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A NEW ANALYTIC FOURIER-FEYNMAN TRANSFORM W.R.T.
SUBORDINATE BROWNIAN MOTION

MoHAMED EL KOUFI

ABSTRACT. In this paper, we first introduce a new L, analytic Fourier-Feynman
transform with respect to subordinate Brownian motion (AFFTSB), which extends
the Fourier-Feynman transform in the Wiener space. We next examine several
relationships involving the L,-AFFTSB, the convolution product, and the gradient
operator for several types of functionals.

1. INTRODUCTION AND PRELIMINARIES

The study of an L; analytic Fourier-Feynman transformation on a classical Wiener
space was initiated by Brue in [3]. In [4], Cameron and Storvick introduced an Lo
analytic Fourier-Feynman transform on classical Wiener space. In [10], Johnson and
Skoug developed an L, analytic Fourier-Feynman transform theory for 1 < p < 2
that extended the results in [4] and gave various relationships between the L; and Lo
theories. In [5, 6], Chang, Choi, and Skoug developed a generalized Fourier-Feynman
transform and established several relationships involving convolution product and
first variation on function space. For an elementary introduction to the analytic
Fourier-Feynman transform, see [12] and the references cited therein.

Since the introduction of the Fourier-Feynman transform many researches on
this theory focused on the Wiener measure which is the measure associated to a
Brownian motion (B;)¢>0 or on the generalized Wiener measure which is the measure
associated to stochastic process (a(t) + By())i>0 where a and b are a deterministic
functions, see [6, 7, 8, 11]. In this paper we introduce a new analytic Fourier-
Feynman transform with respect to subordinate Brownian motion which can be

seen as a natural extension of this transform.
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Next, we introduce some notations, some definitions and some basic facts related
to subordinate Brownian motion, which are needed to understand the contents of
the subsequent sections.

Throughout this paper, let C; and (@Jr denote the set of the complex numbers
with positive real part and the nonzero complex numbers with nonnegative real part.
Given a real number 7" > 0 and a probability space €2, we recall that a subordinator
(St)tejo,m is an increasing Lévy process (see [1, 2]). Such process has stationary and
independent increments, and its trajectories are cadlag (i.e. right-continuous with
left limits). The Laplace transform of a subordinator (S;);c[o,7] can be expressed in

the form
(1.1) Elexp (—uS;)] = exp (—tp(u)), u >0,

where ¢ : [0, oo[—— [0, oo is called the Laplace exponent of (S).e[o,r)- The function
¢ is an example of a Bernstein function with ¢(0+) = 0, it is known by the Lvy-
Khintchine formula that there exist a unique nonnegative real number § and a unique
measure II on ]0, co[ with [7°(1 A 2)II(dz) < oo, such that for every u >0

o(u) = du + /000 (1—e ) I(dz).

By [13, Proposition 3.6, p.25], the Laplace exponent ¢ of a subordinator admits an
extension which is continuous on @+ and analytic on C. We will still denote by ¢

this extension. It should be clear that
Efexp (—25)] = exp (=tp(2)), 2 € Cy.

Let p be the distribution of (St)te[O,T}7 which is a probability measure on the path
space

S={¢:1]0,T] = (0,00) : ¢ increasing and cdlg, ¢y = 0},
equipped with the Skorokhod topology 9B (S). Thus, the subordinator (St)tefo,) can
be realized as a canonical process on <S, B(S), u) defined by

St(g) = Et, (t,g) S [O,T] X S.

Let (Bi)¢>0 be a standard Brownian motion starting from zero. The Wiener measure
W, that is, the distribution of (By)>0, is a probability measure on the path space

Co={z: [0,00) - R: z is continuous and, z(0) = 0},

which is endowed with the topology of locally uniform convergence B(Cy). Note that
(Bt)t>0 can be regarded as a process on the classical Wiener space (Co,B(Cp), W)
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defined by
Bi(z) = x(t), (t,x) € [0, M] x Co.
Throughout this article, we assume that (S¢)c[o,7] is independent of the standard
Brownian motion (B;)>0. The process (Bs, )¢c[o,7 is called a subordinate Brownian
motion. This process is a Lévy process. Since S and B are independent, (Bs, )ic[o,1]

is the canonical process on the product space (Co x S, B(Co) @ B(S), W x p):
Bs,(z,€) = Bg,)(z) = z(l), (t,z,£) €[0,T] x Co x S.

Let WH# be the distributions of (BSt)te[O,Tp then W* is a probability measure on the
path space

Qo={xol: (x,0)€CyxS}
equipped with the Skorokhod topology B(£).

A subset M of  is said to be scale-invariant measurable [5,16] provided pM is
%(QO)—measurable for all p > 0, and a scale-invariant measurable set NV is said to be
scale-invariant null set provided W#(pN) = 0 for all p > 0. A property that holds
except on a scale-invariant null set is said to hold scale-invariant almost everywhere
(Sl-a.e.)

Next we give the definitions of the analytic Feynman integral with respect to
subordinate Brownian motion.

