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ON PSEUDO 2-PRIME IDEALS AND
ALMOST VALUATION DOMAINS

SuaTr Kog

ABSTRACT. In this paper, we introduce the notion of pseudo 2-prime
ideals in commutative rings. Let R be a commutative ring with a nonzero
identity. A proper ideal P of R is said to be a pseudo 2-prime ideal if
whenever zy € P for some x,y € R, then 2?® € P" or y?" € P"
for some n € N. Various examples and properties of pseudo 2-prime
ideals are given. We also characterize pseudo 2-prime ideals of PID’s and
von Neumann regular rings. Finally, we use pseudo 2-prime ideals to
characterize almost valuation domains (AV-domains).

1. Introduction

Throughout the paper, we focus only on commutative rings with a nonzero
identity. Let R will always denote such a ring. Assume that P is an ideal of
R. Then we say that P is proper if P # R. For any proper ideal P of R, the
radical v/P is defined as /P := {a € R:a"™ € P for some n € N}. Also for
each nonempty subset K of R and each ideal P of R, the residual of P by K
is denoted by (P: K)={a € R:aK C P}.

The notion of prime ideals and its generalizations play a central role in
multiplicative ideal theory since they are used in classifying certain classes of
rings such as Dedekind domains, valuation domains, divided domains and etc.
The set of all maximal ideals and prime ideals of R will be designated by
Maz(R) and Spec(R), respectively. Recall from [19] that an integral domain
R with quotient field K is said to be a wvaluation domain if for each z € K,
then either x € R or z7! € R. Note that an integral domain R is a valuation
domain if and only if the lattice of all ideals L(R) of R is totally ordered by
inclusion if and only if for each z,y € R — {0}, either x divides y or y divides
z. In 2016, Beddani and Messirdi defined the concept of 2-prime ideals and
they characterized valuation domains in terms of this concept. A proper ideal
P of R is said to be a 2-prime ideal if whenever xy € P for some z,y € R,
then 22 € P or y?> € P [9]. Note that every prime ideal is 2-prime but the
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converse is not true. For example, P = (X2, XY,Y?) is not a prime ideal of
R = k[X,Y], where k is a field, while it is a 2-prime ideal of R. Afterwards,
Kog et al. in [18] gave a generalization of 2-prime ideals and they used it to
characterize divided domains. Recall from [12] that a prime ideal P of R is
said to be a divided prime ideal if for each z € R — P, we have P C Rx. In
particular, an integral domain R is said to be a divided domain if its each prime
ideal is divided prime. It is well known that an integral domain R is a divided
domain if and only if for every elements x,y € R — {0}, either y divides z or z
divides y™ for some n € N. For more information on divided domains, we refer
[5], [6], [8] and [22] to the reader. A proper ideal P of R is said to be a strongly
quasi primary ideal if whenever xy € P for some z,y € R, then 22 € P or
y" € P (2™ € P or y? € P) for some n € N. The authors in [18, Theorem 2.2
showed that an integral domain R is a divided domain if and only if its each
proper ideal is strongly quasi primary.

Another generalization of valuation domain is that almost valuation domain
firstly defined by Anderson and Zafrullah in [3]. An integral domain R is
said to be an almost valuation domain (briefly, AV-domain) if for each x,y €
R — {0}, then there exists n € N such that either z™ divides y™ or y" divides
™. Equivalently, an integral domain R with quotient field K is an AV-domain
if and only if for each z € K, there exists n € N, either 2™ € R or =" € R.
Recently, valuation domains and AV-domains have been center of interest and
studied by many authors. See, for example, [13], [16] and [20]. The purpose
of the paper is to introduce pseudo 2-prime ideals which is a generalization
of prime ideals in commutative rings and to use them to characterize almost
valuation domains. A proper ideal P of R is said to be a pseudo 2-prime ideal
if whenever zy € P for some z,y € R, then either 2?" € P" or y?" € P" for
some n € N. Among many results in this paper, we investigate the relations
between pseudo 2-prime ideal and other classical ideals such as prime ideal,
2-prime ideal, quasi primary ideal (i.e., an ideal whose radical is prime [14]), 2-
absorbing ideal, 2-absorbing primary ideal and irreducible ideal (See, Theorem
2.1, Example 2.2, Example 2.3 and Proposition 2.5). Also, we investigate
the stability of pseudo 2-prime ideals under homomorphism, in factor ring, in
cartesian product of rings, under localization of rings and in trivial extension
R x M of a unital R-module M (See, Theorem 2.6, Corollary 2.7, Proposition
2.9, Theorem 2.13, Theorem 2.14, Theorem 2.16). Also, we determine pseudo
2-prime ideals in certain commutative rings such as von Neumann regular rings
and Principal ideal domains (PID’s) (See, Theorem 2.11 and Proposition 2.12).
Furthermore, we prove pseudo 2-prime avodiance theorem (See, Theorem 2.17
and Theorem 2.18). Finally, we characterize AV-domains in terms of pseudo
2-prime ideals (See, Theorem 2.15).
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2. Characterizations of pseudo 2-prime ideals

