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STRONG COMMUTATIVITY PRESERVING MAPS OF

UPPER TRIANGULAR MATRIX LIE ALGEBRAS

OVER A COMMUTATIVE RING

Zhengxin Chen and Yu’e Zhao

Abstract. Let R be a commutative ring with identity 1, n ≥ 3, and let
Tn(R) be the linear Lie algebra of all upper triangular n × n matrices

over R. A linear map ϕ on Tn(R) is called to be strong commutativity

preserving if [ϕ(x), ϕ(y)] = [x, y] for any x, y ∈ Tn(R). We show that
an invertible linear map ϕ preserves strong commutativity on Tn(R) if

and only if it is a composition of an idempotent scalar multiplication,
an extremal inner automorphism and a linear map induced by a linear

function on Tn(R).

1. Introduction

Let M be a matrix space over a field F. A linear map ϕ on M is said
to be commutativity preserving if ϕ(A) commutes with ϕ(B) for every pair
of commuting elements A,B ∈ M . It is one of the linear preserver problems
to classify commutativity preserving linear maps on matrix spaces. Several
authors have classified commutativity preserving linear maps on a number of
variations of matrix spaces, see [2, 6, 8, 11]. Mathematicians similarly study
maps that preserve commutativity on rings. Let R be a ring with center Z(R).
Then R is a Lie ring under the Lie product [A,B] = AB−BA. Similarly, a map
ϕ : R → R preserves commutativity if [ϕ(A), ϕ(B)] = 0 whenever [A,B] = 0
for all A,B ∈ R. The problem of characterizing linear (or additive) bijective
maps preserving commutativity had been studied intensively on various rings
and algebras (see [3–5] and the references therein). The authors in [17, 18]
also determine the linear bijective maps preserving commutativity on finite-
dimensional simple Lie algebras and their Borel subalgebras.

In [1], Bell and Daif gave the conception of strong commutativity preserving
maps. Let S be a subset of a Lie ring R. A bijective map ϕ : S → R
is said to be strong commutativity preserving on S if [ϕ(x), ϕ(y)] = [x, y]
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for all x, y ∈ S. Note that a strong commutativity preserving map must be
commutativity preserving, but the inverse is not true generally. Bell and Daif
[1] proved that R must be commutative if R is a prime ring and R admits
a derivation or a nonidentity endomorphism which is strong commutativity
preserving on a right ideal of R. Brešar and Miers in [4] proved that every
additive map ϕ which is strong commutativity preserving on a semiprime ring
R has the form ϕ(x) = λx + µ(x), where λ ∈ C, C is the extended centroid
of R, λ2 = 1 and µ : R → R is an additive map. Deng and Ashraf [9] proved
that if R is a prime ring of characteristic not 2 and there exists a nonidentity
endomorphism ϕ of R such that [ϕ(x), ϕ(y)]− [x, y] ∈ Z(R) for all x, y in some
essential right ideal of R, then R is commutative. Let L be a noncentral Lie
ideal of a prime ring R. Recently, Lin and Liu in [13] have proved that every
additive map ϕ : L → R which is strong commutativity preserving has the
form ϕ(x) = λx + µ(x), where λ ∈ C with λ2 = 1 and µ : R → Z(R) is an
additive map, unless char R = 2 and R satisfies the standard identity of degree
4. Recently, the authors in [7] determined the invertible linear maps preserving
strong commutativity on the Lie algebra N(F) of the strictly upper triangular
matrices over a field. There are other results about strong commutativity
preserving maps of associative rings or Lie algebras, see [10,12–15] for example.

In this paper, we consider the invertible linear maps preserving strong com-
mutativity on the Lie ring T of all upper triangular matrices over a commuta-
tive ring. Note that the ring T is not semiprime. So our result about invertible
linear maps preserving strong commutativity on T is new. We have tried to
determine such linear maps on T through the form of linear maps preserving
commutativity obtained in [16], but it is difficult. In this paper, we determine
the concrete forms of such linear maps through their actions on the basis ele-
ments of T . In the following, we always assume that R is a commutative ring
with identity 1, n > 2, and R∗ is the set of all invertible elements in R. Let
T = Tn(R) be the Lie ring consisting of all upper triangular n×n matrices over
R, and the Lie multiplication [−,−] is defined by [X,Y ] = XY − Y X. Denote
by D the set of the diagonal matrices in T . Let I be the identity matrix of T ,
and Eij the matrix in T whose sole nonzero entry is 1 in the (i, j) position,
1 ≤ i ≤ j ≤ n. The center of T is Z(T ) = {X ∈ T | [X,Y ] = 0 for all Y ∈ T }.
It is known that Z(T ) = RI. Set δij to be the Kronecker delta function defined
by δij = 1 if i = j, and δij = 0 if i 6= j.

