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ON THE EXISTENCE OF SOLUTIONS OF FERMAT-TYPE
DIFFERENTIAL-DIFFERENCE EQUATIONS

JUN-FAN CHEN AND SHU-QING LIN

ABSTRACT. We investigate the non-existence of finite order transcenden-
tal entire solutions of Fermat-type differential-difference equations

[F ' (2)]" + P22 ™ (z + 1) = Q(2)
and

[f() ' (2)]" + P(2)[Anf(2)]™ = Q(2),
where P(z) and Q(z) are non-zero polynomials, m and n are positive
integers, and n € C\ {0}. In addition, we discuss transcendental entire
solutions of finite order of the following Fermat-type differential-difference
equation

P2(2) [f('“)(z)]2 +[af(z+n) — Bf(2)])? = "),

where P(z) # 0 is a polynomial, r(z) is a non-constant polynomial, o # 0
and B are constants, k is a positive integer, and n € C\ {0}. Our results
generalize some previous results.

1. Introduction

Let C denote the complex plane and suppose that f(z) is a meromorphic
function in C. Here and in the sequel it is assumed that the reader is familiar
with the Nevanlinna theory and standard notations (see [7,8]) such as T'(r, f),
m(r, f), N(r, f) and S(r, f). If a meromorphic function a(z) (# oo) satisfies

T(r,a) =o(T(r, f)) = S(r, f), r— oo,

outside possibly an exceptional set of finite logarithmic measure, then a(z) is
called a small function of f(z). And we define the order p of growth of f(z) by

pi=p(f(z) = liiri)Solip logfz;(();;f(z)).
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For a non-zero complex constant 7, we will define its shift by f,(z) = f(z+n)
and its difference operators by
Anf(z) = flz+n) = f(z), ANf(2) =Ap 1Ay f(2)), n€N, n>2.

In 1966, Gross [3,4] studied the Fermat-type functional equation f"(z) +
g"(z) = 1, and many famous results have been obtained since then (see [6,9,
11,13,14,16,18]).

In 1970, Yang [14] studied the Fermat-type functional equation
(1.1) a(2)f"(2) +b(2)g™(z) = 1,
where a(z) and b(z) are small functions with respect to f(z), and obtained the

following result.

Theorem A (see [14]). Let m, n be positive integers satisfying = + = < 1.
Then there are no non-constant entire solutions f(z) and g(z) that satisfy (1.1).

In recent years, it is an interesting and quite difficult question to study the
solvability and existence of entire or meromorphic solutions of non-linear differ-
ence (or differential, or differential-difference) equations in the complex domain.
Many authors have investigated this question since Halburd and Korhonen [5],
Chiang and Feng [2] successfully proved the lemma analogue of the logarith-
mic derivative, and many remarkable results have been rapidly obtained (see
[1,6,9-13,15,18]). For instance, in 2012, Liu et al. [9] obtained the following
results.

Theorem B (see [9]). If n # m, then the equation
(1.2) @)+ "+ =1

has no finite order transcendental entire solutions, where m and n are positive
integers, n € C\ {0}.

Theorem C (see [9]). If m # n > 1, then the equation
(1.3) )+ A f () =1

has no finite order transcendental entire solutions, where m and n are positive
integers, n € C\ {0}.

Firstly, we consider the non-existence of finite order transcendental entire
solutions of Fermat-type differential-difference equations

(1.4) [F()f (2] + P2(2) f™ (2 + ) = Q(2),
(1.5) [F) ()" + P(2)[Af(2)]™ = Q(2),
and prove the following results.

Theorem 1.1. If m = n, then the equation (1.4) has no finite order transcen-
dental entire solutions, where P(z) and Q(z) are non-zero polynomials, m and
n are positive integers, and n € C\ {0}.
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Remark 1.1. We shall give an example below to show that (1.4) may have a
finite order transcendental entire solution f for n =1, m = 2.

Example 1.1. If n =1, m =2, P(z) =1, and Q(z) =4 in (1.4), then
FE(2) + fP(z+n) =4

has a solution f(z) = 2e'*t0) 4 ¢=i(=+0) = 2\/2cos 2, where e = g, n =

%’r + k7, k is an integer, and b is a constant.

Theorem 1.2. If m # n, n > 2, then the equation (1.5) has no finite order
transcendental entire solutions, where P(z) and Q(z) are non-zero polynomials,
m and n are positive integers, and n € C\ {0}.

Remark 1.2. We shall give an example below to show that (1.5) may have a
finite order transcendental entire solution f forn =1, m = 2.

Example 1.2. If n =1, m =2, P(z) =1, and Q(2) = —4 in (1.5), then
FF (2) + (B ()] = —4

has a solution f(z) = €% —e™%* = 2isin 2z, where n = X 4+ km, k is an integer.

From the beginning of Theorem A, the case of m > 2, n > 2 in (1.3) is
obvious. If m = n = 2 in (1.3), then a result can be stated as follows.

Theorem D (see [9]). The finite order transcendental entire solutions of the
differential-difference equation

(1.6) ') + A f(2)]* =1

jus

must satisfy f(z) = %sin(Qz + Bi), where n = nw + 5, n is an integer, and B
s a constant.

In 2019, Zeng et al. [18] generalized the complex differential-difference equa-
tion (1.6) in Theorem D as

(L.7) PP +[af(z+n) = BF) =1,
where o # 0 and 8 are constants, k is a positive integer, and n € C\ {0}. Then
they obtained the following result.