Definition. Let R be a ring and P be a proper ideal of R. P is said to be
pseudo 2-prime ideal of R if whenever xy € P for some x,y € R, then either
%" € P" or y*" € P" for some n € N.

In 2007, Badawi in his celebrated paper [7], defined the concept of 2-absorb-
ing ideals and used them to characterize Dedekind domains. Recall from [7]
that a nonzero proper ideal P of R is said to be a 2-absorbing ideal if whenever
xyz € P for some x,y,z € R, then either zy € P or zz € P or yz € P. Also, a
proper ideal P of R is called a 2-absorbing primary ideal if for some z,y,z € R
with zyz € P, then either 2y € P or zz € /P or yz € VP [10]. Note that
every 2-absorbing ideal is also a 2-absorbing primary ideal but the converse is
not true in general. For instance, P = (12) is a 2-absorbing primary ideal of
the ring Z of integers which is not 2-absorbing since 2.2.3 € P but 2.2 ¢ P and
2.3¢ P.

Theorem 2.1. Let R be a ring and P a proper ideal of R. The following
statements are satisfied.

(i) Every pseudo 2-prime ideal P of R is a quasi primary ideal of R, that is,
VP is a prime ideal of R.

(ii) Every 2-prime ideal P of R is a pseudo 2-prime ideal of R. In particular,
every prime ideal is pseudo 2-prime.

(iil) Every pseudo 2-prime ideal P of R is a 2-absorbing primary ideal of R.

Proof. (i) Let P be a pseudo 2-prime ideal of R. Take z,y € R such that
xy € VP. Then there exists & € N such that (zy)* = 2*y* € P. Since P is a
pseudo 2-prime ideal of R, we conclude that 2" € P™ or y?*" € P™, which
implies that 2 € v/P* = /P or y € v/P.

(ii) Suppose that P is a 2-prime ideal of R. Choose z,y € R such that
xy € P. As P is a 2-prime ideal of R, we conclude that z? € P or y? € P,
which implies that 22" € P™ or y?" € P". Therefore, P is a pseudo 2-prime
ideal of R.

(iii) Note that by (i), v/P is a prime ideal of R. The rest is clear by [10,
Theorem 2.8]. O

The converses of Theorem 2.1(i) and (ii) need not be true in general. See
the following examples.

Example 2.2 (A pseudo 2-prime ideal which is not 2-prime ideal). Consider
the ring R = k[X,Y]/P, where k is a field and P = (X® XV, Y%). Let Q =
(X3,XY,Y3)/P. Then note that v/Q = (X,Y)/P is a prime ideal of R and
Vo' = (0), where 0 = 0+ P. Note that 7y € Q and 72,7 ¢ Q, where
T=X+Pandy=Y + P. Thus, @ is not a 2-prime ideal of R. Now, we
will show that it is a pseudo 2-prime ideal. To see this, take ab € @ C /@
for some a,b € R. Since /@ is a prime ideal, we have a € v/Q or b € v/Q.
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As VQ° = (0), we have a'? € Q% = (0) or b'? € Q5 = (0). Therefore, Q is a
pseudo 2-prime ideal of R.

Example 2.3 (A quasi-primary ideal that is not pseudo 2-prime ideal). Let
R = k[X,Y], where k is a field and consider the ideal P = (X3, XY,Y?3) of
R. Then VP = (X,Y) is a maximal ideal so that P is quasi primary. Since
XY € Pbut X2 ¢ P" and Y?" ¢ P", we have P is not a pseudo 2-prime ideal
of R. Also, note that P is a 2-absorbing primary ideal of R by [10, Theorem
2.8], and hence the converse of Theorem 2.1(iii) is not true.

