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ABSTRACT. The main purpose and motivation of this work is to investigate
and provide some new results for coefficients derived from eta quotients re-
lated to 3. The result of this paper involve some restricted divisor numbers
and their convolution sums. Also, our results give relation between the
coefficients derived from infinite product, infinite sum and the convolution
sum of restricted divisor functions.
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1. Introduction

Throughout this paper, N, Ny and Z will be denoted by the set of natural
numbers, the set of non-negative integers and the ring of integers, respectively.
For d,m, N € N and r, s € Ny, we define some divisor functions as follows:

o (N) =) _d°, 6(N):= > d—% > d,

d|N d|N d|N
dz% (mod 3) d—%zil (mod 3)

7s(N) =Y x(d)d® G5(N) =Y x(N/d)d",

d|N d|N
B (Nym):= > 1- > 1,

d|N d|N
d=r (mod m) d=—r (mod m)
N

AN) := Eq1(N33) — 3E1(33),

g?
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where
1 ifd=1 (mod 3),
x(d)=<¢ -1 ifd=2 (mod 3),
0 ifd=0 (mod 3).
We also make use of the following convention:
os(N)=Ey(N;3)=0if N¢Zor N <0, o(N):=01(N)=> d.
d|N
In addition, in this article we do not consider o5(0). Let
[a]q .— ’I](CLT) _ eﬂ'iar/lZ H (1 - eQTrina'r) )
n>1
Here, we may write ¢ = €2™*7, where I'm(1) > 0.
For all positive integers N we have
N—1 1
> Ei(§;3)Er(N - j;3) = 5(0'(N) = Ex(N;3),
j=1
where o'(N) = 3_ y d and d is not a multiple of 3([7]).

The convolution sum
N-1
Z O'1(/<J)0’1(N — ]4})
k=1

first appeared in letter from Besge to Liouville in 1862(]23]). The evaluation of
such sums also appear in the works of Glaisher [14]-[17], Ramanujan [12]. See
[13] and [23] for basic information on this area. In fact, the study of divisor
numbers has been studied many mathematicians([6], [9], [13]).

From here, we introduce the basic notations for infinite sums and infinite
products. Let us define

Bi(g) =[] (1(+1q_+qzn = > b(N)g", (1)

n>1 N=0
=q[Ja-¢")*=>" c(N)q", (2)
n>1 N>0

D(q):=q [[A=q")’@=¢")" =D dN)g" (3)

n>1 N>1
and

E(q)==qJ[(1-¢M(1—¢*)" =" e()q". (4)

n>1 N>1

As is well known, [5], Bi(g) = >, = whmgntnmm® with ) = %"
In [7] and [8], Farkas found formulas for convolution sums of E,.(N;m). In this
article, we obtain formulas for convolution sums of \(IN). More precisely, we
prove the following theorems.
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Theorem 1.1. If N > 2, then

=1

2(F1(N;3)—0o(N)) ifN=1 (mod 3),

1o(N) if N=2 (mod 3),

3 (=Ei(n;3)+0o(n) if N=3n, e>1, (3,n)=

Remark 1.1. Farkas proved Theorem 1.1 in [7, Theorem 1] using the theta
function.

Theorem 1.2. For a,b,c € N. If N > 3, then
Y MaAB)e) =

a+b+c=N
1 (F1(N;3) —20(N) +02(N)) i N=1 (mod 3),
2 (a(N) + 02(N)) if N=2 (mod 3),
3 (—2E1(n;3) + 40(n) + 62(n)) if N=3°n, e>1, (3,n)=

Theorem 1.3. For a,b,c,d € N. If N > 4, then
> Ma)AD)AA(D) =

atbtctd=N
> (4Fy (N;3) — 120 (N) 4+ 1263 (N) — 03 (N) — 3¢ (N)) if N=1 (mod 3),
—7(60(N)+1202( )+ 205 (N)) if N=2 (mod 3),
7 (=2E1(n;3) + 60 (n) + 303 (n) — 35 (33T +10) 03 (n)) if N =3°n, e > 1,
(3,77,) =
Corollary 1.4. If N > 2, then
N-1
G(t)6(N —t) =
t=1
5 (40(N) — o3(N) — 3¢(N)) if N=1 (mod 3),
H(—o(N) +o3(N)) if N=2 (mod 3),
$(—20(n) — (3%t +10)o3(n)) f N=3°n, e>1, (3,n)=