2. Certain linear maps preserving strong commutativity

A bijective map ϕ on a Lie algebra g is called strong commutativity preserv-
ing if [ϕ(x), ϕ(y)] = [x, y] for any x, y ∈ g. In this section, we construct certain
maps preserving strong commutativity on T , which will be used to describe
arbitrary maps preserving strong commutativity.

(A) Extremal inner automorphisms.
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Let a ∈ R. Denote Sa = I + aE1n. Then Sa is an invertible matrix, and
S−1
a = I−aE1n. Recall that the map ϕa : T → T defined by ϕa(X) = S−1

a XSa

is an inner automorphism of T . We call ϕa an extremal inner automorphism
of T .

Lemma 2.1. For ∀a ∈ R, ϕa : T → T preserves strong commutativity.

Proof. For any X =
∑

1≤i≤j≤n xijEij ∈ T , where xij ∈ R, 1 ≤ i ≤ j ≤ n, we

have ϕa(X) = S−1
a XSa = (I−aE1n)X(I+aE1n) = X+a(x11−xnn)E1n. For

any Y =
∑

1≤i≤j≤n yijEij , [ϕa(X), ϕa(Y )] = [X+a(x11−xnn)E1n, Y +a(y11−
ynn)E1n] = [X,Y ]+a(x11−xnn)(ynn−y11)E1n+a(y11−ynn)(x11−xnn)E1n =
[X,Y ]. So the lemma holds. �

(B) Idempotent scalar multiplications.
Let

U = {r ∈ R | r2 = 1}.
For r ∈ U , the map ηr : T → T defined by ηr(X) = rX is called an idempotent
scalar multiplication. It is easy to see that ηr is an invertible linear map
preserving strong commutativity, and η−1

r = ηr.
(C) Linear maps induced by a linear function on T .
Let f : T → R be a linear function satisfying that 1 + f(I) ∈ R∗. Define a

map θf : T → T by

θf (X) = X + f(X)I, ∀X ∈ T .

Then θf is linear and invertible, and θ−1
f (X) = X − f(X)

1+f(I)I. It is easy to see

that θf preserves strong commutativity.

3. Strong commutativity preserving maps on T

Lemma 3.1. Let ϕ be an invertible linear map preserving strong commutativity
on T . Then there exists a ∈ R∗ such that ϕ(I) = aI.

Proof. For any X ∈ T , there exists X̄ ∈ T such that X = ϕ(X̄). Then
[ϕ(I), X] = [ϕ(I), ϕ(X̄)] = [I, X̄] = 0, and so ϕ(I) ∈ Z(T ) = RI. Then there
exists a ∈ R such that ϕ(I) = aI. Let ϕ−1 be the inverse map of ϕ. Then
ϕ is linear, and for any X,Y ∈ T , [ϕ−1(X), ϕ−1(Y )] = [ϕϕ−1(X), ϕϕ−1(Y )]
= [X,Y ]. So for any X ∈ T , we can set ϕ−1(I) = bI, b ∈ R. Thus I =
ϕϕ−1(I) = ϕ(bI) = abI, and so ab = 1. Therefore, a ∈ R∗. �

Lemma 3.2. Let ϕ be an invertible linear map preserving strong commutativity
on T , n ≥ 3. For any 1 ≤ i < j ≤ n, there exist elements bij , cij ∈ R such that

Eij = cijI + bijϕ(Eij).

Proof. Since ϕ is linear and invertible, then the set ϕ(D) ∪ {ϕ(Ekl) | 1 ≤ k <
l ≤ n} spans T . Assume that

Eij = ϕ(Dij) +
∑

1≤k<l≤n

a
(ij)
kl ϕ(Ekl), where Dij ∈ D, a(ij)kl ∈ R.
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At first we prove that a
(ij)
kl = 0 for any (k, l) 6= (i, j). For given (k, l) 6= (i, j),

1 ≤ k < l ≤ n, we can choose an integer p such that p = k or l, but p, i, j are
distinct. In fact, if k, l, i, j are distinct, we can choose p = k; if k = i or k = j,
we can choose p = l; if l = i or l = j, we can choose p = k; then p meets the
requirements. On one hand,

[ϕ(Epp), Eij ] = [ϕ(Epp), [Eii, Eij ]]

= [ϕ(Epp), [ϕ(Eii), ϕ(Eij)]]

= [[ϕ(Epp), ϕ(Eii)], ϕ(Eij)] + [ϕ(Eii), [ϕ(Epp), ϕ(Eij)]](3.1)

= [[Epp, Eii], ϕ(Eij)] + [ϕ(Eii), [Epp, Eij ]]

= 0.