Theorem E (see [18]). If f(z) is a finite order entire solution of (1.7), then
there exist two cases:

(1) if f(2) is a transcendental solution of (1.7), then either

(I.i) when k is an odd number, f(z) must satisfy the form that

eaz+b _ e—az—b
z) = — +d,
where a, b, d are constants, n is an integer. In this case, (Lii) if a = S,
then a* = —2wi, n = wi; (Liii) if @ = —B, then a* = 2ai, n = 2777%-’

d = 0; (Liiii) if o # £, then a* = —(a+ B)i, n = Wz or a¥ = (a — B)i,

n= 22”@', d=0; or
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(Lii) when k is an even number and o = £, the equation (1.7) does not
have transcendental entire solutions, when k is an even number and o # 3,
f(2) must satisfy the form that

eaz+b + e—az—b

)= ——F—;

2ak

where a and b are constants satisfying a® = /a2 — B2; af = —\/a? — B2 and

iBtak
. ln(’ﬁ%ﬂﬁnﬂ'i . .
n = ——a———— where n is an integer.

(IT) if f(=) is a polynomial solution of (1.7), then either

(ILi) if « = B, then f(z) = Bz+ C, where B and C are constants satisfying
B2(1+a?n?) =1 fork=1; (aBn)?> =1 for k >2; or

(ILii) if o # B, then f(z) = :I:ﬁ.

In the following, we study the finite order transcendental entire solutions of
the Fermat-type differential-difference equation

(15) P [90)] + laf+m) = A1 = ),

where P(z) £ 0 is a polynomial, r(z) is a non-constant polynomial, @ # 0 and
B are constants, k is a positive integer, and n € C\ {0}. Then we will prove
the following result.

Theorem 1.3. If f(2) is a finite order transcendental entire solution of (1.8),
then there exist three cases:
(I) P(z) reduces to a constant, r(z) is a polynomial with degree 1, and

eaz+a0 ebz—i—bo

— Y 4y +b
TG = Saar + gap T4 a7 Eb
where A #£0, a # 0, b#£ 0, d, ag, by are constants. In this case, (1i) if a = 3,
. a . b . an
then a* = w, bk = M; (Lii) if « = —f, then a* = w,

Zk :0"3“(};@5"), d = 0; (Liii) if @ # +8, then ok = 1@€7=i8 ph _ ifiac™
(IT) P(z) reduces to a constant, r(z) is a polynomial with degree 1, and

eaz-i—ao eaz—l—bo

f(Z):W‘FW-Fd, bo # ao + 2ni,

where A # 0, a # 0, d, ag, by are constants, n is an integer. In this case,
: a bg—a,
(ILi) if o = B, then o% = DAL (155) if o = —B, then a* =

A(1—ebo—90)
ia(e®41) (140~ 0 sy iae® —iB)(1+ebo—a0
( A(—;_);bo-tao) ) d = o0; (ILiii) if a # +8, then a* = ( A(lfiz(,o—fao) ),
d=0.

(ITII) P(z) reduces to a constant, r(z) is a polynomial with degree 1, and

6az+ao

f(Z) = — + d, b() =ap + 2’I’L7T'7;7
Aak
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where A #£ 0, a # 0, d, ag, by are constants, n is an integer. In this case, (111.i)
if e = g, a = 3, then e* = 1; (IILii) if e*" = g, a # B, then e # 1,
d=0.

Remark 1.3. We give the following Examples 1.3-1.5 to show that Case (I)
above does exist.

Example 1.3. If k =1, a = = 5;gi, P(z) =1, and r(2) = —3 in (1.8),
then

2
5—/Ti 5—/Ti .
2 _ — o 3
7o)+ |2 - 2 )| = e
has a solution f(z) = —fe_z +e? 41, where A=1,a=—-1,b= %, e " =
%}i}ﬁi, and e? = _5?: VTi Clearly, a # +b, a¥@ = —1 = 71'0‘(62771), and
bk _ 1 _ ia(lfeb")
2 A
Example 14. If k=1, a = =315, VIS g — ‘ng/ﬁ, P(z)=-1,and r(z) = 2z
n (1.8), then
2
—3i — /15 —3i — 15 .
)+ | ——— e+ + ———f()| =¢
24 24
has a solution f(z) = —%egz —e3, where A=—1,a=3,b=1¢% = g_gﬁ,
and e% = ﬁ\l/}g’? Clearly, @ # +b, ab = 3 = @) ang pb = L =
7za(1+eb")
a3

Example 1.5. If k=1, a=1,8= % V12001 ' p(z) =1, and r(z) = 3z in
(1.8), then

(20 +1)+ V12 + 1
2

2
2R + [ fz+n) - fz)| =¢*

has a solution f(z) = e —1—1 22 where A=1,a=1,b=2,¢" = 1+\/m7and

. . T a 3 b
e = I=O+iVIZET Cleaﬂ% a#+b ab=1= % and V¥ =2 = %.

Remark 1.4. We give the following Examples 1.6-1.8 to show that Case (II)
above does exist.

