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MAXIMAL FUNCTIONS ALONG TWISTED SURFACES
ON PRODUCT DOMAINS

AHMAD AL-SALMAN

ABSTRACT. In this paper, we introduce a class of maximal functions along
twisted surfaces in R” xR™ of the form

{(@(lvD)u, p(ul)v) : (u,v) € R"xR™}.
We prove LP bounds when the kernels lie in the space LI(S"~1xSm~1).
As a consequence, we establish the LP boundedness for such class of
operators provided that the kernels are in Llog L(S*~'xS™~1) or in the
Block spaces Bfl)’o (SP=1xs™~1) (¢ > 1).

1. Introduction and statement of results

Let R? (d > 2) be the d-dimensional Euclidean space and S~! be the
unit sphere in R? equipped with the normalized Lebesgue measure dog. Let
R, = [0,00) and let U be the class of all measurable functions b : Ry xRy — R
that satisfy

B 0o oo 5 1 1 3
||h||L2(]R+XRJr,r*ls*ldrds) - 0 0 ‘h(?‘, S)| rsT drds <L

Let ' : R®xR™ — R"xR™ be a mapping given by
(1) L(u,v) = (¢(Jv])u, p(ul)v),

where ¢ and ¢ are real valued functions defined on [0, 00). Let £ be an inte-
grable function on S"~'xS™~! that satisfies

(2) Qtx, sy) = Q(x,y) for all t,s >0
and
(3) \/Sn71Q(u,’.) do,, (u’) _ /S;nilQ('?U/) do,, (UI) —0
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Consider the maximal function Mq 4, given by
(4) Ma,p.o(f)(2,y) = sup 1S, () (@, y)l,
€

where

Scan(Pe) = [[ f((%y)—F(u,v))h(|u||’u||vn|)|27(f/’v/)dudv.

R» xR™

When ¢(t) = ¢(t) = c-constant, the operator Mg 4, reduces to the classical
operator Mg introduced by Ding in 1999 in [12]. Ding proved that the operator
Mg is bounded on L?(R™xR™) provided that the function |Q| (log™ |Q|)? is in-
tegrable on S ' xS™~!. Subsequently, Al-Salman proved the L” boundedness
for all 2 < p < oo under the weaker condition that Q € Llog L(S* 'xS™ 1),
i.e., the function |Q|(log™ |Q2]) is integrable on S"~'xS™~! [3]. In the same
paper, Al-Salman showed that the condition € Llog L(S"*xS™™!) can not
be replaced by any condition of the form Q € L(log L)' ~¢(S*~'xS™™1), ¢ > 0.
For further results concerning the operator Mg, we advise readers to consult
[2,3,10], among others.

For non constant functions ¢ and ¢, the LP boundedness of the corresponding
operator Mq ¢ ., is not known even for power functions. In fact, the operator
Mg 4,, is considered to be hard and its treatment is very involved due to the
twisted nature of the surface I'. It is our aim in this paper to consider the L?
boundedness of the operator Mq 4, for non classical surfaces I'.

By duality, it follows that the maximal function Mg 4, is given by

9 drds) 3

rs

(5) Mo o) (,9) = ( [ [ Wewatnes

where
NowalDro) = [ [ =o'y = olrys)0 (o) dodor

We are interested in surfaces I' where the functions ¢ and ¢ satisfy certain
growth conditions. Let F be the class of smooth functions ® : (0, co) — R
which satisfy the following growth conditions:

(6) )] < Catle, Cot 2 < [o (1)) < Cyeto?

for some dg # 0. We notice here that if ¢(t) = ¢(t) = t, then there exists
a smooth f such that Mq ¢ ,(f) = co. On the other hand if ¢(t) = ¢ and
#(t) = t?,d # 1, then the corresponding operator Mgq 4,, is bounded on L?
for all 2 < p < oo under the weak condition Q € Llog L(S* 'xS™ '), In
fact, it can be shown that Mg 4 ,(f)(z,y) = (1/|1 —d|)Ma(f)(z,y). Thus,
we are interested in surfaces I' where the functions ¢, ¢ € F with d, # 1 and
dy # 1. For convenience, we shall let F; be the class of all ¢ € F with d, # 1.
Examples of functions in the class F; are widely available such as the power
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functions o(t) = t7(8 # 1) and the function p(t) = t2 (1 + 67%2). Our main
result is the following:
Theorem 1.1. Suppose that Q € LI(S*'xS™™1), ¢ > 1 and satisfies (2)-(3)

with [, < 1 and [|Qf, < 2 for some a > 1. If p,¢ € F1 with dydy # 1,
then

(7) 1Ma,g.0 (), < aCy I fI],
for p > 2 with constant C), independent of a.