Theorem 1.5. For a,b,c,d,e € N. If N > 5, then we have the following
theorem.:
a) If N =1 (mod 3), then

> Ma)ADAMd)A(e) = 811 (5E1(N;3) — 200 (N) + 3053 (N)
a+b+ct+d+e=N
— 503 (N) — 15¢(N) 4 5d(N)).
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b) If N =2 (mod 3), then

3 M@ABAMADA(e) = ?11(10” (N) + 3065 (N) + 1003 (N)
a+b+c+d+e=N
+G2(N) + 5d(N)).

¢) If N =3°n,e >1 and (3,n) = 1, then

Z Aa)A(B)A(c)A(d)A(e) = 8—11(—10E1 (n;3) + 400 (n)
a+b+ct+d+e=N

+ 3002 (n) — % (3%t +10) o3 (n) + (3"x(n) — 1)g4(n)).

Theorem 1.6. For a,b,c,d,e,f € N. If N > 6, then we have the following
theorem:
a) If N =1 (mod 3), then

NOABADMDNNF) = o (EL(N:3) — 100 (V)
a+b+ct+d+e+f=N
+ 206 (N) — 5o (N) + %0’5(N) ~ 15¢(N) + 10d(N) — %e(N)).

b) If N =2 (mod 3), then

> A@)AB)A()A(d)A(e)A(S)

a+b+ct+d+e+f=N

_ L

31 (50 (N) + 2002 (N)

+ 1005 (N) + 204 (N) + %305(N) +10d(N) — %e(N)).
¢) If N =3°n,e >1 and (3,n) =1, then
S AAONMDNOA) = g (~4F1(n:3) +200 (1)

a+b+ctd+e+f=N
20
+ 2003 (n) - 3 (3% +10) 03 (n) + 2(3*x(n) — 1)g4(n)
1 5e+5 27
+ 1573(364 3 os(n) 1?)e(N)).

Corollary 1.7. For a,b,c € N. If N > 3, then we have the following corollary:
a) If N =1 (mod 3), then

S s(a)ab)a(e) = i@o(zv) — o3(N) — %305(1\]) —3e(N) + 2Le(n)).
a+b+c=N

b) If N =2 (mod 3), then

S (@eb)o(c) = i(—o(N) + 205(N) — %305(1\0 + 2 (V).
a+b+c=N
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¢) If N=3n,e>1 and (3,n) =1, then

S 6@ (b)o(e) = 5y (~doln) — (3 +10)o3(n)
a+b+c=N
- %(364 355 g () + %e(N)).

Corollary 1.8. For N > 2, we have the following corollary:
a) If N £0 (mod 3), then

N-1
2 G2 (t)da(N — t) = =(252(N) + %305(N) - %e(N))
b) If N =3°n,e>1 and (3,n) = 1, then
e 1 1 27
Y (t)oa(N —t) = 5 (202(n) + o= (364 - 3°%¢+%) g5 (n) — eV

t=1

Remark 1.2. We can regard the sums of the left-hand sides of each theorem as
zero for small N for which the summations are not defined. Actually, looking at
the proofs of the main results, we can verify that all results hold for all N > 1.

2. Preliminaries

The approach in this section follows the method used in [18]. We recall the
some identities and lemmas to prove our results. In [10, p.21], we find a curious
identity

(1—¢")*
|| K rrrresen: (5)

n>1

=1 —SSiHQg Z q~ Z ncos (k —n)u.