Example 1.6. If k=1, a=5=1, P(z) =1, and r(2) = 2z + 1 in (1.8), then
[22) + [z 4m) = f(2))? = e
has a solution f(z) = @ez + 1, where A=1,a=b=1,a9 =0, by = 1,

el =1+ Z(lljr"‘e), and n is an integer. Clearly, 1 = by # ag + 2nmi = 2nmi,

io(e®—1)(1+4eb0~ “0)
A(l—ebo—20)

ab=1=
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Example 1.7. If k=1, a=1,=-1, P(z) =1, and r(z) = 2z + 1 in (1.8),
then
2+ [z +0) + f(2)) =

has a solution f(z) = (i—l)ez, where A =1, a =b=1,a9 =0, bg = 1,
el = % — 1, and n is an integer. Clearly, 1 = by # ag + 2n7wi = 2nmwi,
CLk — 1= ia(e®41)(14eb0~%0) )

A(1—ebo—20)
Example 1.8. If k =1, a = —i, = =2, P(z) = 1, and r(2) =2z + 1 in
(1.8), then

F2(2) + [=if (2 +n) + 2if (2)]* =
has a solution f(z) = @eﬁ where A =1, a=b=1,a9 =0, bg = 1,
el = ?ii, and n is an integer. Clearly, 1 = by # ag + 2n7wi = 2nmi, a* = 1 =

(iae™—iB)(14€"0~%0)
A(1—ebo—a0) )

Remark 1.5. We give the following Examples 1.9 and 1.10 to show that Case
(III) above does exist.

Example 1.9. If k=1, a=8=1, P(z) =1, and r(2) = 2z in (1.8), then
F2(2) + [f (2 +2mi) — f(2)]? = e*

has a solution f(z) =e* + 1, where a =b =1, ag = bp = n =0, and 1 = 2mi.

Clearly, by = 0 = ag + 2nmi, e = 1.

Example 1.10. If k =1,a =1, 8 =e, P(z) =1, and r(2) = 2z in (1.8), then
P+ (2 +1) —ef(2))? = e

has a solution f(z) = e*, wherea =b =1, ap = bg = n =0, and p = 1. Clearly,

bo =0=ag+ 2nmi, " =e #£ 1.

Remark 1.6. Actually, if the non-constant polynomial r(z) reduces to a con-
stant in Theorem 1.3, then by using the similar method as in the proof of The-
orem E, we can get Corollary 1.1 immediately. Therefore, the proof is omitted.

Corollary 1.1. Let P(z) # 0 be a polynomial, o # 0 and 8 be constants, k be
a positive integer, n € C\ {0}. If the equation

(1.9) P2 )M )P + [af (= + 1) = Bf(2)) =1
admits an entire solution of finite order, then there exist two cases:

(D) if f(2) is a transcendental solution of (1.9), then either
(Li) when k is an odd number, f(z) must satisfy the form that
eaz+b _ e—az—b

f(z) = 2ak A

where A, a, b, d are constants, n is an integer. In this case, (Lii) if a = 3,

then ok = =201y — COHDTG ([55) if o = B, then oF = 291y = 2om;

+d,
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d = 0; (Liiii) if a # £8, then a* = 7(a:(6)i, n= (2”?)”1 or a* = (a;ﬂ)i,
n= Q"T”i, d=0; or

(I.il) when k is an even number and o = £, the equation (1.9) does not
have transcendental entire solutions; when k is an even number and o # +0,
f(2) must satisfy the form that

eaz+b + e—az—b

1) =
/2 _R2 —x/v2_R32
where A, a, b are constants satisfying a* = O‘Tﬁ; ak = +ﬁ and n =

i k
In(284e”Ay 4 on i . .
——a———— where n is an integer.

(IT) zf f(2) is a polynomial solution of (1.9), then either

(I11) if a = B, then f(z) = Bz+ C, where B and C' are constants satisfying
B> (1+a?n?) =1 fork =1; (aBn)Qzlfork22;or

(ILii) if o # B, then f(z) = iﬂ.

Remark 1.7. We give the following Examples 1.11-1.14 to show that Case (I.i)
above does exist.

Example 1.11. If k =1, a = f =, and P(z) = —1 in (1.9), then
2
2@+ |FfE+ma )= 2i)] =1
1

has a solution f(z) = —<sinmz+ 1, where A = —1, a = i, n = 2n+1, and n

is an integer. Clearly, a* = 7i = *ZM, n=2n+1= Mz

Example 1.12. If k =1, a = 3, f = —5, and P(2)

+ in (1.9), then

1
1
2
—f’2 [ (z +nm) + f( )] =1

has a solution f(z ) = 2sin2z, where A = , a = 2i, 7 = nw, and n is an
integer. Clearly, a* = 2i = 22”, n=nrT= 2”—”@

Example 1.13. If k=1, a = %, 8= 417 and P(z) = —1 in (1.9), then

3 1 2
12 _ N\ — 1
76+ | i) - 1)
has a solution f(z) = isiniz, where A = —1, a = 1, n = wi, and n = 0. Clearly,
aF =1 = 7(a:ﬁ)z, n= i = (2n+1)ﬂ'Z
Example 1.14. If k=1, a =37, = T and P(z) = & in (1.9), then

3

2
mﬂmmw—ﬂ>]—1

1
—Zf@(z) + [
has a solution f(z) = %sin2rz, where A = -,

integer. Clearly, a* = 27rz = u, n=n= 2%

a = 2mi, 7 = n, and n is an

2.
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Remark 1.8. We give the following Examples 1.15 and 1.16 to show that Case
(I.ii) above does exist.