As a consequence of the above result and suitable decomposition of the
function §2, we have the following result:

Theorem 1.2. Suppose that Q € L(log L)(S"~'xS™ 1) and satisfies (2)-(3).
If o, ¢ € Fi with dydg # 1, then Mg 4, is bounded on LP(R"xR™) for all
2 <p<oo.

An immediate consequence of Theorem 1.2 is the following result concerning
singular integral operators:

Corollary 1.3. Let p,¢ € Fy with dydy # 1. Suppose that h € L?(R; xR,
r~ls~drds). If Q@ € L(log L)(S"'xS™ 1) and satisfies (2)-(3), then the sin-
gular integral operator

TooNei) = [[ e = oty = el PLEREEE D duay

R7 XR™
is bounded on LP(R™"xR™) for all 1 < p < 0.

Singular integrals on product domains have been extensively studied by
many authors, we cite [6], [7], [13], [14], [17], [18], among others.

By Theorem 1.2 and change of variables, we immediately obtain the following
result concerning Marcinkiewicz integral operators considered in [9,11]:

Corollary 1.4. Let p,¢ € Fy with dydy # 1. Suppose that h € L*(Ry xR,
r~ts~drds). If Q@ € L(log L)(S"'xS™ ') and satisfies (2)-(3), then the

Marcinkiewicz integral operator

M¢7<pf(x7 y)

(L

is bounded on LP(R"xR™) for all 2 < p < oco.

(', v')

Q
/ / £ — dlelusy — p(ful)o)—o ) gy
<2t J|v|<2 [ul" |v]

2 3
dtds
922(t+s)

The author would like to thank the anonymous referee for the very valuable
comments on the first version of the paper. Reviewer comments have led to
substantial improvement of the presentation of the paper.

Throughout this paper the letter C' will stand for a constant that may vary
at each occurrence, but it is independent of the essential variables.
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2. Preparation

The twisted nature of the surface I' involves lacunary sequences of multi-
indexes. This requires a fundamental extension of existing theory. To this end,
we prove the following generalization of Lemma 2.1 in [3]:

Lemma 2.1. Let L : R"— R" and Q : R™— R™ be nonzero linear transfor-
mations. Suppose that v{,v9 > 0 with v;v5 # 1, a > 1, and o, 5,C > 0.
Suppose that 04 = {0qrs: 7,5 € R} is a family of measures satisfying

(i) sup [[oqars| < C;

T,8€
2a(i+1) oga(k+1)

.. N 5 dsdr
I B B

. _a . _B
< aQCmin{]2a]2mlkL(§)| * 2072079 Q)] }
for (€,n) € R"xR™;

2a(i+1) oga(k+1)

I

aj 2ak ST

< @2C'min { [200TD2em B+ | L)) |7

'}
for (§,m) € R"xR™;
(iv) For 1 < p < oo, there exists a constant C, > 0 that is independent of
a such that the maximal function

2a(k+1)2a72(j+1) IQ(”)'

ga(i+1) ga(k+1)

(8) o= (f)(@,y) = sup / Gamal  fla)]| L

7,k€EZ aj 2ak ST

satisfies
loa(Hll, < a*Cp I f1l, -

Then the square function

Sa(f)(x,y)< /0 /0 0 e % £ (2 9) ;f;)

satisfies

IS, (O, < aCI £,
for all 2 < p < oo with LP bounds independent of the parameter a and
the linear transformations L and Q.

