lfi))

vi(wi)

for 1 < i < j < k. For any standard monomial X = z;, ---x; in Ap_1, by
(2.5) and (2.6),

Vk(X) = Zﬁk(‘ril e ‘ri(—l)yk(xie)(xiz+1 o 'xir)
=1

r—1
= Brlwi, @iy (i) (@i, - 22,) + Brlwiy 2, (i)
—1
= (@i, - wi )T, 4 Br(@a, - xa vk(24,).
In particular, if Xz; is standard (thus 4, < j), then
(28) Vk(ij) = ﬂk(X)I/k(’Ij) + I/k(X)’l}j.

Let us verify first that

(2.9 0 = (5 )

for any standard monomial X = x;, ---x;. in Ag_; of length r. We proceed
by induction on r. If r = 1, then (2.9) is true trivially. Assume that r > 1 and
that (2.9) holds for any standard monomial of length < r. Set Y =x;, -+, _,.
Then Y is a standard monomial of length » — 1 and X = Yz, . Thus (2.9)
holds as follows:

<ﬂk($i’") Vk(gf‘i’")) (by induction hypothesis)

_ Eﬁk(y)ﬁk(%) Be(Y)vi(wi,) +Vk:(Y)33ir)
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Let vj(x;) = >, be Xy, where all by € F and X, are standard monomials of
Aj;_;. Since f is an F-algebra homomorphism, we have

Fj(ma)) = bef(Xe)
¢

- %:be <ﬁk(0Xé) Vk)(ée)) (by (2.9))
_ (ﬁk(Ze beXe) vi(Do, bzX/z))

0 > oo be Xy
_ (Brvi(@i)  vivj(;)
0 vy (l‘z) ’
Thus (2.7) holds.
Note that Ag_1 is an F-algebra generated by z1,...,zr_1 with relations

lfjil?i — ﬂj(frz)$] — Vj(l’i) (1 S 1< j < k)

Namely, Ap_1 is isomorphic to the F-algebra F(Sy_1)/I, where I is the ideal
generated by

TiT; — ﬁj(l'z)x] — Vj(l'i) (]. <73 <j < k)
Since f is an F-algebra homomorphism, it is easy to check that I C kerf by

(2.3), (2.4) and (2.7). Hence there exists an F-algebra homomorphism ¢ :
Ap—1 — M3(Ag_1) such that

o) = (ﬁkgcn WZ.))

Ly

for 1 <i < k. By Lemma 2.1, B is an F-algebra endomorphism on A;_; and
vy is a left Bi-derivation on A,_q as claimed. (I

Remark 2.5. Retain the notations of Theorem 2.4. If ag; # 0 for all 1 <1i < k,
then B is a monomorphism.

Proof. Note that 8;, v; are F-linear for all ¢ = 1,...,k. Let g = >, a;X; €
Aj_1, where a; € F and X; are standard monomials for all ¢, and suppose that
Br(g) = 0. Then B (X;) = b;X; for some 0 # b; € F by (2.5) and thus

0=PBk(g) = Z a;b X;.

It follows that all a; = 0 since the standard monomials of A; form an F-basis.
Thus g = 0. (]

3. Application

Let A be an indeterminate throughout the section.
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Example 3.1. Set F = C[h,h~!] and
ag = 12, az = h?, azy = 1%,
ugy = —(h? — 1), wuz; = —(h"2=1), wuzp = —(h*—1).
By Theorem 2.4, there exists a restricted skew polynomial extension
Az = Flxq][w2; B2, vo][x3; B3, V3]
over F, where
Bao(21) = asiay = h?ay, Bs(x1) = as1z1 = h™ %,
Bs(x2) = asaxs = h’as, va(x1) = ugy = —(R* — 1),
v3(z1) =usy = —(h2 = 1), wvz(x) = ugp = —(h* — 1)

since (s, v, B3 and vg satisfy (1.1), (1.2), (2.1), (2.2). Note that Az is the
F-algebra generated by x1,x2, x3 subject to the relations
(3.1) h2xixe—woxy = h2—1, Wlaszy—x1203 = h2—1, hlxows—x3xe = h2—1,

which is the relation appearing in [8].

Observe that A—1 is a nonzero, nonunit, non-zero-divisor and central element
of As such that the factor Az := A3/(h — 1)A3 is commutative. Hence A3 is a
Poisson C-algebra with Poisson bracket

{@,b} = (h—1)"1(ab — ba)

for all @, b € Az by (1.3), which is a semiclassical limit of A3. More precisely, A3
is Poisson isomorphic to the Poisson algebra C[x1, z2, 23] with Poisson bracket

(32) {1‘2, 331} = 2],‘1.’132 — 2, {xl,l‘g} = 2$1$3 — 2, {$3,$2} = 2.132333 — 2.
Refer to [11, Example 4.2] for the Poisson bracket (3.2). O

A derivation « on a Poisson algebra R is said to be a Poisson derivation if

a({a,b}) = {a(a),b} + {a, a(b)}

for all a,b € R. Let « be a Poisson derivation on R and let é be a derivation
on R such that

d({a,b}) = {0(a), b} —{a,8(b)} = a(a)d(b) — d(a)(b)

for all a,b € R. By [14, 1.1], the commutative polynomial C-algebra R|[z] is
a Poisson algebra with Poisson bracket {z,a} = a(a)z + dé(a) for all @ € R.
Such a Poisson polynomial algebra R[z] is denoted by R][z;«,d], in order to
distinguish it from skew polynomial algebras. If o = 0, then we write R[z;d],
for R[z;0, 4], and if § = 0, then we write R[z; ], for R[z;a,0],.