Example 1.15. If k=2, a =1, =0, and P(z) =1 in (1.9), then

a3

has a solution f(z) = cosiz, where A=1,a=1,n= —%i, and n = 0. Clearly,
k—=1= VB ni _ (2 jonmi
a”=1= A N=—95 =@

Example 1.16. If k=2, a=1, =0, and P(z) =1 in (1.9), then

2 (2) + [f (z+ f)r =1

2
has a solution f(z) = —cosz, where A =1, a =1, n = F, and n = 0. Clearly,
ak - 1= —\/a2—p32 o ln(WH—ani
= = A N=3= a :

Remark 1.9. We give the following Examples 1.17 and 1.18 to show that Case
(I1.i) above does exist.

Example 1.17. If k=1, =8 =1, and P(z) =1 in (1.9), then
2
2
f (z—l-\gz) —f(z)} =1

has a solution f(z) = v/2z, where B = /2, = gz Clearly, B%(1+a%n?) = 1.

f?(2) +

Example 1.18. If k=2, a =8 =1, and P(z) =1 in (1.9), then

f(z—i—\gﬁ) —f(z)] =1

has a solution f(2) = v/2z, where B = /2, = g Clearly, (aBn)? = 1.

f//2 (Z) +

Remark 1.10. We give the following Example 1.19 to show that Case (IL.ii)
above does exist.

Example 1.19. If k=1, =2, =1, and P(z) =1 in (1.9), then
)+ 2f(z+n) = f(2)* =1

has a solution f(z) = £1, where 7 is a non-zero constant. Clearly, f(z) = £1 =
+-Lo.
a—p
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2. Some lemmas

Lemma 2.1 (see [15]). Let f(2) be a finite order p transcendental meromorphic
solution of the difference equation

Uz, [)P(z, f) = Q(z, ),
where U(z, ), P(z, f), Q(z, f) are difference polynomials in f such that the
total degree of U(z, f) in f and its shifts are n, and that the total degree of
Q(z, f) as a polynomial in [ and its shifts are at most n. If U(z, f) just contains
one term of maximal total degree, then for each € > 0,
m(r, P(z, f)) = O(r"~1*) + S(r, f)
holds possibly outside of an exceptional set with finite logarithmic measure.

Lemma 2.2 (see [17]). Let f(z) be an entire function of finite order p with
zeros {z1, 22, ...} C C\{0} and a k-fold zero at the origin. Then

f(z) = 2 P(2)e%,
where P(z) is the canonical product of f(z) formed with the non-null zeros of

f(2), and Q(z) 1is a polynomial of degree at most p.

Lemma 2.3 (see [17]). If f(z) is a transcendental meromorphic function in

C, then
T
lim I f) =00
r—oo logr
Lemma 2.4 (see [2]). Let f(z) be a meromorphic function such that the order

p < +oo, and n € C\ {0}. Then for any e > 0,
(2.1) T(r, f(z+n) =T(r, f) + O(r*~ ) + O(logr).

Thus, if f(z) is a finite order p transcendental meromorphic function, then we
have

(2.2) T(r,f(z+mn)) =T(r,f) + 5 f).

Lemma 2.5 (see [17]). If meromorphic functions f;(z) (j =1,2,...,n) (n >
2) and entire functions g;(z) (j = 1,2,...,n) (n > 2) satisfy the following
conditions:

(1) 325 fie% = 0;

(2) g; — g1 are not constants for 1 < j <l <m;

B)T(r, fj) =o0(T (r,e» 9)) (r 00, r ¢ E) forl1 <j<mn,1<h<l<n,
then we have f; =0 (j =1,2,...,n).
Lemma 2.6 (see [17]). Suppose that f;(z) Z#0 (j = 1,2,...,n) (n > 3) are

meromorphic functions such that f1(2), f2(2),..., fu—1(2) are non-constants,

S fi(x)=1 and
zn:N T, i +(n— l)iﬁ(r, fi) <A+o0)T (7, fr),
fi

Jj=1 Jj=1
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where A\ <1 and k=1,2,...,n—1. Then f,(z) = 1.

3. Proofs of Theorems
3.1. Proof of Theorem 1.1

First, we may assume that f(2) is a finite order transcendental entire solution
of (1.4). Next, We will discuss three cases step by step and give the relative
contradictions.

Case 1. If n = m =1, then (1.4) is changed into the following form

(3.1) FR)f'(2) + P2(2) f(= + 1) = Q(2).

Thus, (3.1) can be rewritten as

F)f'(2) = Q(z) = P*(2) (= + ).
Combining Lemma 2.1 with (2.2), we get
m(r, f'(z)) = S(r, f(2)),
and then
T(r, f'(2)) = m(r, f'(2)) = S(r, f(2))-

This contradicts our assumption that f(z) is transcendental.
Case 2. If n = m = 2, then (1.4) is changed into the following form

(3.2) [f(2)f' ()] + P2(2)[f (= +n)]* = Q(2).

Thus, (3.2) can be rewritten as

(3:3) [ () +iP()f(z + n]lf (2)f'(2) = iP(2) f(z + )] = Q(2).