N>1 nk=N

n,k>1
Putting u = 2% in (5), we get

(1—qm)* Lo T N 2m

H—:1—8s1n - E q g ncos(k —n)— (6)
n 2n)2
by LFa ) SNT1 dew 3
> n,k>1
3 N 27
Nzl sl

27
—1—6 N . _ )
g q E ncos (k n)—3

NZ1

For k,n € N, we obtain two cases:
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”Cos(k—n)?_{n %f(k_n)zo (mod 3),
By (6) and (7), we get
(1—¢")*
[T gy

n>1

=1-6 Z Z n cos ( 2; v
N2\l
1
=1—6 Z Z d— 5 Z d qN
N>1 dln dn

(mod 3) d—Z=+1 (mod 3)

N>1
By the above equation, we get the following lemma:
Lemma 2.1. For N > 1, we get
—60(N) i N=1 (mod 3),
ba(N) = —66(N) = < 30(N) if N=2 (mod 3), (8)
120(n) if N=3n,e>1, (3,n)=1

In order to prove the results, we need the following lemmas. It should be
noted that the following lemmas was obtained by Fine in [10].

Lemma 2.2. (10, p.79, p.85]) Let N be a positive integer. Then

(1—qm® [,
== *—1—3ZA )
n>1 (1 qg) 3 N>1
and
1, N
3 1_92(] ZX
3] q N>1  d|N

In particular, if N = 3¢n with e > 1 and (3,n) = 1, then we have the following
lemma:

Lemma 2.3. If N = 3°n with e > 1 and (3,n) = 1 then A(N) = —2F1(n; 3).

Proof. Tt is easily checked that E;(3°n;3) = Ey(n;3) with (3,n) = 1. Thus the
proof of Lemma 2.3 is proved. O
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Lemma 2.4.

112
[[3]]‘74 =1+ Z (=9¢(N) + 203 (N) — 126073 (];7) + ?03 (g)
q N>1

X (V) a5 (V))g".

. 12

Proof. Viewing as ¢ = €>™" with 7 in the complex upper half plane, [[13]]‘14 is
q

a holomorphic modular form of weight 4 for T'g(9). The space of holomorphic

modular forms M4(T'9(9)) is a five-dimensional vector space by the dimension

formula [21, Theorem 1.34]. Let E4(¢q) be the normalized Eisenstein series of

weight 4

E4(q) =1+240 Z U3(N)qN.

N>1
Then the space My(T'¢(9)) is spanned by C(q), E4(q), Fa(q®), E4(¢%), and
Ej(wq) — Ey(w?
1wt) = Bale0) _ () (V) (10)

240/ -3 =1
2mi

where w = ¢™3 . Now by comparing the coefficients of both sides in (10), we
have a linear expression

e 3 Fula) Eud®) | 129 Ei(d”)
B CWT S S0 T e T2 g
9 Eu(wq) — Ex(w?q)
2 240/-3
=1+ NZII(—%(N) + gag (N) — 12605 (g) + ?03 (g)
— X (V) o3 (M)

Lemma 2.5.

;> 3 9 (N\ 3.
[3]2 =1+ sz:l (—15d(N) — 50’4(N) + 50’4 (3> + 50’4(]\7)

729 (N
Sa(s)) e

is a modular form in the space M5(I'o(9), (=2)). Since (=2) = (3),

Proof. [[1:,]]?;

we can identify the Kronecker symbol (=2) with . By the dimension formula
[21, Theorem 1.34], we have dim M5(T'9(9), x) = 6. Note that

M5(I'o(9), x) = S5(I'0(9), x) @ E(I'0(9), x),
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where S5(T'p(9),x) is the space of cusp forms and E5(T'0(9),x) is the Eisen-
stein subspace. The space S5(I'0(9), x) is a two-dimensional space spanned by
q> Hn21(1 —¢®)7(1 — ¢°*)3 and anzl(l —q)3(1 — ¢®")". By [19, Theorem
4.5.2], the space E5(T'o(9), x) is spanned by four forms Fs5(q), E5(¢%), Es(q), and
Es5(¢?), where

E5(Q) = L(_47X) +2 Z 074(N)qN7
N>1

N>1

Here, L(s,x) is the Dirichlet L-function. By [21, Proposition 1.51], we have

L(—4,x) = —@ = 2, where B(k, x) is the generalized Bernoulli number.
Now by comparing the coefficients, we get

1);° 3 B 9 Es(¢® E 729 Es(q®

[ ]q — —15D(q) — 2 - 5(q) + 2 5(q°) + 5(q) R 5(q°)

BE 2 2 2 2
9

3

2
1+ Y <15d(N) - 20‘4(N) + 5o @7) 4 g (V)
N>1

729 _ (N
——5 %1 (3)) ¢~

Lemma 2.6.