Proof. By similar argument as in [15] (see also [8]), we may assume that L(§) =
7w (&) and Qs(n) = 7 (n) where ny = rank(L), mg = rank(Q),

nr, maq

TrZL(gl"",gn) = (517"'757’@) and WmQ(nl,"'anm) = (7717""an)'
Let

D(Z xZ) ={(u,v) : u=j+ v,k and v = k + v,j for some j,k € Z}.
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It is clear that D(Z x Z) is infinite countable. In fact, since ;75 # 1, the map-
ping (4,k) = (5 +7v1k, k+747) € D(Z x Z) is a bijection. Hence, |D(Z x Z)| =
|Z x Z|. Moreover, it can be shown that [DM(Z x Z)| = |[DP(Z x Z)| =
|D(Z x Z)| where

DW(Z x Z) = {u : (u,v) € D(Z x Z) for some v}

and
DNZ x Z) = {v : (u,v) € D(Z x Z) for some u}.
We also remark that the set D(Z x Z) is closed under the usual addition of
vectors in the plane, i.e., if (u,v), (uv',v") € D(Z x Z), then (u,v) + (u',v")
(u+u',v+0") € D(Z X Z).
Now, we construct a sequence {¢{V(£)P(s) : (u,v) € D(Z x Z)} where

V(1) and P (s) are real valued functions on R such that ¢{V(2), (s) €
o=,

2
Y 0<uP0.0P 6 <1 3 (WP 0ud ) =1
(u,v)

(10) WO (1) € (2-ew+14m) g=a(u=1-71))
(11) '(/15)2)(8) - (2—11(1)+1+"/z),2—a(v—1—72))’

dp (¢) C A (s) c
12 Zu ANV« 28 a7 (s) e
(12) di S and S <.

where C} is independent of a, u, and v. For j,k € Z, let ¥, , be defined by

. 2
(13) i pal€m = (00, n(mae Pl ()
Then by making use of the identity in (9), we have the following
(14) S, () < D SikalF@v),
j.keZ
where

Sjk.a(f)(@,y)
9a(l+1) ga(o+1)

dsdr
(15) = Z W)t ktoa * Tars * f2, )]
l,oEZ 20,1 Qa0 rs

N

By Littlewood-Paley theory [20], it can be shown that

2

(16) D Wik * fI <Gl

l,0€Z
p
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for all p > 2 with constant C),, independent of the parameter a. The indepen-
dence of the constant C}, on the parameter a is a consequence of the property
(12). Now, let

Aask = {5 € R" : 270U+ Dg—alk+n1 |71 ¢| < 27a<j71>27a<k71>w1}
2Jy L
and

B

ik = {77 e R™ : g—alkt)o—a(i+1)7; ‘W%rz‘ < Q—a(k—l)Q—a(j—l)’m}.

fn‘/g

Now, by the assumptions (i)-(iii), we have

90(2+71+72) 2
(17) ok, 0(5 n) < 9alj+kv,[9alk+ival // &n dﬁdn

Aaj+1XBa k4o

Let

Fojrio&n) = //

a NE XBa k+o

9a(l+1) ga(o+1)

/ ars&ml EL dgay

2a0

Thus, by Placherel’s theorem and Fubini’s theorem, we have

(18) 1Sj0a(H)ll, < aC27lHmlgmalbtial g, .
Next, by the assumption (iv), (16), and duality argument, it can be shown that
(19) 155.k.a (N, < aCy I £1],

for all p > 2 with constant C, independent of the essential variables. By
interpolation between (18) and (19), we get

(20) 1)k.a(H),, < aC27 e HMlg=dkrimly g

for 2 < p < oo where ¢,¢, and C), are positive constants independent of a, j,
and k (see [3] for details). Thus

1S)k.a(f)], < aC | Y 27clitkmlgmebtimal |y r| < aC || f]],

J,kEZ
for all p > 2. This completes the proof. U
In order to obtain estimates of maximal functions in the form (8), we recall

the two parameter maximal functions introduced recently in [4]. For fixed

points z; € S"1 zo € S™ L and ¢, p € F, let,uzl’
given by

#2) be the maximal function

9i+1 ok+1

@1 u5 (), y) = sup / / @ — d(s)rzr,y — olr)sz)]

gk J2i J2k

drds

The following result can be found in [4]:
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Theorem 2.2 ([4]). The mazimal function u((;jo’zz) is bounded on LP(R™ x R™)
for p € (1,00) with LP bounds independent of the points z1 and z.

For convenience and completeness, we shall present in the next section a
proof of Theorem 2.2. Our proof here is slightly different from that given in
[4]. Our argument here is based on square functions approach.