Recall from [4] that a proper ideal P of R is said to be a primary ideal if
whenever ab € P for some a,b € R, then either a € P or b € v/P. It is clear
that if P is a primary ideal, then it is a quasi primary ideal of R. Note that
the concepts of primary ideals and pseudo 2-prime ideals are different. See, the
following example.

Example 2.4. (i) Take the ring R and the ideal P as in Example 2.3. Then
VP = (X,Y) is a maximal ideal of R, so P is primary. But P is not a pseudo
2-prime ideal of R.

(ii) Take the ring R as in Example 2.3. Let P = (X2, XY). Then note that
VP = (X) is a prime ideal of R with \FQ = (X?) C P. Then one can easily
see that P is a pseudo 2-prime ideal of R. Since XY € P, X ¢ Pand Y ¢ VP,
it follows that P is not primary.

By above theorem and examples, the following diagram clarifies the place of
pseudo 2-prime ideals in the lattice of all ideals L(R) of R.

prime ideal

primar,

2-absorbing ideal

y ideal

2-prime ideal

2-absorbing primary ideal ‘4—{ quasi primary ideal ‘4—{ pseudo 2-prime ideal

FIGURE 1. Pseudo 2-prime ideals vs other classical ideals

Now, we investigate the conditions under which pseudo 2-prime ideals, 2-
prime ideals and quasi primary ideals are coincide.
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Proposition 2.5. (i) Let P be a proper ideal of R such that \/152 C P. Then,
P is a 2-prime ideal & P is a pseudo 2-prime ideal < P is a quast primary
ideal.

(ii) Let P be a 2-absorbing ideal of R. Then P is a 2-prime ideal of R if and
only if P is a pseudo 2-prime ideal of R.

(iii) Let R be a ring. Then the zero ideal is a quasi primary ideal of R if
and only if it is a pseudo 2-prime ideal of R.

(iv) Let R be a ring and P a proper ideal of R. If P™ is irreducible and
(P™: z?) = (P™ : 2®1) for some n € N and each x € R — P, then P is a
pseudo 2-prime ideal of R.

Proof. (i) Let P be a proper ideal of R with \/]32 C P. The implications “P is
a 2-prime ideal = P is a pseudo 2-prime ideal = P is a quasi primary ideal”
follows from Theorem 2.1. Now, we will show that the other directions. Let
P be a quasi primary ideal of R. It is sufficient to show that P is a 2-prime
ideal of R. To see this, let 2y € P C /P for some z,y € R. Since VP is
a prime ideal, we have x € VP or Yy € VP. As \/]32 C P, we conclude that
x? € \/ﬁ2 CPory’c \/F2 C P. Therefore, P is a 2-prime ideal of R.

(ii) Since P is a 2-absorbing ideal of R, by [7, Theorem 2.4], VP C P. The
rest follows from (i).

(iii) If the zero ideal is a pseudo 2-prime ideal, then by Theorem 2.1, so is
quasi-primary. For the converse, assume that the zero ideal is a quasi primary
ideal. Let x,y € R such that zy = 0. As (0) is quasi-primary, we conclude that
x € /0 or y € /0 implying that 22* € (0)¥ = (0) or y?* € (0)*. Therefore, the
zero ideal is a pseudo 2-prime ideal of R.

(iv) Suppose that P™ is an irreducible ideal and (P™ : 2?") = (P" : 2"~ 1)
for some n € N and each x € R — P. Let ab € P for some a,b € R. Now, we
will show that a®™ € P™ or " € P™. Suppose to the contrary. Then we have
a?® ¢ P" and b®" ¢ P". Now, take z € (P™ + Ra®") N (P"™ + Rb*). Then
we can write z = ¢ 4+ ra®® = d + sb®" for some ¢,d € P" and r,s € R. Then
we have za®" = ca®" + ra'™ = da®" + s(ab)*" € P", which implies ra'" € P".
Since a € R — P, by assumption, we get ra®" € (P" : a®") = (P" : a®"7 1),
which yields that ra*"~! € P". If we continue in this manner, we can get
ra € (P : a®) = (P" : a®"!) and so we have ra®" € P". Then we have
z = c+ra®™ € P" implying that (P™ + Ra®") N (P™ + Rb*") = P™ which is a
contradiction. Therefore, > € P" or b*® € P", namely, P is a pseudo 2-prime
ideal of R. O

Theorem 2.6. Let f: R — S be a ring epimorphism and P a proper ideal of
R. The following statements are satisfied.