It follows that f(z)f'(z) +iP(2)f(z +n) and f(2)f'(z) — iP(z)f(z + n) have

finitely many zeros. Combining (3.3) with Lemma 2.2, we know that
F(2)f'(2) +iP(2) f(z + 1) = Qu(2)e"?

and
F@)f'(2) = iP(2) f (2 4 1) = Qa(2)e™",

where h(z) is a non-constant polynomial, @1(z) and Q2(z) are non-zero poly-
nomials such that Q(z) = Q1(2)Q2(z). Thus, we get

_ Q1(2)e"®) + Qa(2) ")

(3.4) FE)F) .
and

2)eh(®) — Qy(2) (=)
55) fos) = DD~ Qo() )

2iP(z)
Differentiating (3.5) results in

fletn) = ZRAE = P’(z;?];;(z;)+ PQUAN(2) ne
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_ P(2)@y(2) = P(2)Q2(2) = P(2)Q@a(2)M'(2) _nz)

2iP2(2) ’
and then
, _ hi(2)e??) — hy(z) + hs(z)e2M=)
(36) S0l = T e 7
where
hi(z) = P(2)Q1(2)Q1(2) — P'(2)Q3(2) + P(2)Q1(2)M'(2),
ha(z) = P(2)(Q1(2)Q2(2))" — 2P'(2)Q1(2)Q2(2),
hs(2) = P(2)Q5(2)Q2(2) — P'(2)Q3(2) — P(2)Q3(2)l' ()
for any h;(z) (j =1, 2, 3) are polynomials. From (3.4) and (3.6), we have
hi(2)e* ) — hy(2) + ha(2)e™** ) _ Qu(z +n)e" 5 + Qa(z + p)e "
—4P3(z) B 2 ’
(.3.;) hy(z ) h(z)+h(z+n) _ h,Q(Z)Gh(Z+n) +h3(2)6h(2+n)72h(2’)

+2P3(2)Qu (= + e £ 2P (2)Qa(z + 1) =0

Note that deg(4h(z)) = deg(2h(z)) = deg(xh(z + 1)) = deg(2 (z+mn)) > 1,
deg(2h(z)—h(s-+7)) > 1, deg[2h(z) + h(s+n)] > 1, deg[—2h(z) — h(z+n)] > 1
and deg[h(z +n) — 2h(2)] > 1. By Lemma 2.5, we have 2P3(2)Q1(z + n) =
2P3(2)Q2(z+n) = 0. This contradicts the assumption that P(2), Q1(z), Q2(2)
are non-zero polynomials.

Case 3. If n = m > 2, then (1.4) can be rewritten as % [f(2)f(2)]

1;2((22)) f™(z+n) = 1. By Theorem A, we see that the above equation has no

transcendental entire solutions of finite order. Hence we complete the proof of
Theorem 1.1.

n

+

3.2. Proof of Theorem 1.2

From the beginning of Theorem A, we only need to prove that there is no
transcendental entire solutions of the following differential-difference equation

(3.8) [FE)f (2] + P(2)[Agf(2)] = Q(2),
where n > 2. We may assume that (3.8) has a transcendental entire solution
f(2).
Differentiating (3.8) results in
(3.9) nf "N @R + ) (R)]
= Q'(2) = P'(2)[Anf(2)] = P(2)[Anf'(2)]-
Substituting (3.8) into (3.9) yields
7 [ @) s ) ) — D
P(z)

f1(2)f'(2)
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P'(z)

P(z)

Denote () = nf"1(2) f2(2) + nf"(2)f"(2) = G F(2)f'(2), 9(2) = F'(2),

and then we rewrite the above equation as the form

_ P2
P(z)

Noting that n — 1 > 2, by Lemma 2.1, we have

m(r,p(z)) = S(r,g(2)), m(r,g(2)p(2)) = S(r,9(2)).

We see that p(z) # 0, otherwise (f2(2))™ = C1P(z), where C; is a non-zero
constant, a contradiction. And since f(z) is a transcendental entire solution,
N(r,¢(2)) = S(r,9(z)). Thus it follows that

=Q'(z) - Q(2) = P(2)[Anf'(2)].

(3.10) 9" (2)e(z) = Q'(2) Q(2) = P(2)[Ang(2)]-

T(r,g(z)) =m(r,g(z)) <m(r,g(z)p(2)) +m <r, (p(lz)>

r,¢(2)) + N(r,o(2)) + 5(r,g(2)) = S(r, 9(2)),
ie, T(r, f'(z)) = T(r,g(z)) < S(r,g9(z)) = S(r, f'(2)), a contradiction. Hence
we complete the proof of Theorem 1.2.

3.3. Proof of Theorem 1.3

Assume that f(z) is a finite order transcendental entire solution satisfying
(1.8). We rewrite (1.8) as

[P(2)f P (2) +iaf(z+n) = Bf(2))]
x [P(2)f M (z) —i(af(z+mn) = Bf(2)] = @)
It then follows that P(2)f®*)(2) + i(af(z +n) — Bf(2)) and P(z)f*)(2) —
i(af(z+mn) — Bf(z)) have no zeros. By Lemma 2.2, we have
P(2)f M (2) +i(af(z +n) = Bf(2)) = e
(3.12) k) ’ ra(2)
P(2)f®(2) —i(af(z +n) - Bf(2)) = e,
where r(z) is a non-constant polynomial such that r(z) = r1(z) + r2(z). Thus
{f(’“)(z) et
af(z ) = Bf(z) = T

By mathematical induction, we can deduce that

(3.14) (e N = G R ) R ()] = e G M(2),

(3.11)

(3.13)

(3.15) (—en2@)®) = 2@ [ () (2) 4o 4l (2))] = 2N (2),
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where M(z) = r§k)(z) + -+ 7k (2), N(2) = —[rék)(z) + -+ + 75 (2)]. From