3. A maximal function

As we pointed out in the previous section, this section is devoted for pre-
senting a proof of Theorem 2.2. We shall start by proving a general lemma
which will greatly simplify our argument. Let ¥ = {¥, ; : ¢, s € R} be a family
of real valued C* functions on R™ x R™. Let v = {v; , : t,s € R} be a family

of measures on R"™ x R™. For j,k € Z, let J ;i”u) and Gf,’c) be given by

(22) Jj,i’”(f)(a:,y):( /] ut,swt+j,s+k*f<m,y>|2dtds)

and

@@= ([ [ W o dtds)é

For the family v = {v;, : t,s € R}, we let v* be the maximal function
(24) Vi) @ y) = sup v f(z,9)]

t,s
We shall let ||v; ¢|| to denote the total variation of the measure v; ;. Our main
lemma in this section is the following:

Lemma 3.1. Letv={v;s:t,s e R}, U ={¥, ,:t,s € R}, J](i Y Gﬁ?, and
v* be as above. Let v{,7,, and € be positive real numbers. Suppose that
(i) sup [lwesll <1
R

t,s
i) |13 (1)], < comsrokmla=isst |, for alt g,k € 2
(i) (Nl < Ag lfll; for some ¢ > 1.

) HG(‘I’) ’ < B, ||fll, for all j,k € Z and 1 < p < oco.

)

S \Ilt+]s+k—1f0rallt s e R.
JELKEL

1V

(v

= 2q, there exists a constant Cp, > 0 such

Then for p{, < p < po where ‘% p%;

that the operator

(25) s = ([ [ ex s dtds)é

satisfies

(26) 15, fll, < Cp lI£1l,
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Proof. The proof is fairly standard. First, we show that there exists a constant
Cp, > 0 such that

w,v)
(27) |72 < s,
Po
for all j,k € Z. To see (27) we argue as follows. By duality, we may assume

that po > 2. Let ¢ = (& 0) . Then there exists a non-negative function h €
L9(R™ x R™) with [|h]|, = 1 such that

vo / /m /_O; /_O; Wi % Ui sk * f(@,y) | bz, y)dtdsdady
= /n /m (Gﬁ)(f))Q (2, y)v* (h)(—z, —y)dzdy

<l 1w,

|75 )

S B}%OAQ ||pr0

which implies (27). Here, the last inequality follows by the assumptions (iii)
and (iv).

Next, by the assumption (v) and Minkowski’s inequality, we have
(28) Wz, y) <ZZJ(‘I’D ,Y).
JEL kEZ

Now, by interpolation between the assumption (ii) and the estimate (27),
we get that

(29) |75

for all pj < p < po and some ¢,. Hence, (26) follows by (28) and (29). This
completes the proof. ([

< 9—¢eplitkrilg—eplktival Il
- p
p

Proof of Theorem 2.2. First, we shall assume that dy > 0 and d, > 0. The case
where dy < 0 or d, < 0 follows by the same argument with minor modifications.
Now, notice that

2>

uU () (a,y) <

flz = d(w)rz,y — p(r)wzs)| drdw

tsER2

(30)

*f .’E y ‘ —4Nu(0>(f)(w7?/)»
t,seR

where {u§°3 : t,s € R} is the family of measures defined by

(31) / fd;/“”_ 5T / / Fld(w)rz1, p(rywzs)drdw.
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Let v(M) = {V,Els) :t,s € R} and v = {Z/EQS) : t,s € R} be the family of
measures defined by

()€ m) = #1,5(&,0) and
(Vg,.s)j(é-)n =1,5(0,m)

Let

(32) D) (f)(x,y) = sup (Vi) % f(z,y)|, i =1,2

Notice that

9s
- drd
g ) 1t oo i

W) (f)(z,y) < sup
1 1 2" ¢(w)
Stsuep]R 25/ <2t¢(w)/0 [flx —uz,y )du) dw

|
S c sup s (M21 =+ M—Z1)f(m7y)dw
t,seR 0
(33) = C(le +M—Zl)f($7y)7

where M, is the directional Hardy-Littlewood maximal function in the direc-
tion of z acting on the z-variable. Similarly, we can show that

Thus by the boundedness of the directional Hardy-Littlewood maximal func-
tion, we get

(35) ||| <cin,

for 1 < p < oo with C), independent of z;, i = 1,2.
Next, it is straightforward to see that total variation ||-|| of the measure oy,
satisfies

(36) sup
t,seR

(4
Vt,s

,i=0,1,2.