(i) If P is a pseudo 2-prime ideal of R containing Ker(f), then f(P) is a
pseudo 2-prime ideal of S.

(ii) If f(P) is a pseudo 2-prime ideal of S such that Ker(f) C P™ for each
n € N, then P is a pseudo 2-prime ideal of R.
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Proof. (i) Let yz € f(P) for some y,z € S. Since f is surjective, there exist
a,b € R such that f(a) =y and f(b) = z. Then we have yz = f(ab) € f(P).
As Ker(f) C P, we have ab € P. Since P is a pseudo 2-prime ideal of R,
there exists n € N such that either a®” € P™ or b*" € P™. This yields that
y* = f(a®™) € f(P)" or 22" = f(b®") € f(P)". Hence, f(P) is a pseudo
2-prime ideal of S.

(ii) Let ab € P for some a,b € R. Then we have f(a)f(b) = f(ab) € f(P).
As f(P) is a pseudo 2-prime ideal of R, there exists n € N such that f(a)?" =
f(a®™) € f(P™) or f(b)?" = f(b*) € f(P™). Since P" D Ker(f), we conclude
that a®® € P™ or b®" € P". Therefore, P is a pseudo 2-prime ideal of R. [

Corollary 2.7. (i) Let P be a pseudo 2-prime ideal of R and I C P be an
ideal of R. Then P/I is a pseudo 2-prime ideal of R/I.

(ii) Let P/I be a pseudo 2-prime ideal of R/I, where I is an ideal of R such
that I C P™ for each n € N. Then P is a pseudo 2-prime ideal of R.

Proof. (i) Consider the surjective homomorphism 7 : R — R/I defined by
m(a) = a+ I for each a € R. Then note that Ker(r) =1 C P. If P is a
pseudo 2-prime ideal, then by Theorem 2.6, 7w(P) = P/I is a pseudo 2-prime
ideal R/I.

(ii) By applying Theorem 2.6, one can prove the claim. O

The conditions “I C P™ and “Ker(f) € P™ in Corollary 2.7(ii) and
Theorem 2.6(ii) are necessary. See the following example.

Example 2.8. Consider the ring R = k[X, Y] and the ideal P = (X3, XY,Y?3)
= I as in Example 2.3. Then note that I ¢ P™ for each n > 2. By Example
2.3, we know that P is not a pseudo 2-prime ideal of R. Also note that /P/I =
(X,Y)/I is a prime ideal of R/I, so by Proposition 2.5, the zero ideal P/I is a
pseudo 2-prime ideal of R/I.

Let R be a ring and P a proper ideal of R. Then we denote the set {x € R :
ay € P for some y € R — P} by Zg(P).

Proposition 2.9. Let R be a ring and S be a multiplicatively closed set of R.
(i) If P is a pseudo 2-prime ideal of R with PN S = 0, then S™P is a
pseudo 2-prime ideal of ST R.
(ii) If STLP is a pseudo 2-prime ideal of ST*R with S N Zp(P") = () for
each n € N, then P is a pseudo 2-prime ideal of R.

Proof. (i) Let 22 € S=1P for some a,b € R; s,t € S. Then we have u(ab) =
(ua)b € P for some u € S. As P is a pseudo 2-prime ideal, then there exists
n € N such that (ua)®" = u?"a®" € P™ or b** € P". This yields that (2)*" =

o — wral ¢ g-L(P) = (S71P)" or (2)2" = B e (S7LP)". Thus S~1P

is a pseudo 2-prime ideal of ST!R.
(i) Let ab € P for some a,b € R. Then we have 22 = 4% ¢ §=1p A5 §~1p

is a pseudo 2-prime ideal, there exists n € N such that either (%)2" = ang €
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(S~tP)" = S7Y(P") or Z’QT" € S7Y(P™). Then we get either sa?® € P" or
s'b?>™ € P for some s,s’ € S. Without loss of generality we may assume that
n ¢ Pn. If a?™ ¢ P", then we have s € Zp(P")N.S which is a contradiction.