Let F' be a measurable functional on €y such that for each A > 0, the function
space integral

Eq,[F(NY2)] = Jp()) == / FONY2z00) WH(dx o 0),
Qo
exists as a finite number. If there exists a function J;(\) analytic in the half-plane
C such that Ji(X) = Jp(A) for all A > 0 then Jj () is defined to be the analytic

function space integral of F' over {2y with parameter A, and for A € C, we write
B, MF] = Jp(N).

For g € R—{0}, if the following limit exists, we call it the analytic Feynman integral
of F' with parameter ¢ and we write
£ .
(12) Ege(F] = lim Eg(F],
where A approaches —ig through values in C;. Now we are ready to state the

definition of the Lp analytic Fourier-Feynman transform with respect to the measure
WH on Q.
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Definition 1.1. Let F' be a measurable functional on €2y such that for all a.e.-WH#
yolin Qo, ThF(y) = By “*[F(- +yo ()] exists. For ¢ € R — {0} and p € (1,2], the
L,-AFFTSB is defined by

(TP F)(yol) =Lim. (W)T\F(yodl),

A——iq
AeCy

if it exists; that is, for each ¢ > 0,

p/
Jtim, Eo, ||(BF)evo 0 - @ P evo )] | =0
)\E([:+q

where 1/p + 1/p’ = 1. We define the L1-AFFTSB by the formula (if it exists)

(1.3) (THVF)(yot) = lim Ty\F(yo?),
A——iq
)\G(C+

for SI-a.e. y o/l € Q.

We note that for p € [1, 2], (Tq(p)F) is defined only Sl-a.e.
Schilling in [9] has defined a gradient operator with respect to subordinate Brow-
nian motion. For h € Cp, the directional derivative (first variation) of a function F’

on g in direction h is defined as

- F
(1.4) DpF(zof):=lim Flwoltehol) (:UOE), xol € Q,

e—0 €

whenever the limit exists. Denote by AC([0,00[;R) the family of all absolutely
continuous functions from [0, 00[ to R. The following Cameron-Martin type space
will be important H*) (k € R):

(1.5) H®) .= {h € CNAC([0,00[;R) : /OO |0 (t)|[P(Sy > t)]*dt < oo}
0

which becomes a Hilbert space with the inner product
@)= [ SONOES 2 0k gher®
0

An important class of functions on €y for which the above definition of Dy F makes
sense are the smooth cylinder functions, denoted by §;°, that is, the set of all

functions having the form

(1.6) F(xol)= f(xoly,...,xol), xol e,
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where n € N, f € C;°(R") and 0 < t; < ... <t, <T. Then it is clear that for all
zol ey heHF

(1.7) DpF(zol)=> 0if(xoly,....,wol)h(l)).
j=1

Moreover Schilling in [9] has proved that for F' € §p°, « € Cy, and p-almost all £ € S,

the map h € Dj,F(z 0 ¢) is a bounded linear functional on H®).

Next we state the definition of the convolution product in the subordinate Brow-

nian motion space.

Definition 1.2. Let F' and G be measurable functionals on 3. We define their

convolution product if it exists by

Ege [P (25E) 6 (W5=)], it aecy
(1.8) (F*G)\(yol) =

Bt [F(252) 6 (©5=)]. it A=—ig
Remark 1.3. When A = —ig we denote (F'*G)y by (F*G),.

We next describe two classes of spaces of functionals on g that we will be working

with in this paper.

Definition 1.4. Let £ be the space of functional F' that can be expressed in the

form
T

(1.9) F(zol?) :/ exp (ix o ly) a(dt), x ol € Qy,
0

where « is a finite Borel measure on [0, T7].

Definition 1.5. We denote by A(n,p) the space of functional F' expressed in the

form
(1.10) F(xol) = f(r{wol)):= f(xoly,...,xol,), zolcl,
where 0 < t; < ... <t, <T,i=(t1,...,ty), and f € LP(R").

2. AN L,-AFFTSB APPLIED TO FUNCTIONAL F' € &

In this subsection we establish the existence and give the expression of the L,-
AFFTSB of functionals F' form £. It is clear that F' is measurable on €}y with
respect to WH.

The following lemma gives the expression of the analytic Feynman integral of F'.
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Lemma 2.1. Let ¢ € R—{0} and F of the form (1.9). For Sl-a.e. yol € Q. Then

the analytic Feynman integral IE?{;fq [F] exists and has the form

an r 1
(2.1) B = [ e (—te(—yr) ) alan)
where ¢ is the Laplace exponent of S.

Proof. Let A > 0, since B and S are independents and using the fact that By, is

normally distributed with mean 0 and variance ¢;, then we have

Boy [F(1/2)] = / FO 220 WH(da o )

_ / / N2 0 YW (da) p(d6)

SXCU

_ /S /C 0 /0 ¥ exp (A 2a(0))) a(de) W (de)u(do)
_ / ! / /C 0 exp (A~ 22(6)) W (da) () a(dt)

[ o) g (3 v
- feol- o

el )

= [ o (<ot atan

Since the Laplace exponent ¢ of a subordinator can be continued analytically on (C+,
then A — ¢(5y) is analytic on C4.. It is easy to see that A — fol exp (—te(5x)) a(dt)
is continuous on C;. Let A be a rectifiable contour in C,, then by the Fubini
theorem and the Cauchy theorem we get that

/A/OT exp <—tso(21A)) a(dt) d\ = /OT/Aexp <—t<p(21)\)> d\ a(dt) =

Using the Morera theorem, we deduce that A — Eq, [F(A1/2.)] is analytic on C..