Definition. An iterated Poisson polynomial C-algebra

Bk = C[Z'l][l’z, Qz, 52]1’ e [Ika A, 5k}p
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is called a k-restricted Poisson polynomial extension over C if the pairs (o, 0;)
satisfy that, fori =1,...,7—land i< j <k,

(3.3) a(x;) = ¢jixq, where ¢j; € C,
(34) 5J($z) Zdji S Bj_l :(C[arl,...,xj_ﬂ.
Let F be the ring C[[A]] of the formal power series over C. Here, by using

Theorem 2.4, we obtain a Poisson algebra C[z1, . .., x|, which is a semiclassical
limit of Ag, in the following.

Theorem 3.2. Let F = C[[A]] and let Ay = Flx1][z2; B2, v2] - [Tk; B, V] be a
restricted skew polynomial extension over F where

Bj(xi) = ajizi, (aji € F), vj(x;) € Aj,
for1 <1< j<k. Suppose that
(35) Qj; — 1e hF, Vj (Il) € hAk

foralll <i< j<k. Then A, = Ay /RAy is Poisson isomorphic to a restricted
Poisson polynomial extension

Clay][z2; az, 52};; o [ o, 5k]p
over C, where
dag; _ dv;(z;)

(3.6) a;(x;) = cjiz; = ( i h_0> z;, 0j(x;) =dj; = Thzo

for all1 <i < j <k. (Deriwatives are formal derivatives of power series in h.)

Proof. Note that Ay is generated by x1,...,x; and that A € F is a nonzero
central element of Ay. Since

wjri — wiry = B(wi)a; + vy (@) — 2z,

3.7
( ) = (aji — 1>$i.’lﬁj + l/j(.ﬁi) € hAy (Z < ])
by (3.5), Ay, is a commutative C-algebra C[z1,...,x;]. Moreover we have
{z), 7} = b (wjmi — wixj)
aj; —1 v(;
= (]h> zxj + (J(h)> (by (3.7))
_ (daji o dv;(;)
= (%o s+ () oy 35)
for all 1 <14 < j < k. Hence the result follows. O

Corollary 3.3. Let F = C[[h]]. The restricted skew polynomial extension Ay
in Theorem 3.2 is a quantization of the restricted Poisson polynomial extension

Bk = C[fﬂl][l’g, a2, 52]? e [xk; g, 5k}p

in Theorem 3.2.
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Proof. The result follows by the proof of Theorem 3.2. O

Example 3.4. Here we obtain a quantization of the Poisson algebra Bs =
Clx1, x2, x3] with the Poisson bracket (3.2). Note that Bs is a restricted Poisson
polynomial extension

Bz = Cla1][w2; oz, 02]p[xs; a3, 03],

over C, where

0
=2r,— 0y = —2—
(6%)) 1 ({91'1 5 2 81'1 y
0 0 0 0
= 2 e 4 20y, 3 =2 — 2
a3 i 6I1 + 2 31’2’ 3 8171 31172
Set F = CJ[h]] and
ag = ", az1 = e 2" azs = e,

ug1 = —sin(2h), wugy = sin(2h), wuge = —sin(2Ah).
By Theorem 2.4, there exists a restricted skew polynomial extension
Az = Flx1][w2; B2, va[z3; B3, V3]

over I, where

Bo(w1) = amwr = €"wy, By(w1) = amwy = e 2y,
B3(w2) = azawa = €*wa, 1o(w1) = ug1 = —sin(2h),
vs(x1) = ug1 = sin(2h),  v3(w2) = usz = —sin(2A).

since B, v, B3 and v satisfy (1.1), (1.2), (2.1), (2.2).

Moreover As is a quantization of Bz by Corollary 3.3 since aj;, uj; satisfy
(3.5) and (3.6). Note that Ajs is the F-algebra generated by x1,x2, x5 subject
to the relations

2h

e“"r1x9—x9w1 =sin(2h), e2h

zax—z1x3=e>"sin(2h), e rors—rswe =sin(2h),
which is different from (3.1). O
Remark 3.5. Note that the quantized algebras in Example 3.1 and Example 3.4

are distinct quantizations of the Poisson algebra C[z, 2, 3] with the Poisson
bracket (3.2).