Now, we estimate the Fourier transform of the measures l/(z) Notice that
for w > 1 and r > 0, we have

d ((5 21)p(2° jw)r+(77-z2)2s‘jw<p(7“)>‘

_ gy (€ 206" (2 w)r] > Coa% = g

Thus by Van der Corput Lemma [20] along with interpolation with the estimate

1
1 / (€m0 p(rwz) gy | < 1

25
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we get

1 / e () p(rwzs) gy,

25

IN

ZW

: & J
|Co2%0% ¢ - 2| | P %D Y 273

j=1

1
C ‘022(14’8 ‘f : 21| ’I”‘ 2dpth)
Thus, by noticing that

/ i(Em) (92"~ Jw)rzl,sa<r>2”w@>dw’

IN

IN

2t 1 1
L [" g, 2d¢+22—mt,
we get
(37) |46, m)| < € [20002 2| T
Similarly, we can show that the following hold:
(38) (€ m)| < € 212 - 2| T
_ 1
(39) (i3 n)| < Clotaters o] T
(2) dotos B cresy
(40) W2)Em)| < € 2iet2mn - 2| T

By the definitions of the involved measures, (36), and (37)-(40), we obtain the
following estimates

_ 1 _ 1
(1) || < O[22 -l TTEIT [atet? g2yl
(42) |6~ WARI(E )| < € (212006 - | T [ty 2y [T
1 1
(43) |42 (E M= (A (Em)| < € [212%%€ 21 [T [2r2tety |

|m) = A€ m) = W)€ m) + (n2)?)
(44) < C2f2%%¢ - Zl‘m 25250ty . zz\m :
(45) ‘(ygls))(g’n) _ (1n2)2’ < C |2t2d¢sf . Zl‘m ,

~ 1
(46) |2(€m) — I 2)2| < O w2ty 2 7@
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Now, let § € S(R) be such that 6(t) = 1 if [t| < 3 and 6(t) = 0 if [¢t| > 1.
Define the family of measures {0y, : t,s € R} by

&ta(f 77)
S N S 2 N
= (D) (Em) — 0(1212%%¢ - 2 |) (i) (€, m) — 0(2°2% - 2) (i)Y (€ m)
(47)  +0(|2" 2d¢S§-zl| (|2°2%" - 25])(In 2)?
By (36) and (41)-(47), we get
(48) sup [logs]| < C,
t,s€R
N todss T ITTD |os0dut =]
(49) ‘gtﬁ(g’n)|f;‘2 2des¢ .31’ (dg+ >‘2(2 ey .22’ [CPEEV

It can be easily shown that the following inequality holds:

(50) pyo (f)(@,y) <25, (f)(@,y),

where S, is given by (25). Let { (1)} and { (2)}00 be two families of C*°

functions satisfying the properties (9)- (12) with j and k are replaced by t and
s respectively and a = 2. Let ¥, , be given by (13) with j and k are replaced
by t and s respectively and a = 2. Then by (47), (50), the property (9) and
Minkowski’s inequality, we have

3
(51) 10 (f) (@) < G (f)(z,y) + CZM(”(f)(x, Y)
3 .
(52) o (f)(x,y) <267 (f)(x,y) + QCZM(”(J“)(M/),
where

GO0 (f =SSy,

JEZ KET
MO (f)(@,y) = (Mg & Ige—1) @ Inm) (vD)* () (2, y),
MO (F)(@,y) = (M @ Igm—1) ® Irn) (v)*(£)) (2, y),
M (f)(@,y) = (Mg & Ign1) ® (Mg ® Igm—)) (f)(2,9),

My is the classical Hardy-Littlewood maximal function on R, and Igs denote
the identity operator on R? (d > 1).
By a well known argument (see [17,20]), it can be shown that

(53) [l <,

for all 1 < p < oo with constant C}, independent of j and k.
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By (48)-(49) and Plancherel’s theorem, we get that J;i’a) satisfies condi-

tion (ii) in Lemma 3.1. Thus, by (35), (48)-(52), L* boundedness of Hardy-
Littlewood maximal function, Lemma 3.1, and the well known bootstrapping
argument as in [5] (see also [15]), the proof is complete. O

4. Proof of main results

Proof of Theorem 1.1. Suppose that Q € LI(S"~1xS™™ ), ¢ > 1 and satisfies
(2)-(3) with [|2f, <1 and |||, < 2¢ for some a > 1. Let 0 = {0, 7,5 €
R} be the family of measures defined by

(54)  0,,.(En) = // e Ero@ eI o) do (u')do (V).