So that we have a®® € P™. Therefore, P is a pseudo 2-prime ideal of R. O

The following example shows that we can not drop the condition “S N
Zg(P™) =" in Proposition 2.9.

Example 2.10. Consider the ring R = Z of integers and the ideal P = (6) of
R. Choose the multiplicatively closed set S = R — M, where M = (3). Then
it is easy to see that Py; = M)y is a prime ideal of Ry, so is a pseudo 2-prime
ideal by Theorem 2.1. Also note that 2" € Zg(P™) N S since 2" - 3" € P"
and 3™ ¢ P" for each n € N. However, P is not a pseudo 2-prime ideal since
2-3€ P,2?" ¢ P" and 3?" ¢ P" for each n € N.

Now, we determine all pseudo 2-prime ideals in principal ideal domains.

Theorem 2.11. Let R be a principal ideal domain and P a nonzero proper
ideal of R. The following statements are equivalent.

(i) P is a pseudo 2-prime ideal of R.

(ii) P = (p™) for some irreducible element p € R and n € N.

(iii) P is a primary ideal of R.

(iv) P is a quasi primary ideal of R.

(v) P is a 2-prime ideal of R.

Proof. (i)=-(ii): Let P be a pseudo 2-prime ideal of a principal ideal domain
R. Suppose that P is nonzero. Then we can write P = (z), where x =
pyips? - pim oand p;’s are irreducible elements of R. If m = 1, then we are
done. So assume that m > 1 and all p;’s are not associates. Now, put a = p"!
and b = p3?ps® .- -plm. Since ab € P and P is a pseudo 2-prime ideal, there
exists k € N such that a®* € P* = (2%) or b** € P*¥ = (z*). In the former

case, we have p2*™ = cph™phn2 .. pknm for some ¢ € R, which implies that

pim = ephmz o ophrm - Since py | pi™ = eph™ - pkrmoand py is a prime
element, we conclude that p; divides p; for some j # 1, and thus we have p;, p;

are associates, a contradiction. In the later case, we have p%"2 p2k”3 copEhnm =

cphmiphne p’“”'" for some ¢ € R, which implies that p"2...pknm = ¢ph
Similar argument shows that p;,p; are associates, again a contradiction. Thus
we have m = 1 and so P = (p") for some irreducible element p € R and n € N.
(ii)=(iii): Since v'P = (p) is a maximal ideal, P is primary.
(iil)=-(iv)=-(v): Follows from [21, Theorem 2.3].
(v)=-(i): Follows from Theorem 2.1. O

knl

Recall from [23] that a ring R is said to be a von Neumann regular ring if
for each x € R, there exists y € R such that z = 22y. In that case the principal
ideal (z) is generated by an idempotent element e € R. It is well known that
a ring R is a von Neumann regular ring if and only if for each ideal I of R and
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n €N, I =I" if and only I = /I for each ideal I of R if and only if R is
reduced and every prime ideal is maximal. The notion of von Neumann regular
rings and its generalizations have an important place in commutative algebra
and have been widely studied by many authors. See, for example, [1], [11] and

7).

Proposition 2.12. Let R be a von Neumann regular ring and P a proper ideal
of R. The following statements are equivalent.

(i) P is a mazimal ideal.

(ii) P is a prime ideal.

(iii) P is a primary ideal.

(iv) P is a 2-prime ideal.

(v) P is a pseudo 2-prime ideal.

(vi) P is a quasi primary ideal.

Proof. (1)&(ii)< (iii)<(vi): The proofs follow from the fact that I = /T for
each ideal I of R and every prime ideal is maximal in von Neumann regular
ring.

(iv)e(v)<(vi): The proofs follow from the fact that VP = P2 C Pinvon
Neumman regular ring and Proposition 2.5. O

Theorem 2.13. Let Ry, Ry be two commutative rings and Py, Py be ideals of
Ry and R, respectively. Suppose that R = Ry X Ry and P = Py x P,. The
following statements are equivalent.

(i) P is a pseudo 2-prime ideal of R.