(3.13)-(3.15), we get

(3.16) af®(z+n) - pfM(z) = MEe ;; N

Then, combining (3.13) with (3.16), we have

iBP(z+n)+M(z)P(2)P(z+n)
iaP(z)

N iBP(z +n)+N(2)P(2)P(z+n)

iaP(2)

e (2)—ra(z+m)
(3.17)

er2(2)—ra(z+m) _ ori(z4n)—r2(z4n) = 1

Since 7(z) is a non-constant polynomial, r1(z) and r5(z) cannot be constants
simultaneously. Otherwise, r(z) is a constant. Now we assume that at least
one of 1 (z) and r2(z) is a non-constant polynomial. To this end, we divide our
discussion into three cases.
Case 1. If r1(2) is a constant and r3(z) is a non-constant polynomial, then
M(z) =0 and r(z) is a non-constant polynomial that satisfies the assumption.
Now we claim that iﬁP(Z+")+i]a\/[](3z(lI))(z)P(z+") # 0, that is, i8P(z +n) #

iBP(z+n)+M(2)P(2)P(2+n) =0. By (317) we

iaP(z)

0. Otherwise, we may assume that
have
iBP(z+n)+ N(2)P(2)P(z+n)

ra(z)—r2(z+n) _ ri(z+n)—r2(z+n) =1.
iaP(z) ¢ ‘

We denote g(z) = em(=+m=72(z4m) Then, using the second main theorem of
Nevanlinna theory and Lemma 2.3, we have

_ — 1 — 1
T(r,g) < N(r,g)+ N(r,—) + N(r, + S(r,
(r,9) < N(r,g) + N(r g) (r g—f—l) (r,9)
<N L S
= iBP(z-i—n)-‘:—_NI(DZ()I)D(Z)P(z-i-ﬂ) era(z)—ra(z+n) +5(r9)

< O(logr) + S(r,g) = S(r, 9),

which is a contradiction to e (*+M=72(2+71) heing transcendental entire func-
tion. Thus, the claim is proved. Note that r1(z) is a constant and r3(z) is not

a constant. Then both ri(z) —ra(z+n) and 71 (2 +n) — r2(z + 1) are not con-
stants. Hence, BLEIMFTM)P()P(a4n) ori(z)=ra(z+m) apd em1(+m=r2(z+1) are

iaP(z

not constants. Combining (3.17) with Lemma 2.6, we have

iBP(z+n)+ N(2)P(2)P(z +1n)

ra(2)—ralz+m) —
iaP(2) ¢ ’

(3.18)

which implies that r9(z) — r2(z + 1) is a constant. Then deg(rs(z)) = 1.
Assume that ro(z) = bz + by, where b # 0 and by are constants. Thus, we have
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N(z) = —b*. Substituting it into (3.18) yields

iBP(z+n) —b*P(2)P(z+n)
iaP(2)

(3.19) e =1.

From the above identity, we can deduce that P(z) is a constant, say A (# 0).
And since r1(z) is a constant, we set e"1(*) = ¢; # 0. Then, it follows from
(3.13) that

c1 + ebz-‘rbo c1 ebz+b0

Sy A A Y TSR Y T
where S(z) is a polynomial with deg(S(z)) < k — 1. Further, we obtain from
(3.17)-(3.19) that o = 3, €?" = 1 — b:%. Combining (3.13) with (3.20), we have

ko

(3.20) F9 () = +S(2),

bz+bg
o Ccp — € .
fetm) - )= S
c1 kO gk _ 7071:7i76bn*1 bz+bo
sap G T g T8N =8k - g = (g - g e
Then,
o f_ A G g
Y ARy L e R QA G

Since ¢; # 0 is a constant, the maximum degree of the left-hand side of the
above identity is k—1 and the degree of the right-hand side of the above identity
is at most k — 2, a contradiction.

Case 2. If r1(z) is a non-constant polynomial and ry(z) is a constant, then
N(z) =0 and r(z) is a non-constant polynomial that satisfies the assumption.
Thus (3.17) can be written as

ZBP(Z + 77) + M(Z)P(Z)P(Z + 77) erl(z)—rz(z+n)
iaP(z)

(3.21) iaP(2) —iBP(z +n)

iaP(z)
Now we distinguish iaP(z) — iBP(z + 1) = 0, iaP(z) — ifP(z + 1) £ 0 two

subcases to get the contradictions.
Subcase 2.1. If iaP(z) — ifP(z +n) =0, then by (3.21),

(3.22) 0P() e =1,

_ gri(an)—ra(an) =

which implies that r1(z) — r1(z + 1) is a constant. Then deg(ri(z)) = 1.
Assume that r1(z) = az + ag, where a # 0 and ag are constants. Thus, we have
M (z) = a*. Substituting it into (3.22) yields

iBP(z+mn) +a*P(2)P(z +n)
iaP(2)

e Y =1.

(3.23)
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From the above identity, we can deduce that P(z) is a constant again, say
A (#0). And since 75(2) is a constant, we set €"2(*) = ¢y # 0. Then, it follows
from (3.13) that

. eaerag +02 az+a0
where T'(z) is a polynomial with deg(T(2)) < k — 1. Further, we obtain from
(3.21)-(3.23) that « = 3, e =1+ a%‘ Combining (3.13) with (3.24), we have

+T(z),

_ 6az+ao — ¢
fletn) - fa) = =2,
2 (z+77)k c2 2* +T(z+1n)—-T(z )+i_(i+1_ean)eaz+ao.
2AK! 2AF! 2i 2ia  2Aak
Then,
Co k
S (At S 4 SR = T() T+ ).