[ 243 9 6561 N
B 1+ NXZ:I <138(N) + ﬁ%(N) — 3 % (3>) q".

18
Proof. [[13]]‘16 is a modular form in the space Mg(I'¢(3)), which is a three-dimensional

space spanned by E(q), Fs(q), and Eg(¢®), where Eg(q) is the normalized Eisen-
stein series of weight 6

Eg(g) =1-504 Y o5(N)g".
N>1

By comparing the coeflicients, we get

¥ 243 9 Es(q) 6561 Es(q®)
Bl ENTRARATN < 504 ) 13 ( 504 )
243 9 6561 (N
= 1—|—NZZ:1 <_136(N) + ﬁa5(N) ~ 3 % (3)) 7.
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Lemma 2.7. For N > 1, we get

o4(N if N=1 (mod 3),
g4(N) = 4(~ : f _ ( )
—04(N) i N=2 (mod 3).
Proof. If N =1 (mod 3), then for any divisor d of N, we have d> = N (mod 3).
Since 3 1 d, we have d = % (mod 3). Thus x(d) = x(N/d) for any divisor d. By
definition, we obtain d4(N) = d4(N).

If N =2 (mod 3), then for any divisor d of N, we have d> = —N (mod 3),
so d = —% (mod 3). Thus x(d) = x(—N/d) = —x(N/d), so we have 74(N) =
—a4(N). O
Lemma 2.8. For N > 1, we get

54(3N) = 0T4<N).
Proof. Let S(N) be the set of all divisors of N. Write N = 3°n with e > 0 and
(3,n) = 1. Then we have
S(3N) = S(N)u3°tLS(n).
For any d in 3°71S(n), x(d) = 0. Hence we have 64(3N) = 74(N). O
Lemma 2.9. For N > 1, we get
G1(3N) = 8164 (N).
Proof. Let S(N) be the set of all divisors of N. Write N = 3°n with e > 0 and
(3,n) = 1. Then we have
S(N)=8(n)Uu3dS(n)u---U3°S(n),
S(3N) = S(n)U3S(n)U---U3tS(n).

For any d in S(n) U3S(n)U---U3°"15(n), we get x(N/d) = 0. Thus we have

k

Ga(N) = (3°d:) x(n/dy),
i=1
where S(n) = {di,da, - ,di}. Similarly, for any d in S(n)U3S(n)U---U3¢S(n),
we get x(3N/d) = 0. Thus we have
k

Gi(BN) = _(3°"d;) x(n/d;).

i=1
Accordingly, we obtain ¢4(3N) = 3%G4(N). O
Lemma 2.10. For N > 1 with N =0 (mod 3), we have d(N)=0.

Proof. Using Jacobi’s Triple Product Identity [20, Chapter 8, Theorem 3.6], we

have
o0

IO 35 i

n>1 n=-—oo
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— 3 ()" 20+ 1)¢" 5
n>0

=Y (-1)"@2n+1)q wiiptd

n>0

Note that for any nonnegative integer n, % # 0 (mod 3). We are done. O

3. Proof of the Theorems

In this section, we prove our results by using the above lemmas.
Proof of Theorem 1.1 Using Lemma 2.2, we get

(1-gm* [
=11-3> AWN)g"
N1 (11)
N—-1
=1-6Y ANV +9> (Z AMEAN — t)) Tl
N>1 N>2 \t=1
=3 by(N)g"
N>0

By simple calculation, we get by(0) = 1 and by(1) = —6A(1) = —6. For N > 2,
we have three results:
Let N =1 (mod 3). By Lemma 2.1, we have the following equation:

bo(N) = —60(N) = —6A(N) +9 Z At

Therefore,

N-1
ABA(N —

t=1

2
t) =3 AN) —o(N))
2
= 2 (B (N:3) — o(N)) .
In the same way as above, if N =2 (mod 3), then we have

bo(N) = 30(N) = —6A(N +9Z)\
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However, A(IV) = 0 because if N = 2 (mod 3), then the number of d = r

(mod m) and d = —r (mod m) are equal. Hence,
N-1 9 1
ABAN —1t) = g)\(N) + go(N)
t=1
= %U(N).