Hence the analytic function space integral E¢,"“*[F] exists. Thus by the dominated
Qo
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convergence theorem and the fact that ¢ is continuous on C, we obtain that

T T

1 1

2.2 li —tpo(— dt) = —tp(—— dt).

22 i [ (<t atdn = [ e (~te(—g) ) atar
AeCT

Then (2.1) is proved, which completes the proof. O

Remark 2.2. Notice that the convergence in (2.2) can be obtained in LP([0,T1], a).

Hence we have
1 1
exp | = ¢(5y) ) —exp —‘cp(_%q)

Lemma 2.3. Let F' be of the form (1.9). Then the analytic function space integral
T\F(y o) exists for all X € C4 and has the form

T
(2.4 BFwe ) = [ e e (~tol55) ) ala)

=0.
LP([0,T],0)

(2.3) lim

A——iq
AeCy

for SI-a.e. yofl € Q.

Proof. Let A > 0 and y o £ € g, then by the Fubini theorem

T
Ea [P0 o )] = [ explin(e)) exp (—te(55) ) alan.

By the same why as in the proof of Lemma 2.1, we obtain that Egq, [F()\_l/2 ~+yol)]

admits an analytic extension on Cy given by (2.4), which completes the proof. [

The following theorem is the main theorem in this section.

Theorem 2.4. Let F be of the form (1.9) and let p € [1,2]. Then for all ¢ € R\ {0},
the L,-AFFTSB of F exists and is given by

T . 1

25 @PPen = [ eot)er (-t ) ala)
0 _

for Sl-a.e. yof € Qqy. Furthermore, Tq(p)F is an element of the class £.

Proof. By Lemma 2.3, the analytic function space integral T\F(y o )] exists for
ST-a.e. y o/ in Qg and is given by (2.4). Clearly, by the dominated convergence
theorem, Eq. (2.5) with p = 1 holds for Sl-a.e. yof € Qy . In order to establish

(2.5) with p € (1,2], it suffices to show that for each o > 0
liquQO T\F(oyol) —T_iqF(oy o £)|p'j| =0.

A——1
AeCt
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By Holder inequality and the Fubini theorem, it follows that for each o > 0
Eq, |IT\F(oy o €) = T-igF(oy o 0)]” |

//‘/ exp (ioy(4¢) exp( t<P1/\>
—/Texp (ioy(£y)) exp( —22q )a(dt)
//‘/ exp (ioy(4;)) <exp< t@(&))

—exp (—w(_;q)> >a(d7f)

= / lexp (i 0y (E0) 117, 0 ) W () ia(dl)

SxCo
e (= olgp)) —e (= w50

exp ( : @(2&)) — exp ( : sﬁ(_;.q)> ’

Then by Remark (2.3) we obtain the desired result.
Next let

/

"W (dy)u(do)

/

"W dyu(do)

p/

Lp([0,T],c)

Lr([0,T],@) .

iy (dt) = exp ( o ; )) a(dt)
(p) (F)

Then it is clear that ¢, is a Borel measure, and so Tj
the proof. O

is in €. This completes

3. OPERATOR GRADIENT AND CONVOLUTION PRODUCT
APPLIED TO FUNCTIONAL F € &

In this section we establish several relationships involving the gradient operator,
the convolution product, and the L,-AFFTSB for functionals from &.

Theorem 3.1. Let F and G be functionals on Qg of the form (1.9), then the Lo
AFFTSB of (F*G), exists and for Sl-a.e. y ol € Qo we have

(3.1) (F3G), (yol) = //ex( y(&) ;y(”—u—sw(;Z,q»a(dt),a(ds)
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Proof. Let A > 0 and y o £ € g, then

2 yol 4 A"1/2 a yol—\"1/2
V2 V2
—-1/2 o y—1/2
://F<905“2 “”)G(yog Az “")W“(d:coa)

§><C0

_ /S/CO /OT exp (iy(fﬁ H;/?x(ot)) a(dt)

T 24
/0 exp (iy(&) A2 ( s)>6(ds)W(dm)u(da)

:/OT/OTeXP <2W>

X2
. / /C exp( ; (a:(o't)—x(as))> W (dz)p(do)a(dt) B(ds)

[ [(322)

Lo (Mgt oom o (557
. —exp | ———sign(o; —og)u | exp | ———
s Jr \/27|oy — 0] 2 ! ° 2|0 — o

- dup(do)a(dt) B(ds)

_ / / exp( y(&) +W )> /S exp (W) u(do)oldt)B(ds)
/ / exp( “’“ )>EQO [exp (-‘StS_AS‘)] o(dt)3(ds)
= [ [ e (1 *y(“ ~lt=sle (g3 ) ) atansias).