On the other hand,

[ϕ(Epp), Eij ] = [ϕ(Epp), ϕ(Dij) +
∑

1≤s<t≤n

a
(ij)
st ϕ(Est)]

=
∑

1≤s<t≤n

a
(ij)
st [ϕ(Epp), ϕ(Est)](3.2)

=
∑

1≤s<t≤n

a
(ij)
st [Epp, Est]

=

n∑
t=p+1

a
(ij)
pt Epl −

p−1∑
s=1

a(ij)sp Esp.

Then a
(ij)
pt = 0 for any t ∈ {p+1, . . . , n}, and a

(ij)
sp = 0 for any s ∈ {1, 2, . . . , p−

1}. In particular, if p = k, then a
(ij)
kt = 0 for any t > k; if p = l, then a

(ij)
s1 = 0

for any s < l. Thus for any k < l with (k, l) 6= (i, j), we have a
(ij)
kl = 0. So

Eij = ϕ(Dij) + a
(ij)
ij ϕ(Eij).

Next we prove that ϕ(Dij) = cijI for some cij ∈ R.
For i < j, we choose (k, l) 6= (i, j), then i, k, l are distinct or j, k, l are

distinct. Assume that j, k, l are distinct. On one hand,

[ϕ(Ekl), Eij ] = −[ϕ(Ekl), [Ejj , Eij ]]

= −[ϕ(Ekl), [ϕ(Ejj), ϕ(Eij)]]

= −[[ϕ(Ekl), ϕ(Ejj)], ϕ(Eij)]− [ϕ(Ejj), [ϕ(Ekl), ϕ(Eij)]]

= −[[Ekl, Ejj ], ϕ(Eij)]− [ϕ(Ejj), [Ekl, Eij ]](3.3)

= −[ϕ(Ejj), δliEkj ]

= −[ϕ(Ejj), δli(ϕ(Dkj) + bkjϕ(Ekj))]

= −δli[ϕ(Ejj), ϕ(Dkj)]− δli[ϕ(Ejj), bkjϕ(Ekj)]

= −δli[Ejj , Dkj ]− δlibkj [Ejj , Ekj ]

= δlibkjEkj .
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On the other hand,

[ϕ(Ekl), Eij ] = [ϕ(Ekl), ϕ(Dij) + bijϕ(Eij)]

= [Ekl, Dij ] + bij [Ekl, Eij ](3.4)

= [Ekl, Dij ] + δlibijEkj .

Thus [Ekl, Dij ] = 0. Similarly, if i, k, l are distinct, we can obtain that [Ekl, Dij ]
= 0. So [Ekl, Dij ] = 0 for any (k, l) 6= (i, j). Since Dij is a diagonal matrix, it
is easy to see that Dij ∈ Z(T ) = RI. Then Dij = rijI for some rij ∈ R. By
Lemma 3.1, ϕ(Dij) = ϕ(rijI) = arijI. Set

cij = arij , bij = a
(ij)
ij .

Then the lemma holds. �

Lemma 3.3. Let ϕ be an invertible map preserving strong commutativity on
T , n ≥ 3. If Eij = cijI + bijϕ(Eij), 1 ≤ i < j ≤ n, then all bij are equal.

Proof. At first we prove that

(3.5) bij = bkj , ∀1 ≤ k ≤ i− 1.

On one hand,

[ϕ(Eki), Eij ] = −[ϕ(Eki), [Ejj , Eij ]]

= −[ϕ(Eki), [ϕ(Ejj), ϕ(Eij)]]

= −[[ϕ(Eki), ϕ(Ejj)], ϕ(Eij)]− [ϕ(Ejj), [ϕ(Eki), ϕ(Eij)]]

= −[[Eki, Ejj ], ϕ(Eij)]− [ϕ(Ejj), [Eki, Eij ]]

= −[ϕ(Ejj), Ekj ]

= −[ϕ(Ejj), ckjI + bkjϕ(Ekj)]

= −bkj [Ejj , Ekj ]

= bkjEkj .

On the other hand,

[ϕ(Eki), Eij ] = [ϕ(Eki), cijI + bijϕ(Eij)]

= bij [ϕ(Eki), ϕ(Eij)]

= bij [Eki, Eij ]

= bijEkj .