(ii) P, = Ry and P» is a pseudo 2-prime ideal of Ry or Py = Ry and Py is
a pseudo 2-prime ideal of R;.

Proof. (i)=(ii): Let P be a pseudo 2-prime ideal of R. Since (1,0)(0,1) =
(0,0) € P, there exists an n € N such that either (1,0)*" = (1,0) € P* C P or
(0,1)2" = (0,1) € P* C P. This implies either P, = Ry or P» = Ry. Without
loss of generality, we may assume that P; = R;. Now, we will show that P,
is a pseudo 2-prime ideal of R,. To see this, take ab € P» for some a,b € R,.
Then we have (0, ab) = (0,a)(0,b) € P. As P is a pseudo 2-prime ideal, there
exists m € N such that (0,a)?™ = (0,a?>™) € P™ or (0,b)*™ = (0,b°™) € P™.
Then we get either ™ € Py or b*™ € Py*. Thus P, is a pseudo 2-prime ideal
of RQ.

(ii)=(i): Without loss of generality, we may assume that P, = R; and
P, is a pseudo 2-prime ideal of Ra. Let (z,y)(2,t) = (zz,yt) € P for some
x,z € Ry; y,t € Ry. This implies that yt € P,. As P is a pseudo 2-prime
ideal, there exists m € N such that y?™ € Py or t>™ € Py*. This gives
(z,9)?™ = (22™,y?™) € P™ or (2,t)?™ = (22™,t>™) € P™. Hence, P is a
pseudo 2-prime ideal of R. O
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Theorem 2.14. Let Ry, Rs, ..., R, be commutative rings and P; be an ideal
of R; for each i = 1,2,...,n. Suppose that R = Ry X Ry X -+ X R, and
P=P x Py, x---xP,. The following statements are equivalent.

(i) P is a pseudo 2-prime ideal of R.

(ii) P; is a pseudo 2-prime ideal of R; for somei € {1,2,...,n} and P; = R;
for each i # j.

Proof. We use induction on n. If n = 1, the claim is obvious. If n = 2, the
claim follows from Theorem 2.13. So assume that the claim is true for all k£ < n.
:NOW7 let R/:Rl XRQ Xoee XRn,1 andP’:Pl XP2 Xoees XPnfl. Thenby
Theorem 2.13, P is a pseudo 2-prime ideal of R if and only if P’ is a pseudo
2-prime ideal of R’ and P, = R,, or P’ = R’ and P, is a pseudo 2-prime ideal
of R,,. The rest follows from induction hypothesis. (I

Now, we characterize AV-domains in terms of pseudo 2-prime ideals.

Theorem 2.15. Let R be an integral domain. The following statements are
equivalent.

(i) R is an AV-domain.

(ii) Every proper ideal is a pseudo 2-prime ideal.

(iii) Ewery proper principal ideal is a pseudo 2-prime ideal.

Proof. (1)=-(ii): Let R be an AV-domain. Suppose that P is a proper ideal
of R and zy € P for some z,y € R — {0}. Since R is an AV-domain, there
exists n € N such that either ™ | y™ or y™ | 2™. If 2™ | y™, then we can write
y" = ra". As xy € P, then we have y?" = ra"y" = r(xy)" € P". In other
case, we have 2" € P". Thus P is a pseudo 2-prime ideal of R.

(if)=-(iii): It is clear.

(iii)=-(i): Suppose that z,y € R — {0}. If = or y is unit, then we are done.
So assume that « and y are not units of R. Thus (zy) is a proper principal
ideal, so by assumption, (zy) is a pseudo 2-prime ideal. Since zy € (zy), there
exists n € N such that 2°" € (xy)" = (z"y") or y*" € (z"y"). If 2*" € (z"y"),
then there exists a € R such that 22" = az™y". As R is an integral domain,
we have " = ay”, namely, y™ | ™. For the other case, one can conclude that
a2"|y™. Thus R is an AV-domain. O

Let R be a ring and M be a unital R-module. Trivial extension R x M =
R@ M of an R-module M is a commutative ring with componentwise addition
and multiplication defined by (a,m)(b,m’) = (ab,am’ + bm) for each a,b €
R; m,m’ € M [2]. If I is an ideal of R and N is a submodule of M. Then
I x N is an ideal of R x M if and only if IM C N [2,15]. Now, we investigate
pseudo 2-prime ideals of trivial extension R x M of M.