With the above identity, we can also get a similar contradiction as in Case 1.
Subcase 2.2. If iaP(z) — ifP(z +n) # 0, then by (3.21),

(325) ng(z)e” (=) —+ Hll(z)eho(z) =0,
where ho(z) =0 and
{Hu(z) — BPEAMAM()P()Pladn) 1 ori(s+n)=r1(2)

aP() 8P ”
Hiy(2) = == Zm}la(z) =
Noting that deg(ri(z +n) — r1(z)) = deg(ri(z)) — 1 < deg(r1(z)) and using
Lemma 2.5, we see that Hy;(2) = 0 (j = 1, 2). By Hi1(2) = 0, we have
iaP(z) —iBP(z +n) = 0, which contradicts that iaP(z) — iSP(z +n) # 0.
Case 3. If r1(z) and r2(z) are non-constant polynomials, then (3.17) can
be written as
iBP(z+mn)+ M(2)P(2)P(z+n) ori(2)
iaP(z)
26P(2+T]) +N( )P(Z)P(Z+77) ro(z) _ ri(z4+m) _ ra(z4+m) — 0
e e e =0.
iaP(2)
Next three subcases will be considered in the following.
Subcase 3.1. If deg(r1(z)) > deg(ra(z)) > 1, then r(z) is a non-constant
polynomial that satisfies the assumption. Thus (3.26) can be written as

(3.27) Hyo(2)e™ ) + Hy(2)eho®) = 0,
where ho(z) =0 and
{HQQ( ) iBP(z4n)+M(2)P(2)P(z+n) rl(z+'r])7r1(z)

(3.26)

iaP(z)
H21( ) _ iBP(z+n)+N(2)P(2)P(z+n) er2(2) _ pra(z+m),

iaP(z)

Noting that deg(ri(z)) > deg(ra(z)), deg(ri(z + 1) — r1(2)) = deg(ri(2)) —
1 < deg(r1(#)) and using Lemma 2.5, we see that Hy;(z) = 0 (j = 1,2). By
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His(z) = Ha1(2) =0, we have deg(r1(z)) = deg(r2(z)) = 1, which contradicts
that deg(r1(z)) > deg(ra(z)) > 1.

Subcase 3.2. If deg(r2(z)) > deg(ri(z)) > 1, then r(z) is a non-constant
polynomial that satisfies the assumption. Thus (3.26) can be written as
(3.28) Hsa(2)e™) + Hy(z)eho®) = 0,
where ho(z) =0 and

{H32(2) = BPEANFNEP()Pdn) _ ora(z4n)—r2(2)

] iaP(z)
H31(Z) — iBP(z+mn)+M(2)P(z)P(2+n) erl(z) _ erl(ern).

iaP(z)

By the arguments similar to that in Subcase 3.1, we can get a contradiction.
Subcase 3.3. If deg(r1(z)) = deg(ra(z)) = n > 1, then we set r1(z) =
2" 4 ap 12"+ -+ ag, T2(2) = bp2™ + by 12"+ - + by, where a,(#

0),an-1,--,a0,bn(# 0),bp_1,...,bp are constants, n is an integer. Thus, we
have r(2) = (an + bp)2"™ + (@p_1 + by_1)2" "1 + -+ + ag + by. Since 7(2) is a
non-constant polynomial, we see that, for all j = 1,2,...,n, at least one of
Q. 75 —bj.

To prove deg(r1(z)) = deg(r2(z)) = 1, we discuss two subcases b,, # a,, and
by, = an.
Subcase 3.3.1. If b, # a,, then (3.26) can be written as

(3.29) Hyo(2)e" ) + Hyp(2)e) =0,

where

Hy(z) = l'BP(Z""")""MIgz)I)D(Z)P(Z"m) — er(ztn)— T1(z)
H41(Z) _ zBP(Z+77)+N(3 P(2)P(z4n) 6r2(z+77) 7‘2(2).

iaP(z)

It is easy to get that deg(r1(z +n) — r1(2)) = deg(r2(z +n) — r2(2)) =n — 1.
Noting that b,, # a,, we see that deg(r1(z+n)—7r1(2)) = deg(r2(z+n)—r2(2)) <
deg(r1(z) — r2(2)) = n. Therefore, using Lemma 2.5, we have Hy;(z) = 0. By
Hyo(z) = Hu(2) =0, we see that r1(z + 1) — r1(2), ro(z + 1) — r2(2) must be
constants. Then deg(ri(z)) = deg(r2(2)) = 1. Assume that r1(z) = az + ag,
ro(2) = bz + by, where b # 0, a # 0, ag, by are constants with a # b. Further,
by the fact that, for all j = 1,2,...,n, at least one of a; # —b;, we have
a # —b. Hence a # +b.