By the properties of the Laplace exponent ¢, it is clear that

Eq,

y(l) +y(ls) 1
A exp <z 5 — |t —sle Y
is continuous on C., analytic on C,, and R(¢(N)) > 0 whenever A € C. Thus
y(l) +y(4s) 1
_ <
P <Z 5 —lt=sle{ gy 1

for all (t,s) € [0,7]> and A € C4. Then \ + (F%*G), (y o ¢) is continuous on C
for Sl-a.e y o £ € Q4. Moreover by the Morera theorem and the Cauchy theorem
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we obtain that Eq, [F <y°K+\>§l/2') G (yogigl/z')} admits an analytic extension on

C4, and for Sl-a.e y o £ € Qg

lim (F*G), (yol) = (F*G)_,;, (yoL).
A——iq
AeCy

This completes the proof. O

For (t,s) € [0,T] and A € C4, let ® be defined by

32 o(waN =ew (<lt—sl (o (g ) +o(55)) - rae(3)).

then we have the following lemma which will be helpful in the next theorem

Lemma 3.2. Let ® be defined by (3.2), then for all (t,s) € [0,T], A — ®((t,s),\)

18 continuous on @+ and analytic on C4.. Moreover we have the following limit

(3.3) /\Lirfliq 12 A) = (-, _iQ)HLp'([o,T]aan) = 0.
AeCy

Proof. The continuity and the analyticity of A — ® ((¢,s),\) are obvious. Thus for
all (t,s) € [0,T]

(3.4) Jim 9((t,5), 3) = (¢, 5), ~id).
XEC

Note that if z € C with R(z) > 0, then R(¢(z2)) > 0. We deduce that for all
(t,s) €[0,T) and A € C

(3.5) B((t,5), M) < 1,
then the dominated convergence theorem implies (3.3) and the lemma follows. O

Theorem 3.3. Let F' and G be functionals on Qo of the form (1.9) then the Lo
AFFTSB of (F>T<G)q exists and for Sl-a.e. yol € Qg we have

T T
(3.6) T, (FxG),(yot)= /0 /0 exp <’LW) O((t,s), —ig)a(dt)s(ds),

where ® is given by (3.2).
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Proof. Let A > 0 and y o £ € g, then
Eq, [(F;G)q (yol+\"12 )]

JULmpreene o ()

a(dt)B(ds)WH(dx o o)

s Xp(y“ - ‘@(U)

8%
/ / exp (X~ (x(01) + 2(0,))) W (d)u(dor)x(dr) ()

/ / (y (;q)) /S /RQexp@—l/z(uH))
w(

U 1
\/2 O'\/Q o 0/\0) p( 2(0¢ Voo U/\Us)>\/m

W 6 \<—;qw

AN Yoy + 201 Aos + o)

Mew (- ! ) u(do)a(dn)B(ds)

I
o\
N
c\
N

»

o}
7 N\

~.

: <
~
N %

2o |+
Ny
—~
~

~
7N

0]

')

~_
~_

Ea, [exp <_)\—1(St + 25; A Sy + SS)H o(dt)B(ds)

- e (S e () Jeaee (25

By [oxp (225 ) ataryptas)

—/OT/OTexp <iW—\t—s\¢ <_r8LZ.q>>eXP <—’t—3’¢(21)\))
. exp s
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Since A — ®((,s),A) is analytic on C4 and satisfy |®((¢,s),A)| < 1 for all (¢,s) €
[0,7T], then by the dominated convergence theorem, the Cauchy theorem, and the
Morera theorem, we obtain that A — Eq, [(F?kG)q (yol+ )\_1/2-)] admits an ex-
tension analytic on C4. Thus T (F*G), (y o) is well defined for Sl-a.e. yof € Q.
to obtain (3.6) it remains to show that for all p > 0

(3.7 Jim, Ba, || (5, () = 7, (F36), ()|
NeCy

But for p > 0 we have by the Holder inequality and the Fubini theorem

!
- // ’TA (F%G), (py o £) — Ty (FXG), (py o £) ’

SxCo

Eq, [\TA (F3G), () — Ty (F5G), ()

WH(dy o)

/

P

"o (#20E DY fa1,),3) - (), i) ) 30

WH(dy o £)
(. py(Lr) +py(15 )>

exXp

LP([0,T]2,axB)
SWH(dy o €) | (-, \) — ®(-, —ig)||”

‘Lﬂ(quaaxﬁ)

— ([0, TDBUO. TN [, ) = B —i) % 07725
Thus by Lemma 3.2 we obtain (3.7), which completes the proof. O

Theorem 3.4. Let F' and G be functionals on Qg of the form (1.9) then the con-
volution product of TYF and TYG exists and for SI-a.e. yol € Qq and is given
by

(3.8)
(T, F*T, G) (yolf)

= [ [ e (D g () - (el ) etansias)

Proof. Let A > 0 and y o £ € g, then
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T,F (W) T,G (W)
=[] e (5 21D) exp (a4 0ol ) atar )
SxCo

e (A

- /OT /OT exp <@W’f)+y(“) exp (—(t + s)cp(_;iq)>

//Coexp <2)\ 122 (Ut) z(os )>W(d:c) (do)o(dt)B(ds)

[ [ ()i

,L')\fl/Q
sign(oy — os)u

S (2
- exp <_“2> dup(do)a(dt) B(ds)

2oy — 0|

[ [ o)

e (‘“";”') ldor)adt)B(ds)

[ [ o)

'mhkﬁﬁﬂwww

/ / exp (I o () = e+ 905 ) atanatas)

As in Theorem 3.1 we conclude that X\ — (T,F*T,G), (y o £) admits an anaytic
extension on C, which is continuous on C,. Letting A — —iq in C; we get (3.8).