Sn—1x§m—1

s

Then

5 Mass0en = ([

Now, we show that the family o, satisfies the following estimates

<G

2 drds) 3

rs

Ua.7~,s * f(x? y)‘

(56) sup [|o,r,s|

r,s€R

2a(i+1) oga(k+1) R ) dsd’r
|Ua,r,s(§7"7)| -
2aj 2ak ST

(57) < @*Cmin { [29g0doke T [gekgedesy) " ]

a(i+1) ga(k+1)
2 2 o dsdr

/Qaj - |Ua7r,s(§»n)‘ ST

_1
2aq’
b

9a(i+1) gdy (k+1) ¢ galk+1)gad, (1)

1
(58) < a*C'min { s }
for (&,mn) € R"xR™. Here, |04, || denote the total variation of the measure

Oa,r,s-
The estimate (56) is clear. To verify the estimate in (57), we notice that

9a(i+1) ga(k+1)

Lo [ a2

2aj ST

gt
= // // 1, ) QU w')| 1o g (W, 0, 2 w')do (u')do (v)do (2 do (w).

S§n—1x§m—18gn—1ygm—1

The last inequality and Holder’s inequality imply that

2a(i+1) ga(k+1)

(59) L[ lantenr =

aj 2ak ST
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1
PY

< o2 // Lja( ' )do()do(w') |
Snflxg'm—l

where

(60) I, k(2" w")

// 90(i+1) ga(k+1)

/ / 6_i{5‘<“,_ZI)T¢(S)+n»(v’—w')s<p(r)}drds
. A . 2aj 2ak rs
n—1 xS§m—

and ¢ =1 — (1/q). By Van der Corput Lemma [20], we have

’
q

do(u")do(v")

|Ia,j7k(u/v Ul? Zlv ’LU,)‘

(61) < amin{‘Z“jZ“kddﬂf (- z’)|_% ,[20F0ddey . (1 — w')‘_%} .
By (61) and the observation that

(62) o602 0| < d?,

we get

[ Lo (' 0, 2" w')|
. _a . _
(63) < a? min{|2‘”2“kd¢§ (' — z’)| 2" |2ak2'”d“’77 (v — w’)| 24’ } .
By (59), (63), and the fact that

(64) sup / / |CI (2 — y’)|7E do,do, < C < oo
C/esdfl Sd*l Sdfl
for all small € > 0, d > 2, we obtain

/Qa(j+1) ga(k+1) |A (6 )|2 dsdr
Ja s )

2aj 2ak Y N sr

©3) < atolmin {[zantieg T fprkynitep T3}

By interpolation between (65) and the trivial estimate

a(+1) galk+1)
2 2 o dsdr

(66) L[ lentenP 2 <,

aj Qak

we get (57). Here, we used the observation that (||QH(2I)% < (229)a = 4. To
verify (58), we first observe that
(67) 0,..(0m)=0,,.(0)=0.

Thus
a(i+1) ga(k+1)
2 2 o dsdr

R
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9a(i+1) ga(k+1)

. . . . . dsd’
< min {[Ga,rs(6m) = 6 (01| [Gars (€)= 5., (6,0)|}F B
2aj Qak ST

}2
By combining the last inequality, the estimate (66), and the fact that |||, <1,
we get (58).
Next, we estimate the LP norms of the maximal function o). Notice that
(68) oo (f)(z,y)
2a(i+1) ga(k+1) dsdr

— sup / / Camsl * (2, 9)
J,kEL J 293 20k sr

9a(i+1) ga(k+1)

2a(k:+1)2a(j+1)d

< a2 ||Q|\§min{ 9a(+1)galk+1)ds ¢

n

)

dsdr

= | [ x— ¢(s)ru’,y — o(r)sv’ o', v")| do(u)do (v
- ﬁi?z/w /2 S/§/|f< d(s)resy = o(r)sv)] [/, v')] do(u')do (o) =
<a [ ew s (e pdo)a),

Sn—1x§m—1

where u((;f;’v/) is given by (21) with z; and z5 replaced by «’ and v, respectively.

Therefore, by Minkowski’s inequality, Theorem 2.2, and (68), we have

ozl <a [ 1wl fuls )] dotudot)
Sn—lxgm—1

(69) < a®Cy |20, I1f1, < a®CylIfI,

for all 1 < p < oo with constants (), independent of the essential variables.
Hence, (7) follows by (56)-(58), (69), and Lemma 2.1. This completes the
proof. (I

Now, we move to the proof of Theorem 1.2.