Finally, let N = 3¢n with e > 1 and (3,n) = 1. By Lemma 2.1 and (11), we
have

N-1
bo(N) = 120(n) = —6A(N) +9 > A(B)AN —

Therefore,

N-1
ABAN —t) /\(N)+

t=1

4
gg(”)

_ % (o(n) — Bx(n:3)). O

Proof of Theorem 1.2 To prove Theorem 1.2, we need the following lemma
in [10, p.85].
Using Theorem 1.1 and Lemma 2.1, we have

F3_1—9ZqNZd2 )=1-9) ca(N)g"

N>1

»Q

=1-3> AN

N>1

=1-9 AMN)q +27Z<Z —t)>qN

N>1 N>2 \ t=1

= Z b3(V

N>0

By simple calculation, we get bs b3(1) = —9X(1) = —9 and b3(2) =

(0) =
Z9A(2) + 27A(1)A(1) = 27. For N > 3,
[13(N) = —9072(]\7)

N-1
= —9\(N) + 27 ( AHA(N — t)) =27 > Ma)AB)A(0).

t=1 a+b+c=N
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Therefore,

N-1
72 (N) = A(N) -3 (Z AEAN — t)) +3 ) Ma)Ab)A(0).
t=1

a+b+c=N

By Theorem 1.1, we have the three results:
If N =1 (mod 3), then

> A@ABINE) = 5 (B1(N;3) — 20(n) + 32(V))
a+b+c=N

If N =2 (mod 3), then

a+b+c=N
If N =3°n with e > 1 and (3,n) = 1, then
1
> Ma)Ab)A(e) = 3 (=2B1(n:3) +40(n) + 65(n)) . D
a+b+c=N
Proof of Theorem 1.3 By Lemma 2.4, we obtain
1],? N\ 729 (N
[ ] +Z -|- 0'3<N)—1260'3 <3)+203 <9)
[ ]q N>1
9
X (V) s (V))g"
N
=1-12)  A(N)q +54Z<Z )qN
N>1 N>2 \t=1
— 108 Z AMa Ma)A(D)A()N(d)gY
a+bt+ec=N a+b+c+d N
N>3 N>4
= bu(N
N>0
Therefore,
3 N 729 N
b4(N) = —9C(N) + 503 (N) — 12603 (3> + 703 (9)
9
- §X (N)os (N)
N-1
=—12) A(N)+54 ) < AMOAN — t))
N>1 N>2 \ t=1
=108 > A@ABA) +81 > Ma)AB)A()A(d).
atbte=N at+btetd=N

N>3 N>4
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= —12, by(2) = 54 and by(3) =

By simple calculation, we get by (0) = 1, by(1)
—84. To prove Theorem 1.3 for N > 4, we have to prove it in the three cases

For N =1 (mod 3), we use Theorem 1.1 and 1.2. Then we have
1
> Ma)ADA(ND) = 57 (451 (N53) — 120 (N)

a+b+ct+d=N

. 41265 (N) — 05 (N) — 3¢ (N)).

For N =2 (mod 3), we use Theorem 1.1 and 1.2. Therefore
1
Y. MOAOMON) = o (60 (N) +1205 (N) + 205 (N)).
a+b+c+d=N
N>4
To prove last case, we prove it in the two cases. For N = 3°n with e > 1 and
(3,n) = 1, we use Theorem 1.1, 1.2 and Lemma 2.3. If ¢ = 1, then we have

4
Z AMa)A(D)A(c)A\(d) = 77 (60 (n) + 302 (n) — 2E1(n;3) — Tos (n)).
a+btctd=N
N>4
If e > 2, we use an well-known identity in [23], then we have