Eq,

This completes the proof. O

The next theorem allows to calculate Dy, [(F%G) q] But to do this we have to
put additional assumption on the subordinator (St)te[o,T}- We suppose that

T
(3.9) /O Es [S)] (da(t) + dB(t)) < oc.
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Theorem 3.5. Let F' be of the form (1.9) and h € H, then the analytic Feynman
integral of DpF exists and is given by

(3.10) Eq" [D,F) = /0 ' Es [m(st) exp <—2St>} a(dt)

q

Proof. By the Cauchy Schwartz inequality we have

Ly
|h(4) exp (ix(lr)) | = ‘/0 W (w)du| < [|h]av/%,

then by assumption we get
T T
Eq, [/ Eta(dt)] < / Es [\/St} a(dt) < oo.
0 0

Thus we have that

T

/ \/Zgoz(dt) < 00, a.s.

0

Using the Leibniz’s rule for differentiation under the integral sign we obtain that
T
DyF(zof) = / ih(,) exp (iz(6))) aldt).
0

Let A > 0, then by Fubini theorem we obtain

Eq, [F(A—W)-} - / DRF(A"22 0 )WH(dz o )
SXCO

T
_ / / / ih(t) exp (N2 (6) ) W (dz)p(de)a(dr)
0 S JCo

:/OT/S/Rih(&)exp (iA71/2u> V;T&GXP <—;zt> dup(dl)a(dt)
— /OT/Sih(Et)exp <2€;> p(de)a(dt)
_ /OT Eg [z’h(St)eXp <—§;>} a(dt).

The Morera theorem with assumption (3.9) entails the existence of E¢'“* [F], and

by the convergence theorem we obtain (3.10). This completes the proof. O
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Theorem 3.6. Let F' and G be functionals on Qg of the form (1.9), then the Lo
AFFTSB of (F?kG)q exists and for Sl-a.e. y ot € Qy we have

(3.11)

Dy |(F3G), | (yo o)

-/ ' / RLLCIRCR (2 o () ) atanstas)

Proof. By Theorem 3.1 we have that (F*G), (y o {) exist for Sl-a.e y o £ € Qo, and

is given by

(F3G), (yol) = //exp< y(“ s ]g0< ;Zq>>a(dt)ﬁ(ds).

Let h € H and (t,s) € [0,7]? then

IO g (DT g ()| < g™

by assumption (3.9) it follows that

Eg[/ /T&M (dt)B (d)] 5([02T IES[/ Stadt)}

+ (%ES {/ Ssﬁ(ds)} < 0
2 0
Thus we get that for a.e. £ €S

rrr by + U
/0 /0 UL a(dt)p(ds) < oo

Using Leibniz’s rule for differentiation under the integral sign we obtain that Dy, [(F *G) q}

exists and is given by (3.11). This completes the proof. O

Theorem 3.7. Let F' and G be functionals on Qg of the form (1.9). Then the Lo
AFFTSB of (FxG), exists and for Sl-a.e. y ol € Qy we have

(3.12) Dy [Tq (F;G)q} (yoo)

T T
- /0 /0 zh(m;h(“ P <ZW) O((t,5),A) - a(dt) B(ds).

Proof. Let h € H and (¢, s) € [0,T]? then

(lr) + h(l) y(l) +y(bs)
‘22 exp <12

> (& S%—iq)‘ < At
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thus as in the proof of Theorem 3.6, it follows by Leibniz’s rule for differentiation
under the integral sign that Dy, [Tq (F?kG)q} exists and is given by (3.12), which
completes the proof. O

4. THE L,-AFFTSB APPLIED TO FUNCTIONAL F € A(p,n)

In this section we show the existence of the L,—AFFTSB and we give its expres-
sion for functionals F' from A(2,n). The integrability with respect the subordinate
Brownian motion is a difficult problem to deal with. We will consider a particular
subordinator, the Lévy subordinator (see [1]) which can be defined as a first hitting

time for one-dimensional standard Brownian motion (B;);>0. More precisely:

t
Sy =0, S;=inf{s>0; Bg=—,, t>0.
It is known by [1, Example 1.3.19, p.53] that S; has a density given by the Lévy
distribution
t

For the subordinator S we consider the function Hg (@, A) defined by
. = ~1/2 A= (ug — ug—1)?
(42) HS(U, A) = S H (O'tk — Utk—l) exXp <—2 Z m /L(da'),
k=1 k=1

for 4 € R™ and A € C, (if it exists). The following lemma will be helpful in the

sequel.