Proof of Theorem 1.2. Assume that Q € L(logt L)(S*~'xS™!) and satisfies
(2)-(3). We shall use the estimates obtained in Theorem 1.2. To this end, we
decompose the function € into a sum of L? functions with suitable sizes. By
similar argument as in [3], there exist a sequence of numbers {}; : | € NU {0}
and a sequence {Q, : 1 € NU{0}} of functions on S"~1 x §™~! such that

(70) /SnilQl(u,-)da(u):/ Q, (- 0) do (v) = 0,

§m—1

(71) O (tz, sy) = Q(z,y) for any t,s > 0;
(72) I192,[1; < C, [, < €240+,

(73) Aw,y) = > A (2,y),
=0
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oo

(74) Z(l + 1))\1 < ¢ HQHL(logL)(Sn*lXSm*l) :
=0

Let Mg, 4, be the maximal function given by (4) with  replaced by €.
Then

(75) Mo g,0(f)(@,y) < Y7 N Moy, (£)(2,y).
=0

Now, we can apply Theorem 1.1 with a =1+ 1 to get

1M, 60 (), < DA 1Moy o0 (£,
=0

< (Zu " ml) G, 1711, < G 1 £1,

1=0
for all p > 2. This completes the proof. O
We end this section by pointing out that Corollary 1.3 and Corollary 1.4

follow by Theorem 1.1, the observation (5), and simple change of variables. We
omit the details.

5. Block spaces
In [18], Jiang and Lu introduced a special class of block spaces
Bg’“(S”_lem_l) (for v > —1 and ¢ > 1).
A cap I on S" ' xS™ ! is a subset defined by
I={a' eS|/ —ap| <a} x{y eS™ ' |y —y| < B}
for some «, 8> 0, z{, € S"! and y; € S™L.

Definition 5.1. For 1 < ¢ < 0o, a measurable function b(z,y) on S*~1xS™*
1

is called a g-block if supp(b) € I and ||b]|,, < |I|” ¢ where 1/g+1/¢' =1 and

Iis a cap on S""1xS™ 1,

Block functions can be defined using the Block decomposition which is given
by the following definition:

Definition 5.2. A function Q € LY(S""!xS™ ") is in B (S"~1xS™ ),
1< qg< o0, if

o0

Q= c,b,,
pn=1
where each ¢, is a complex number; each b, is a g-block supported on a cap I,

on S?7 1 x 8™~ 1 and

> 1
(76) Mg’“ ({c“}) = Z |cu’ (1 + (log |]|)1+U) < 0.
o

p=1
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It is known that
(77)  LI(S"'xS™TH) c BOV (S IxS™ ) c LT (8" xS

(78) BYv (S"IxS™T1) € LP (S"T'xS™ ) for any v > —1;

(79) BV (S"IxS™T) = L9 (S* T xs™ )

(80) Yzrsixsm ) c | Byv(smixs™ ).
q>1 g>1

For more information about Block spaces we refer the reader to consult [1],
[18], and [19], among others. By making use of Theorem 1.1 and the Block
decomposition above, we immediately obtain the following result:

Theorem 5.3. Suppose that Q € BJ* (S"’lem_l) (¢ > 1) and satisfies (2)-
(3). If p,¢ € F1 with dydy # 1, then Mq 4, is bounded on LP(R™xR™) for
all 2 <p < .

By following similar argument as that led to Corollaries 1.3 and 1.4, we
obtain the following:

Corollary 5.4. Let p,¢ € Fy with dydy # 1. Suppose that h € L*(Ry xR,
r~ts7ldrds). If Q € BY® (S"~1xS™ 1) (¢ > 1) and satisfies (2)-(3), then the
singular integral operator Ty, 4 given in Corollary 1.3 is bounded on LP(R"™ xR™)
forall1 < p < oo.

Corollary 5.5. Let ,¢ € Fy with d,dy # 1. Suppose that h € L*(Ry xR,
r~'s~ldrds). If Q € B° (S"=1xS™ ') (¢ > 1) and satisfies (2)-(3), then
the Marcinkiewicz integral operator py 4 given in Corollary 1.4 is bounded on
LP(R"xR™) for all 2 < p < 0.
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