Let us find quantizations of the Poisson Weyl algebra. The Poisson Weyl
algebra is the Poisson polynomial algebra Boy = Clxy, 22, ..., Tap_1,X2k] with
Poisson bracket

o3 (G2 ory,

0x9;—1 0T2; 0x2;—1 0T2;

i=1
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cf., [4, 1.1.A] and [13, 1.3]. Namely, the Poisson bracket is
1, ifj=20i=20-1,
{wj, 2} = {O, otherwise
for j > i. Hence Byy, is a restricted Poisson polynomial extension
Bay, = (C[xl][ivz; 52]p ce [$2k71]p[x2k§ 52k]p

over C, where
1, ifi=20-1,

Ga¢(xi) = {07 if i #£ 20— 1.
Example 3.6 (Moyal-Weyl quantization). Set F = CJ[[h]] and

) h, ifj=20i=20-1,
(3.8) aji =4, Uji {0, otherwise

for all 1 < i < j < 2k. By Theorem 2.4, there exists the restricted skew
polynomial extension

Agi = Flz1][z2;v2] - - - [w2p—1][w2k; vor]
over IF, where
h, ifi=20-1,
0, ifiz£20-1,
since all 8; and v; satisfy (1.1), (1.2), (2.1), (2.2). By Corollary 3.3, Ag is a

quantization of the Poisson Weyl algebra Boy, since all aj; and uj; satisfy (3.5)
and

Bj(xi) = ajix; = x4, (1 <i<j<2k), vae(x;) = uges = {

day; duj; 1, ifj=204i=20—1,
lh=0 =0, —|p=0= .
dh dh 0, otherwise.

Note that Asg is an F-algebra generated by x1, o, ..., xq, subject to the
relations

h, ifj=20i=20-1,
(3.9) Tite = ity = {O, otherwise,
which is the so-called Moyal-Weyl quantization [3, §20.1]. O

Example 3.7. Here we obtain a quantization of the Poisson Weyl algebra Bsy,
appearing in quantum physics. Set F = C[[A]] and

cosh, ifi+ jis odd, sinh, ifj=20,i=20—1,
(310) aji = { ji = {

sech, if i+ jis even,
for all 1 <47 < j < 2k. Note that aj;,uj; € F satisfy (3.5) and
da; duj; 1, ifj=20i=20—1,
lh=0 = 0, lh=o = .
dh dh 0, otherwise

0, otherwise

by elementary calculus.
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We will show that there exists a restricted skew polynomial extension
Aoy = Flaa][x2; B2, vo] - - [w2—1; Bak—1][2k; Bak, Vo]
over I, where
Bj(xs) = ajixi, vi(ws) = uy, (1<i<j<2k).

For all 1 <14 < j < 2k, since all §; and v; satisfy (1.1) and (1.2), it is enough
to show that all §; and v; satisfy (2.1) and (2.2). Assume that there exists a
restricted skew polynomial extension Asi_o over F. Note that, for any positive
integers i, j, ¢,

i+ 7 is odd if and only if

11
(3.11) (¢ + 7 is odd and £+ is even) or (£ + j is even and £ + i is odd).

Observe that F-linear maps [or—1 and wor_q satisfy (2.2) trivially since
var—1(uji) = 0 and ugg—1,; = 0 for all 1 < ¢ < 2k — 1 and that they also satisfy
(2.1) by (3.11) since Bog—1(uji) = uj;. Hence there exists a restricted skew
polynomial extension Asy_s[xog—1; S2r—1] over F by Theorem 2.4. For F-linear
maps [Bo, and ok, they satisfy (2.1) and (2.2) by (3.11) since Bor(uji) = uj;
and vor(uj;) = 0 and thus there exists Aoy, = Aog_2[Tar—1; Bor—1][T2k; Pok, Var]
by Theorem 2.4. Moreover Asy is a quantization of the Poisson Weyl algebra
By, by Corollary 3.3 since aj;, uj; satisfy (3.5) and (3.6).

Note that Asy is an F-algebra generated by z1, s, ..., Tog_1, Top subject to
the relations

ZTopxop—1 — (cosh)xop—1z9 =sinh, (L =1,...,k),
r;x; — (sech)r;z; =0, 1 <7J, 14 jis even),
(3.12) i~ (sechjri ( A )
5 1< j,1+ 7 is odd,
#yi = (cosh)az; =0, (if j =2, then i # 20 — 1) '

In particular, we obtain a deformation, a C-algebra generated by 1, zo,...,
Tog—1, T2k Subject to the relations
TiT; + X5 = 0 (j > i),

by setting & = 7 + 2n7 (n € Z) in the relation (3.12) in which z? is a central
element for i = 1,...,2k. In (3.9), we obtain a deformation, a C-algebra W
generated by x1, o, ..., Tok_1,Tor subject to the relations

1, ifj=20i=20—1,

TiT; — LT = )
Jer {07 otherwise,

by setting i = 1. This is the k-th Weyl algebra. This implies that (3.12) is a
quantization different from (3.9). O

Remark 3.8. Note that the quantized algebras in Example 3.6 and Example 3.7
are distinct quantizations of the Poisson Weyl algebra.
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