Lemma 4.1. Let (St)icpo,r) be a Lvy subordinator and Hs be defined by (4.2), then
for all @ e R"™ and X € C.

' B 2 \" b — tg—
(4.3) () Hs(@,A) = (ﬁ) 1<H1 2\ (g — up—1)% + (1tk —tp-1)?’

(44) ) dim [[Hs(A) = Hs(=i0)] gy = 0.
——1q
AeCct

Proof. 1) By independence and stationarity of the increments of S and using the

probability density of S;, we get

- " (ug — up_1)?
Hs(@,\) = [ T] (o6, =t ) " exp (—; > ”’““) p(do)

Ot, — O
S k=1 k=1 e Tteet
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| |
l—|

n 1/2 A v M

1;[ Stk Stk 1) exXp ( 2 ; Stk - Stk;—l

n _1/2 A (uk — 'Lbl~c—1)2

H ES [ Stk Stk 1 / exp (2 Z H)]
k k—1

k=1

n B 2
[Stk ) Pexp (—;Z(uk ) >]

Stk—tk—1

/ 512 exp (_)\(Uk_uk—l) >tk—75k; 1 -3/2
0 2/

exp <_<fk—tk1>2) ds

4s
_<2>nﬁ te — tr_1
N \/77‘ i} 2)\(uk - uk_1)2 + (tk - tk_1)2 '
Thus (4.3) is proved. It is clear that A\ — Hg(, \) is continuous on C., then we
have for all @ € R™

lim Hg(u,\) = Hg(u, —iq).
A——iq
AeCt

Moreover, for A € C such that |\ +ig| < |q|/2, we have
b — tp—1 '
|Hg (i, < ) e LP (R™).
H L Vg (ug — w )+ (b — th1)?

Therefore by the dominated convergence theorem we get (4.4) and the lemma follows.

0

Remark 4.2. The expression (4.3) of Hg shows that for all @ € R™, A\ — Hg(, \) is
analytic on C, and for all A € C,, @ — Hg(i, \) belongs to L” (R"). Furthermore
we have for all 7 € R”, A € C,

(4.5) \Hg(@,\)] < v := (\;)n Tt —te) "
k=1

Lemma 4.3. Let g € R — {0} and F a cylinder functionals of the form (1.10). For
Sl-a.e. yol € g, the analytic function space integral T\F(y o () exists and has the

form

(4.6) T\F(yot) = (2m) ™2 (f  Hs(-,\))(r{y o )

for all A € CT, where * denote the usual convolution product.
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Proof. Let A € C* and y o £ € €, then we have
Eqo[F(A™/? - +y o0 0)]
= / FO\Y20 00 +y o0 )W (dx)u(do)
SXCO
_ / FOTY2mdz 0 0) + 1Ay 0 £))W (dz)pu(do)
SXCO

:/s . FOT (o) +y(ln)s - A7 Pa(ow,) + y(8,))W (da)p(do)

:/ FOTY2G 4 1y o ) H (27 (0, — Utm)rm
S Rn k:l

(a5

= (2m)"™/? flia+ 7y o ly)) H oy, — o, ) 2
Rn S =1

)\ _ _ 2
exp( — (g = 1) )u(da)dﬁ

Oty, — Otg_y

. 2
(g = 1) )dﬁ,u(da)

Ot — Otg_y

l\.’)\r—t

l\)

= (2m)~™/? . F(@+ 7y 0 ;) Hs(iT, \)did

= (2m) "/ | F(d+mly o b)) Hs(—d, N)di

= (2m) "2 (f * Hs(-, \)) (m{y o )

Since @ + Hg(i,\) € L¥ (R"), and f € LP(R"), then f(@ + mi{y o £;))Hs(i,\) €
LY(R™). Let (A\;) be any sequence in C such that A\; — X, then there exists jo € N
such that R(A\;) > R(A)/2 for all j > jo. Thus

. 2 \" 1~ bk — th—1 P (mon
st < (72) I 2w r @

Hence, using the dominated convergence theorem, it follows that Eq,[F(A~Y/2- 440
?)] is continuous on C,. It is clear that Hg(,\) is analytic in A on C,, then by
the Fubini theorem, the Cauchy theorem, and the Morera theorem we obtain as in
Lemma 2.3 that A — Eq [F(A~Y2 - 4y o £)] admits an analytic extension on C,.
This completes the proof. ]
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Theorem 4.4. Let ¢ € R — {0} and F a cylinder functionals of the form (1.10),
then the L,-AFFTSB of F exists and has the form
(4.7)

TyF(yot) = (f* Hs(- —iq))(m{y o)) == (2m) "/ . fli+mdyol))Hs(d, —ig)dd,
for Sl-a.e. yo/t € Q.
Proof. Lemma 4.3 shows that Eq,[F(A~Y2 - +y o £)] admits an analytic extension

for Sl-e.a. y ol € Qg given by (4.7), hence to obtain (4.7) it remains to prove that
for all o >0

lim Egq, []TAF(Qy ol) —T_;uF(pyo €)|pl} =0.
A——iq
AeCy

Let ¢ > 0 and using the Holder inequality we obtain that
Eq, [\TAF(Qy ol) = T_igF(oyoO) }