Then bij = bkj .
Similarly, we can prove that

(3.6) bij = bil, ∀l > j.

Set b12 = r. By (3.6), r = b13 = · · · = b1n. For any (i, j), 2 ≤ i < j ≤ n, we
have bij = bi−1,j = · · · = b1j = r by (3.5). So the lemma holds. �
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Theorem 3.4. Let R be a commutative ring with identity 1, n ≥ 3, let Tn(R)
be the linear Lie algebra of all upper triangular n × n matrices over R, and
let ϕ : T → T be a map. Then ϕ is an invertible linear map preserving
strong commutativity if and only if ϕ is a composition of an idempotent scalar
multiplication ηr, an extremal inner automorphism ϕq and a linear map θf
induced by a linear function f , i.e., there exist q ∈ R, r ∈ R∗ with r2 = 1, and
a linear function f : T → R with 1 + f(I) ∈ R∗, such that

ϕ = ϕq · ηr · θf .

Proof. The sufficient direction is obvious. We prove the necessity. By Lemmas
3.1-3.3, there exist r ∈ R and cij ∈ R, 1 ≤ i < j ≤ n, such that

Eij = cijI + rϕ(Eij).

By computations, E13 = [E12, E23] = [c12I + rϕ(E12), c23I + rϕ(E23)] =
r2[ϕ(E12), ϕ(E23)] = r2[E12, E23] = r2E13. Then r2 = 1, i.e., r ∈ U . Fur-
thermore, rEij = rcijI + ϕ(Eij), and so

ϕ(Eij) = rEij − rcijI, 1 ≤ i < j ≤ n.
Next we will prove that for any 1 ≤ k ≤ n, ϕ(Ekk) = rEkk + bkI + akE1n for
some bk, ak ∈ R. Fix k ∈ {1, 2, . . . , n}. Assume that

ϕ(Ekk) =

n∑
p=1

c(k)pp Epp +
∑

1≤s<t≤n

c
(k)
st Est.

For any 1 ≤ i ≤ n− 1,

[ϕ(Ekk), Ei,i+1] = [

n∑
p=1

c(k)pp Epp +
∑

1≤s<t≤n

c
(k)
st Est, Ei,i+1]

= (c
(k)
ii − c

(k)
i+1,i+1)Ei,i+1 +

∑
1≤s<i

c
(k)
si Es,i+1 −

∑
i+1<t≤n

c
(k)
i+1,tEit.(3.7)

On the other hand,

[ϕ(Ekk), Ei,i+1] = [ϕ(Ekk), ci,i+1I + rϕ(Ei,i+1)]

= r[ϕ(Ekk), ϕ(Ei,i+1)](3.8)

= r[Ekk, Ei,i+1]

= r(δki − δk,i+1)Ei,i+1.

By the equalities (3.7) and (3.8), we have

(3.9) c
(k)
si = 0, ∀1 ≤ s < i,

(3.10) c
(k)
i+1,t = 0, ∀i+ 1 < t ≤ n.

Assume that (s, t) 6= (1, n), s < t. If s > 1, then by the equality (3.10),

c
(k)
st = c

(k)
s−1+1,t = 0, where s − 1 ∈ {1, 2, . . . , n − 1}. If s = 1, then t 6= n, and

by the equality (3.9), c
(k)
st = 0. Thus c

(k)
st = 0 for any (s, t) 6= (1, n).
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Moreover, by the equalities (3.7) and (3.8), c
(k)
ii − c

(k)
i+1,i+1 = r(δki − δk,i+1),

1 ≤ i ≤ n − 1. So for i > k, c
(k)
ii = c

(k)
i−1,i−1 = · · · = c

(k)
k+1,k+1 = c

(k)
kk − r,

and for i < k, c
(k)
ii = c

(k)
i+1,i+1 = · · · = c

(k)
k−1,k−1 = c

(k)
kk − r. Thus ϕ(Ekk) =∑

p<k

(c
(k)
kk −r)Epp+c

(k)
kk Ekk+

∑
p>k

(c
(k)
kk −r)Epp+c

(k)
1n E1n. Set bk = c

(k)
kk −r, ak = c

(k)
1n .

Then
ϕ(Ekk) = rEkk + bkI + akE1n, 1 ≤ k ≤ n.