> Ma)AD)A(QND) = 27(60( n) + 36 (n) — 2E; (n; 3)

a+btctd=N
N>4
1.
-3 (3%t +10) o5 (n)).
Proof of Corollary 1.4 Using Lemma 2.2, we get
D bu(N)gV =1-12) " A(N)q +54Z<Z)\ ) N
N>0 N>1 N>2
=108 > A@A®AMAgY +81 Y A@AB)A)Ad)g".
atbtc=N a+btctd=N
N>3 N>4
Meanwhile, using Lemma 2.1, we have
2 2
D ba(N)gV = | Y ba(N)gV | = [1-6) 6(N)g"
N>0 N>0 N>1
=1-12) &6(N)gV +36 ) (Z 6Nk)>qN
N>2 \k=1

N>1

=142 by(N)g +3GZ<Z &N—k))qN.

N>1 N>2
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Since by Lemma 2.2

N—-1
T ba(M)g¥ — 6 3 AN 493 (z AN - t)) o~

N>1 N>1 N>2 \ t=1

we obtain for N > 4,

N—-1
—12A(N) 454 3 AOAN =) =108 Y Aa)A(B)A(c)

a+b+c=N
+81 > A@)AD)A(QAd)
a+b+ct+d=N

-1
= —12\(N) +18 > " A(B)A(N —t —I—SGZU )& (N

Finally, for N > 4, we have

z_: 6(k)6(N — k) = z_: ABDAN =) =3 > Ma)AD)A(c)
k=1 t=1 a+b+e=N
+ Z > Ma)AD)A(Q)A().
a+b+ct+d=N

Now using Theorem 1.1, 1.2 and 1.3, we have the desired result for N > 4. In

fact, since
6(1)2=1= Ja(z) + 1y (2),
G 6 °
PPN 2
26(1)5(2) = -3 = —30(1) - @(34 +10)a3(1),
the result is true for all N > 2. O

Proof of Theorem 1.5 Using Lemma 2.5, we get
[1]15

3 9 N 3
=1 —15d(N) — —g4(N —04 | — —o4(N
37 +Nz>:1 04( )+204<3>+204( )

729 (N
RCRZ <3)>qN

=1-15) A(N)q +QOZ<Z)\ ) N

N>1 N>2

=270 ) Ma)A®A)gY +405 > A@)Ab)A()A(d)gY

atbde=N atbtctd=N
N>3 N>4

~243 Y AM@ABADADA)GY

a+tbtctdte=N
N>5
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= b5(N)g"
N>0
Therefore,
bs(N) = —15d(N) — g@(zv) + 264 <]3V) + 254(1\[) _ ?0}1 (]?Y)
=—15 > AN)+90 > (z_: AN — t))
N>1 N>2 \t=1
=270 Y Ma)AB)A(e)+405 > Ma)A(B)A(e)A(d)

—243 > Ma)ADB)AAD)A(e).

a+b+ct+d+e=N

N>5

By simple calculation, we get b5(0) = 1, bs(1) = —15, b5(2) = 90, b5(3) =
—240 and b5(4) = 30. To prove Theorem 1.5 for N > 5, we have to prove it in
the three cases.

For N =1 (mod 3), we use Theorem 1.1, 1.2 and 1.3. Then, we have

> M@ADAMd)A(e) = 8%(5E1(N; 3) — 200 (N) + 3043 (N)
— 505 (N) — 15¢(N) + 5d(N) + %@(N) - %@(N))
- ?11 (5E1(N;3) — 200 (N) + 3063 (N) — 5o (N) — 15¢(N) + 5d(N)).

The last equality holds by Lemma 2.7.
For N =2 (mod 3), we use Theorem 1.1, 1.2 and 1.3. Therefore,

> Ma)ADAMD)A(e) =

atbtctdte=N
N>5

1 (100 (N) 4 3002 (N) + 1003 (N) + 5d(N) + 1<721L(N) -

81 2 ‘f‘*(N))

= 8% (100’ (N) + 3005 (N) + 1003 (N) +5d(N) +0f4(N)).