- / /S (o 0) = ToigFoy o OF W dy)p(ae)

S

><CO L
' ” S(")\) HS(‘? ’Lq)Hllp’(Rn)

= 2m) 2 oy 15 () = H G =i0) 17 -

Using Lemma 4.1 we finish the proof. O

/

(om) 2 [ G+ oy o €01 (i, 0) — Hi(T, i) d] W (dy) )

5. OPERATOR GRADIENT AND CONVOLUTION PRODUCT
APPLIED TO FUNCTIONAL F' € A(n,2)

In this section we will concentrate on the the fucntions of

Proposition 5.1. Let f and g be measurable functions of L*>(R™), and let f ® g be
defined by

(5.1) (fog) @\ = [ fl@+7)g(@—70)Hs(T,\) dv, @R \eCy.
(if it exists). Then

(1) For all @ € R", A € C4 (f ® g)(@,\) exists, and for any @ € R, X
(f ® g)(@, \) is continuous on C4 and analytic on C,.
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(2) For all A € Cy, (f ® g)(-,\) € L*(R™) and satisfy

(5.2) (f @ 9)(@ )| <Al flL2@mllgll 2y
(5:3) I(f @) M2y < 1HsC Ml 2@ [l 2 @ 9]l 22

Proof. Since A\ — Hg(i,\) is analytic on C,, bounded by inequality (4.5), and
f, g € L*(R") then (f ® g)(#@, \) exists for all @ € R?, A\ € C, and continuous on
@+. Using the Morera theorem, the Cauchy theorem, and the Fubini theorem we
get that X\ — (f ® ¢)(@, ) is analytic on C, and continuous on C. for all @ € R™.
By the Cauchy-Schwartz inequality and taking account of (4.5) we get (5.2).
Since f,g € L?(R") and Hg is bounded, then by the Cauchy-Schwartz inequality

and the Fubini theorem we obtain
[ Ngeg@ntaas [ [ pasofas [ g@-oHs(@ N dda
R2 n Rn Rn

ey [ [ o= 9P (@02 do

= Hf‘@?(l[{")”g”%?(lkn)HHS(T: /\)H%?(R”)'
This completes the proof. O

Theorem 5.2. Let ¢ € R — {0}, let F' and G be functionals from A(n,2). Then
(FxG), exists, belongs to L*(Qo), and has the form

(5.4) (F%G)q(y o 0) = (f @ g)(m{y o £), —iq),
for all SI-a.e. yol € Qqy, where O is given by (5.1). Moreover we have
(5.5) [(F*G)gll 22(00) < Y fllz2@m)llgll L2 ®m)

Proof. Let X\ > 0 then

yoﬁ+)\_1/2- yoﬂ—)\_l/Q'

—1/2 _y—1/2
—//F<yo“f@ “")G(yog i/i xOJ>W“(da¢oU)

SxCo

Eq,
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B yol+ A" 21z 00) yol —\"12r{z00)
- /S /C f ( = ) 9 ( = ) W (dz)u(do)

= /S/”f (?JO\[;;17> g (yo\l;ﬁ ﬁ) lﬁ (2 (on, _Utk—l)}_1/2
exp <_A Y WW) 4t (o)

2 1 Ot), — Oty,_4

- /nf <yo§;ﬁ>g (yo\lg ﬁ) ﬁ (2o, — on, )]

By Lemma 5.1, we obtain the existence of (F*G)x(y o ¢), and

(F3G)g(yol) = Anm ]E?;?)“M [F (yo£+ ) o <yo£_ >]

——ig V2 V2
eCy
— lim (£ g)(nlyo 0N
——iq
xeCy

= (f®g)(ri{y o £), —iq).

Using the inequality (5.2) we have

Eq, [(F3G)2] = / / |(f ® g)(mly 0 €), —iq)|> W (dy o ¢)

SXCO

< [ 1518 ol W 00

SXCO
= 72’\f\‘%2(Rn)||9||%2(Rn),

thus we get (5.5) and the theorem follows. O

Theorem 5.3. Suppose that ¢ € R — {0}. Let F' and G be measurable functionals
of A(n,2), and h € H. Then the L,-AFFTSB of (F%G)q exists and is given by
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(6 T[(FiG),] (o t) = ((F @ ). ~ig) * Hs(,~i)) (mily o 0), ~id).

for SI-a.e. yofl € Q.

Proof. By Theorem 5.2, (F>T<G)q exists for Sl-a.e. yol € p and is equal to (f ®
9)(-, —iq), but since (f ® g)(-, —iq) € L?*(R™), then by Theorem 4.4, L,-AFFTSB of
(I'*G), exists for Sl-a.e. y ol € Q and is given by (5.6). O

Theorem 5.4. Suppose that ¢ € R — {0}. Let F' and G be measurable functionals
of A(n,2). Then the convolution product of ToF and T,G ezists and is given by

(5.7)  (T,F*T,G), (yot) = ((f * Hs(-, —iq)) ® (g Hs (-, —iq))) (m{y o £), —iq),

for Sl-a.e. yol € Q.

