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Free Vibrations of Horseshoe Symmetric Elliptic Arch: Using
Boundary Conditions of Stress Resultants at Mid-Arc Revisited

ABSTRACT

This paper deals with the boundary conditions of the stress resultants at the mid-arc for free vibration analyses of the arch. The considered
arch is a horseshoe symmetric elliptic arch. The work dealing with the boundary conditions of the deflection at both ends of the arch has
already been reported in the open literature. This revisited paper aims to study the suitability of the boundary conditions of the stress
resultants at the mid-arc to be replaced by the boundary condition at both ends. In this study, the boundary conditions of the stress
resultants at the mid-arc are newly derived based on the theory of the previous work, and natural frequencies and mode shapes are
obtained using the new boundary conditions of the stress resultants. The numerical results of this paper confirm that the new boundary
conditions have been validated according to previous studies and results of finite element ADINA.
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T 2RFOR TP, 24 54 FANEE WY v, =
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Fig. 1. Configuration of Horseshoe Symmetric Elliptic Arch and its
Parameters
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Fig. 2. Free Body Diagram of Small Arch Element
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Fig. 3. Schematic Drawings of (a) Symmetric and (b) Anti-symmetric

Mode of Stress Resultants of (A, Q, M) at Mid-arc, Modified
from Lee and Lee(2020)
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Table 191 Egs. (39) and (40)2] EAAZS mEHPgAe]
AR} $) 23180k o] Folls mEHEYAle] S2x) 2
A ZrlEzio R AMgSoshz opx ete] Bl Bl e A=
& A FSSIAL o) AR FAIEE A83] Slsiie
ABI7 o] At AR 0 <0 < o2, THE
a/2 <0 < ao]ojo} Bt}

4. SXI01A B X 25

SJelA] Gt B 2] Egs. (25) and (26)¢] §lEHS=
T Bk AR S o AN ks A 5. IR
o] AAIZA Egs. (30)~(33)% AgslaL 52120 Eq. 24)2] ¢ 9}
AFY (50, % A&k D5 AN Slslel Ay
91 Runge-Kutta method (Burden et al., 2016)Z 132
FAAEBIIAL, TR I AEEk AR (determinant
scarch method)7} W15 4J9] 5216144 Regula-Falsi method
(Burden et al., 2016)2 AxFsIGe) o]2gk =Xx]8l2] #He
of2] F&(Lee et al., 2016; Lee and Lee, 2020)o)4 1 §-8-4do]
PsENenR 047]/‘1b 2R 71Es ek

AL fste] fr3ha s sl ADINASE o] -9
RIS £, (H2)E Table 2014 w]msiick o] 5ol ie)

ZdAZ4 Egs. (30) and (31)& o831 f1ste] M4

X

Table 1. Mixed Boundary Conditions from Deflections and Stress Resultants with Integral Intervals

. Initial condition
Integral interval

(Integral starting with)

Boundary condition
(Integral ending with)

H-H arch: Eq. (30)

<0< 2
0=f=a/ C-C arch: Eq. (31)

Symmetric mode: ((D,3),®)
Anti-symmetric mode: (,@,®)

a2<<a

Symmetric mode: (D,®),®)
Anti-symmetric mode: (®,@,@)

H-H arch: Eq. (30)
C-C arch: Eq. (31)
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Table 2. Natural Frequency f; (Hz) of ADINA and This Study

Table 3. Comparison of C between Three Different Intervals

End condition and Eq. Mode Natural frequency /; (Hz) Integral interval and ; Frequency parameter C;
of BC* number i ADINA This study Cluster Eqs. of BC ) H-H arch C-C arch
1 836.9 849.0 1 | 23834 2.9089
Hinged-hinged, 2 1205 1227 ]0=0=a 2 | 31051 42607
Eq. (30) 3 2145 2176 Fi-l arch: Eq. (30) 3 5.4582 6.7408
¢ C-C arch: Eq. (31) . :
4 3243 3290 4 | 8.1895 9.7609
1 1043 1066 1 | 2.3834(A) | 2.9089 (A)
Clamped-clamped, 2 1649 1686 Syﬂgﬂi_"ég 2@) 2 | 31051(s) | 42607(S)
Eq. (31 _ (@0,
q. (31) 3 2657 2696 Anti-Sym.: (®,00.®) 3 54582 (Ay) | 6.7408 (As)
4 3862 3921 4 | 8.1895(Sy) | 9.7609(S)
*BC: Boundary Condition 1 23834 (A1) | 2.9089 (A)
Ble2<b<a 2 | 31051(s) | 42607(S)
Symmetric: (@,@.,@)
AR BHARTIR 020 < o AT o}H1e) 7151 Ani-sym: @Q.@) | | SRR | (A
P R 7 gae ofefsl Bk 11 ST | HTE)