In the following, since 71(2) = az + ag, r2(2) = bz + by, we get M(2) = a*,
N(z) = —b*. Substituting it into Hyz(2) = Hy1(2) = 0 yields

(3.30) iBP(z+n) + a*P(2)P(z + 1) = iaP(2)e™
and
(3.31) iBP(z +1n) —b"P(2)P(z + 1) = iaP(2)e"

which imply that P(z) must be a constant, say A(# 0). Then (3.30), (3.31) can

be written as
e — if
iae )
at=——L bk =

A

i — ice’

A
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Also, it follows from (3.13) that
eaz+ao +ebz+bo eaerao ebz+b0
(332) S0 =g SO = g g
where U(z) is a polynomial with deg(U(z)) < k — 1.
If @ = B, then a* = ia(e;ﬂ_l), b= io‘(lgebn). Combining (3.13) with (3.32),
we have a[U(z + 1) — U(2)] = 0. By a # 0, we get U(z) = d, where d is a
constant. Then,

+U(2),

eaerao eszrbo

PG = Saw + 5aw 4

If « = —f3, then a* = w, bk = %“‘eb’) In the same way, we have
U(z) = 0. Then,
eaz+a0 ebz+b0
TG = e + 2
If o« # £8, then o = w, bk = W Similarly, we have U(z) = 0.
Then,
eaz+a0 ebz—i—bo
TG =23 T 22
This belongs to Case (I) in Theorem 1.3.
Subcase 3.3.2. If b, = a,, then (3.26) can be written as

(3.33) Hsy(2)e?) =0,
where
iBP(z +n) + M(2)P(2)P(z +n)
iaP(2)
n iBP(z+n) + N2)P()P(E+n) 0i)—m(s)
, e
iaP(z)
— enizEn)=r1(2) _ pra(z4n)—ri(2)

Hsi(z) =

Since e (*) # 0, we have Hs;(z) = 0. Then
iBP(z+n) + M(2)P(2)P(z +n)
iaP(z)
iaP(z)
r2(z4m)—r1(2) = (.

_emilem—i(2) _,
If n > 2, then deg(ra(2) — ra(z 4+ 1)) = deg(r1(z+n) —r1(z)) =n—1> 1. By
by, = an, we see that deg(ra(z +14) —ri(z+j)) <n—1 (i, 5 = 0, n). Further,
if deg(ro(z+i) —ri(z+j)) <n—1 (i, =0, n), then (3.34) can be written as

ZBP(Z + 77) + N(Z)P(Z)P(Z + 77) erg(z)frl(z) _ erg(z+n)fr1(z)
iaP(z)
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LIBP(z+m) + M(z) P(2)P(z +n)
iaP(z)

Thus, using Lemma 2.5, we have —1 = 0, which is absurd; if deg(r2(z +4) —
ri(z+7)) =n—1(i, j =0, n), then applying Lemma 2.5 to (3.34), we can also
get a similar contradiction as above. Therefore, we have n = 1. Assume that
r1(z) = az + ag, r2(z) = az + by, where a # 0, ag, by are constants. It can be
seen that r(z) is a non-constant polynomial that satisfies the assumption.

In the following, since r1(z) = az + ag, r2(2) = az + by, we get that M(z) =
a®, N(z) = —a”. Substituting it into (3.34) yields

(i + ife® ) P(z + 1) — iae™[1 + e ~®]P(2)
= — (aF —d¥em ) P(2)P(z 4+ n).

_enGn-ne) = .

(3.35)

Next we will divide our argument into two subcases respectively.

Subcase 3.3.2.1. When by # ag + 2nmi for some integer n, it follows by
(3.35) that P(z) must be constant, say A(s 0). Then (3.35) can be rewritten
as

(tae® — i) (1 + ebo_ao).

3.36 k—
(3:36) “ A(1 — ebo—ao)
From (3.13), we have
az+ag +eaz+b0 eaz+ag eaz+b0
3.37 W= _T€ T
(331 1) e =St S ),

where W (z) is a polynomial with deg(W(z)) < k — 1.
; an bg—a
If o = 3, then a* = 10‘(6A7(Ii)e(bl()tioo) ) From (3.13), (3.36) and (3.37), we
have a[W(z +n) — W(z)] = 0. By a # 0, we get W(z) = d, where d is a
constant. Then,

6az+ao eaz+bg

S )
1) 2Aak + 2Aak +
If « = —f3, then a* = ia(ezlgi)e(bloti?)iao). In the same way, we have W (z) =

0. Then,

eaz+ao eaz+b0
fz) = 2Aak * 2AaF -~
If o # +p, then o = (meaz(flifzgéff:(;iao). Similarly, we have W(z) = 0.
Then,

eaz+a0 eaz+b0

f(z) = 2Aak + 2Aak
This belongs to Case (II) in Theorem 1.3.
Subcase 3.3.2.2. When by = ag + 2nmi for some integer n, (3.35) can be
written as

(3.38) 2iBP(z+n) — 2ice® P(z) = 0.
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If ae®™ = —p or e # +4, then by (3.38), it follows that P(z) = 0, which
contradicts that P(z) # 0. This means that ae®’ = g, that is, e*" = g and

thus we deduce from (3.38) that P(z) must be constant, say A (# 0). It follows
from (3.13) that
eaz-i—ao eaz—i—ao

(3.39) f(k)(z) = A f(z) = “Adk

where V(2) is a polynomial with deg(V(z)) < k — 1.
If & = f3, then ¢*” = 1. Combining (3.13) with (3.39), we have a[V(z +1n) —
V(2)] =0. By a # 0, we get V(z) = d, where d is a constant. Then,

eaerao

If o # 3, then €*? # 1. In the same way, we have V(z) = 0. Then,
eaz+a0
1) = e
This belongs to Case (III) in Theorem 1.3. Hence we complete the proof of
Theorem 1.3.
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