Proof. According to Theorem 4.4, T, F and T;G exist and are given by f+Hg(-, —iq)
and g * Hg(-, —iq) respectively. Since f,g € L*(R") and Hs € L'(R"), then f *
Hs(-,—iq),g * Hs(-,—iq) € L?(R™). Thus by Theorem 5.2 the convolution product
of T, F and T,G exists and is given by (5.7). O

Theorem 5.5. Let F' and G' be measurable functionals of A(n,2)N§°, and h € H.
Then Dy (F*G)q exists and is given by

(58)  Dul(F¥G)g)(yot) =D ylts,) (fr © g+ f ® gi) (x{y o £, —iq)
k=1

n

for Sl-a.e. yo/t € Q.

Proof. By Theorem 5.2, (F%G), exists as an element of L?(Q) and is given by (5.4).
Hence by (1.7), Dy, [(F*G)4] (y o £) exists and is given by

Dy [(FxG)g) (y o £) = Dy [(f ® g)(m{y o £), —ig)]
= y(ly,)(Ou(f @ g) (-, —iq))(m{y o £), —iq).
k=1
Since fx, gk, f,g are bounded and belong to L?(R"), and Hg is bounded, then by

Leibniz’s rule for differentiation under the integral sign we obtain (5.8), which com-

pletes the proof. O

Theorem 5.6. Let F' be measurable functional of A(n,2) N§p°, and h € H. Then
Dy, [Ty F] exists and is given by
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n

(5.9) Dy [TyF) (yo t) = Y _(fix Hs (-, ~ia)) (wi{y © 0))

k=1
Proof. By Theorem 4.4, the Lo-AFFTSB of F' exists for Sl-a.e. yo/f € p and is
given by (4.7). Furthermore we have fi are bounded and belongs to L?(R") and
Hg(-, —iq) € L*(R™). Then by (1.7) we get

Dy [TyF](y o t) = Dy [f * Hs(-, —ig)((m{y 0 £)))]

= > (fix Hs(-,—igq)) (mi{y o £)).
k=1
This completes the proof. O

Theorem 5.7. Let F' and G be measurable functionals of A(n,2) N§p°. Then
(5.10)

Dy (T, [(F3G), | ) (vot) = Dl )((e0+7890) i)+ Hs(- ia) (ryot). =i

Proof. Since the proof here is basically the same as Theorem 5.5 we omit it. O

REFERENCES

1. D. Applebaum: Lévy processes and stochastic calculus. Cambridge Studies in Advanced
Mathematics, 93, Cambridge University Press, Cambridge, 2004.

2. J. Bertoin: Subordinators: examples and applications. Lectures on probability theory
and statistics (Saint-Flour, 1997), 1-91, Lecture Notes in Math., 1717, Springer, Berlin.

3. M. D. Brue: A Functional Transform for Feynman Integrals Similar to the Fourier
Transform. Ph.D. Thesis, University of Minnesota, Minneapolis, 1972.

4. R.H. Cameron & D.A. Storvick: An Ly analytic Fourier-Feynman transform. Michigan
Math. J. 23 (1976), 1-30.

5. S.J. Chang, J.G. Choi & D. Skoug: Generalized Fourier-Feynman transforms, convo-
lution products, and first variations on function space. Rocky Mountain J. Math. 40
(2010), 761-788.

6. S.J. Chang, J.G. Choi & D. Skoug: Integration by parts formulas involving generalized
Fourier-Feynman transforms on function space. Trans. Amer. Math. Soc. 355 (2003),
2925-2948.

7. S.J. Chang & J.G. Choi: Rotation of Gaussian paths on Wiener space with applications.
Banach J. Math. Anal. 12 (2018), 651-672.



142

8.

10.

11.

12.

13.

MoHAMED EL KOUFI

S.J. Chang, H.S. Chung & 1.Y. Lee: A new approach method to obtain the L; general-
ized analytic Fourier-Feynman transform. Integral Transforms Spec. Funct. 29 (2018),
745-760.

C.S. Deng & R.L. Schilling: On a Cameron-Martin type quasi-invariance theorem and
applications to subordinate Brownian motion. Stoch. Anal. Appl. 33 (2015), 975-993.
G.W. Johnson & D.L. Skoug: An L, analytic Fourier-Feynman transform. Michigan
Math. J. 26 (1979), 103-127.

J.G. Kim & et al. :Relationships among transforms, convolutions, and first variations.
Int. J. Math. Math. Sci. 22 (1999), 191-204.

D. Skoug & D. Storvick: A survey of results involving transforms and convolutions in
function space. Rocky Mountain J. Math. 34 (2004), 1147-1175.

R.L. Schilling, R. Song & Z. Vondracek: Bernstein functions. second edition, De
Gruyter Studies in Mathematics, 37, Walter de Gruyter & Co., Berlin, 2012.

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE SEMLALIA, CADI AYYAD UNIVERSITY,
MARRAKECH 40000, MOROCCO.
Email address: medelkoufi@gmail.com