A7y - a=1.6n

A : a=2m,b=24m(k=12)

othH AR 1 A=219%10*m?, I=1.34x10 °m*(s=80.9)
= 1 E=200 GPa,p= 7850 kg/m*
A

x4 3-8, aA-31

219] o}x] 4R o83t o] AFelA Akt ¢ 2HE
RSS2 [ =w/2m= VE/p/(2ma) =401.7C (Ho)Z AR}
S 5 Atk Table 2004 7 23}9] f,+= whg- 2ARsic) Hoiext
25 %, A2} 171 %= o] o] EfAS 5 & itk

N
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A3t GFo|uE ofx] Syt o, k, sof 8t Wi parametric
study)= A2kttt B4 o] =i(Lee et al., 2016)°]
B 7155 0] = BRI wiA] ofx|e] WATE Had
T Stk

oA ARk BH-3X(H-H), 128-314(C-C), a=1.6m,
k=12, s=1000]t} ofx}&e] 2Rk [1] HA7RH0 <0 < a),
[2] 29 F7H0 <0 < /2), [3] FHF 77 (2 <0 <a)0 3
TEete] A7(i=1,2,3,4)9] TR AFFE GE AL
Table 394 H)maleich. AETF7F [11& A77K(full arc-length)
ZHRo|ug 7Ee] et AAIZ4] Egs. (30) and G1)S o831
a1, [2], [3]9] A - $uF AR ofx] el 3= Ao
B2 O 944 @, @, @, I 844 @, ®, @2 Axtts

284 A=) ARSIk o] 3FellA [1], [2], [319) 370 Z73t
M RE ¢ FH2 B dAgik [1]9] AARDL 71E
B34 on] 2 kRl A mE(Lee et al., 2014; Lee
et al, 2016), Table 394 [2], [3]9] ¢ Fo] [1]¢] 2o} LAfeh=
AL NE =3t Az 242(0,0,0), (,0,2)2] 28
’3& J5she Zlo|m, ADINAS] A= 2 UXFE: YTk
Zlo|ti(Table 2 32). [2], [3]¢] ZolHE HH@,0,8), Ui
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(25) and (26)<] 67] MR A1 Egs. (30) and (31)el] vFeRA
e} o] 37je] 7Nt dejA Jor R 3(=6-3yHe] 2lE
& 7PgEtelof 3it). 27128 A9d 5= gl AAxAsE
Table 3¢ilxje} o] T 67, ol 67io1n 2 67H Folx Qlel=
IhE AEF 5 s 23 i, AR 47 G =207
Z3te] 7Fs3ith o] 20709] Z3F FollA] Table 49 [1], [2]¢]
AR 822S Agsle] & ARtslaL A= vlasisic): o7
A [119] S 2709 9] ZARA 171e] 388 AAIz0]
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Table 4. Comparison of C between BCs from Mixed Conditions

Integral interval and Frequency parameter ¢
Cluster Egs. of BC i H-H arch C-C arch
1| 23834(A) | 29089 (A)
[110<§<a2 2 | 31051(S) | 42607 ()
Symmetric: (D,®,@)
AniSym. (2.6.®) 3| 54582(A)) | 67408 (A,)
4 | 81895(S) | 9.7609 (Sy)
1| 23834(A) | 29089 (A)
Rlo2<b<a 2 | 31051(S) | 42607 (S)
Symmetric: (3),@.d))
AnicSym.: (@.@.@) |3 | S4582(A) | 67408 (A
4 | 81895(Sy) | 9.7609 (S»)
" 8
[ \!
v )
N

VAN
N
{ AN
‘V/ N
i \\
A\ 1\
RN / /l
/ N /
N !//
C,=4.2607(51)
— Y
o o 2T TSN e
P NN i NN A AN
;s / \ \\ /4 \\\ / ‘/ \\\
1/ Yo W |
I ' :u I b
1/ 1
Il /// \ / '\ /1
\| A
\ / \ / \\' /r
NS s N g / N v ”

C,=2.9089(A+)
o=1.67, k=1.2 and s=100

(b) Clamped-clamped

Fig. 4. Typical Mode Shapes of Deflection Elements of (5,7,¢),
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