For any k 6= 1 or n, [ϕ(E11), ϕ(Ekk)] = [b1I + rE11 + a1E1n, bkI + rEkk +
akE1n] = [rE11 + a1E1n, rEkk + akE1n] = rakE1n. On the other hand,
[ϕ(E11), ϕ(Ekk)] = [E11, Ekk] = 0. Thus rak = 0. Since r2 = 1, then ak = 0.
Furthermore, [ϕ(E11), ϕ(Enn)] = [b1I + rE11 + a1E1n, bnI + rEnn + anE1n]
= r(a1 + an)E1n = 0, and so a1 = −an. Set a1 = a. Thus

ϕ(E11) = b1I + rE11 + aE1n,

ϕ(Enn) = bnI + rEnn − aE1n,

ϕ(Ekk) = bkI + rEkk,∀k 6= 1, n.

Since ϕ(I) = ϕ(
n∑

k=1

Ekk) = (r+
n∑

k=1

bk)I 6= 0, then r+
n∑

k=1

bk 6= 0, which implies

that

1 + r

n∑
k=1

bk 6= 0.

Define ηr : T → T by ηr(X) = rX. Then ηr is an idempotent scalar mul-
tiplication, and ηr preserves strong commutativity. Set q = ra, and define
ϕ−q : T → T by ϕ−q(X) = S−1

−qXSq, where S−q = I − qE1n. Then ϕ−q is an
inner automorphism preserving strong commutativity, and so ϕ−qηrϕ is also
an invertible linear map preserving strong commutativity. Next we will prove
that ϕ−qηrϕ is a linear map induced by a linear function.

By computations,

(ϕ−qηrϕ)(E11) = ϕ−q(rb1I + E11 + raE1n)

= S−1
−q (rb1I)S−q + S−1

−q (E11)S−q + S−1
q (qE1n)S−q

= rb1I + (I + qE1n)E11(I−qE1n)+(I + qE1n)qE1n(I−qE1n)

= E11 + rb1I.

Similarly, by computations, we have (ϕ−qηrϕ)(Ekk) = Ekk + rbkI for k 6=
1. And for any 1 ≤ i < j ≤ n, (ϕ−qηrϕ)(Eij) = ϕ−q(Eij − cijI) = (I +
qE1n)Eij(I − qE1n)− (I + qE1n)cijI(I − qE1n) = Eij − cijI.

Define a linear function f : T → R defined by f(Eij) = −cij , 1 ≤ i < j ≤ n,

and f(Ekk) = rbk, 1 ≤ k ≤ n. Then f(I) = r(
n∑

k=1

bk) 6= −1, and so the

linear map θf : T → T defined by θf (X) = X + f(X)I is an invertible map
preserving strong commutativity. Since the linear maps ϕ−qηrϕ and θf have
the same actions on the basis {Eij | 1 ≤ i < j ≤ n} ∪{Ekk | 1 ≤ k ≤ n}, then
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ϕ−qηrϕ = θf . Thus ϕ = η−1
r ϕ−1

−qθf = ηrϕqθf , i.e., ϕ is a composition of the
idempotent scalar multiplication ηr, an extremal inner automorphism ϕq and
a linear map θf induced by the linear function f on T . �

Remark 3.5. Theorem 3.4 does not hold for n = 2. Here we give a counterex-
ample. Let a be an invertible element in R, and r ∈ R such that r 6= a−1.
Define a linear map ϕ : T → T such that ϕ(E11) = aE11, ϕ(E22) = aE22,
ϕ(E12) = a−1E12 + rI. Then ϕ is invertible, and ϕ−1 is the linear map defined
by ϕ−1(E11) = a−1E11, ϕ

−1(E22) = a−1E22, ϕ
−1(E12) = aE12 − rI. It is easy

to see that [ϕ(Eij), ϕ(Ekl)] = [Eij , Ekl] for any 1 ≤ i ≤ j ≤ 2, 1 ≤ k ≤ l ≤ 2,
then ϕ preserves strong commutativity. However, for any q, r ∈ R, and any
linear function f : T → R, we have

(ηrϕqθf )(E12) = rS−1
q (f(E12)I + E12)Sq = rf(E12)I + rE12.

Since r 6= a−1, then (ηrϕqθf )(E12) 6= ϕ(E12), and so ηrϕqθf 6= ϕ.

Acknowledgement. This work is supported by the National Natural Science
Foundation of China (Grant No. 11871014) and the Natural Science Founda-
tion of Fujian Province (Grant No. 2020J01162).

References

[1] H. E. Bell and M. N. Daif, On commutativity and strong commutativity-preserving

maps, Canad. Math. Bull. 37 (1994), no. 4, 443–447. https://doi.org/10.4153/CMB-
1994-064-x
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