Theorem 2.16. Let R be a ring and M be a unital R-module. Suppose that P
is an ideal of R and N is a submodule of M such that PM C N. The following
statements are satisfied.
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(i) If Px N s a pseudo 2-prime ideal of R x M, then P is a pseudo 2-prime
ideal of R.

(ii) If P is a pseudo 2-prime ideal of R and (P"™ : z?") = (P™ : 2?"~1) for
eachx € R— P andn € N, then P x N is a pseudo 2-prime ideal of R x M.

(iii) Assume that (P™: 2°") = (P" : 2*"~1) for eachx € R— P andn € N.
Then P x N is a pseudo 2-prime ideal of R x M if and only if P is a pseudo
2-prime ideal of R.

Proof. (i) Let zy € P for some z,y € R. Then we have (z,0)(y,0) € P x N.
As P x N is a pseudo 2-prime ideal of R x M, we conclude either (z,0)%" =
(22",0) € (P x N)" or (y,0)*" = (y°*,0) € (P x N)" for some n € N. Also
note that (P x N)® C P" x P""!N. Then we get z?" € P" or y*" € P".
Therefore, P is a pseudo 2-prime ideal of R.

(ii) First note that (P™ x P"M) = (P x PM)™ C (P x N)™. Let
(z,m)(y,m') = (zy,zm’ +ym) € P x N

for some z,y € R; m,m’ € M. This implies that zy € P. Since P is a
pseudo 2-prime ideal of R, we get either z2® € P™ or y>" € P" for some
n € N. Without loss of generality, we may assume that 2>® € P*. If z €
P, then we have (xz,m)?" = (22, (2n)2?""'m) € P?>" x P?""1M C P" x
P*"M C (P x N)™ which completes the proof. So assume that z ¢ P. Since
22" € P, by assumption, we have 22"~1 € P", which implies that (z,m)?" =
(2", (2n)2®"~tm) € P" x P"M C (P x N)". Therefore, P x N is a pseudo
2-prime ideal of R x M.

(iii) It follows from (i) and (ii). O

Theorem 2.17. Let I C |J P; be an efficient covering of ideals of R. Suppose
i=1

that IN\/Py € IN+/P,, for each k # m. Then no P; is a pseudo 2-prime ideal

for each i € {1,2,...,n}.

n
Proof. Suppose that I C |J P; is an efficient covering of ideals of R and I N
i=1
VP, ¢ IN+/P,, for each k # m. Assume that P; is a pseudo 2-prime ideal
of R. Then by Theorem 2.1, v/P; is a prime ideal of R. Since the covering
n
is efficient, we have I N (| P, € I N P;. Also, by assumption, there exists
=2
z; € IN\/P; —+P for each j = 2,3,...,n. Then there exists {; € N
such that x? € I N P;. Now, put m = max{ta,ts,...,t,}. This implies that
x}” € INP;. Let a =22 and b = x3xy4 - x,. Since v/ P is a prime ideal and
T3,T4,. .., 2Ty & /P1, we have b>"™ ¢ PP for all n € N. Otherwise, we would
have b = z3x4- -y, € /P = /P, which implies that z; € /P; for some
i > 3, a contradiction. On the other hand, since P; is a pseudo 2-prime ideal
and a™b™ € P;, we have a®"™ = x2"™ € PP for some n € N, which implies
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that xo € /P = v/ P1, again a contradiction. Therefore, no P; is a pseudo
2-prime ideal of R. O

Now, we prove that pseudo 2-prime avoidance theorem for commutative
rings.

Theorem 2.18 (Pseudo 2-Prime Avoidance Theorem). Let I C |J P; for
i=1

some ideals I, Py, Ps,..., P, of R, where at most two of P;’s are not pseudo
2-prime ideals of R. Suppose that I N /P, ¢ I N+/P,, for each k # m. Then
I C P, for some i€ {1,2,...,n}.

Proof. We can reduce the covering to efficient one. So suppose that the covering
n
I C | P, is an efficient, where at least n — 2 of P;’s are pseudo 2-prime ideals

=1
of R. If n > 3, then we get a contradiction by using Theorem 2.17. Thus we
have n < 2. The rest is clear. O
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