The last equality holds by Lemma 2.7.
To prove last case, we prove it in the two cases. For N = 3°n with e > 1 and
(3,n) = 1, we use Theorem 1.1, 1.2, 1.3 and Lemma 2.3. Then, we have

AMa)AD)A ()M (d)A(e) = 81—1(—10E1(n; 3) + 400 (n) + 3053 (n)
- % (3%t! +10) o5 (n) + 5d(N) + %@(N) - ;54(36*%) - %@(N)
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243
+ 5037 tn)).
Using Lemma 2.7, 2.8 and 2.9, we have
74(3°n) — 354(3°7'n) — G4(3°n) + 2435,4(3°" ' n)
= d4(n) — 364(n) — 81°G4(n) + 243 - 81°715,(n)
= —264(n) + 2 - 81°74(n)
= —254(n) + 2 - 81°x(n)ds(n)
= 2(=1+3%x(n))da(n).

Finally, using Lemma 2.10, we have

3 A@ABAADAC) = 811( 10E; (n; 3) + 400 (n)

a+b+ct+d+e=N
N>5

+ 3065 (n) — % (351 4 10) 05 (n) + (3*x(n) — 1)Fa(n)).

Proof of Theorem 1.6
Using Lemma 2.6, we get

s (e oS (D)

[ N>1

=1-18> A(N)q +135Z<ZA ) N
N>1 N>2
=540 ) Ma)A®A )Y +1215 > Ma)AB)Ae)A(d)g"

—1458 > AM@AOAMOAMDA(e)d™

a+b+tctd+e=N
N>5

+ 7929 Z AMa)AD)A()ADAe)N(f)g™

a+btctdtetf=N
N>6

= > b(N

N>0

Therefore,

bg(N) = ———¢(N) + —o5(N) — 13 o5

243 f 9 6561 N
13 13

N-1
=1-18> AN)+135 ) (Z MOAN — t))

N>1 N>2
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=540 ) AM@ABA() +1215 Y Ma)AB)A(e)A(d)

atbte=N atbtctd=N
N>3 N>4

—1458 > Ma)AD)AQMD)A(e)

a4btetdte=N
N>5

+ 1729 > Ma) MDA ()A(S).
a+btctdtetf=N
N>6
By simple calculation, we get bg(0) = 1, bg(1) = —18, bg(2) = 135, bg(3) =
—504 ,b6(4) = 657 and bg(5) = 2062. To prove Theorem 1.5 for N > 6, we have

to prove it in the three cases.
For N =1 (mod 3), we use Theorem 1.1, 1.2, 1.3 and 1.5. Then, we have

Yo AM@ABADMDAEA)

a+tbtctdtetf=N
N>6

1
= 57 (2E1(N;3) = 100 (N)

~ Ze(V) + os(V)).

For N =2 (mod 3), we use Theorem 1.1, 1.2, 1.3 and 1.5. Then, we have

ST A@AGAONDAAS) = — (50 (N) + 206 (N)
81

atbtectdtetf=N
N>6

+ 2053 (N) — 503 (N) — 15¢(N) + 10d(N)

27 1
13 TSUS(N))-

To prove last case, we prove it in the two cases. For N = 3°n with e > 1 and
(3,n) = 1, we use Theorem 1.1, 1.2, 1.3 and 1.5. Then, we have

ST AM@AOAONDMONS) = —(—4E; (1n;3) + 200 (n)

81
atbtetdtetf=N
N>6

+ 1003 (N) 4+ 10d(N) 4 254(N) — —e(N) +

+ 2055 (n) — % (3%t +10) 03 (n) + 2(3*x(n) — 1)u(n)

27 1 729 1
Using
05(3°n) — 72905(3° " 'n) = (05(3%) — 72905(3°1))o5(n)
1
- 4 — 5e+5
o1 (36 3 Yos(n),
we have

A@ADNAADACN) = o= (~4B1(n:3) + 200 (1)

atbtetdtetf=N
N>6

+ 2002 (n) — % (3%t +10) 03 (n) + 2(3*x(n) — 1)u(n)
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27 1
— EG(N) + ﬁ(364 35€+5>0_5( ))

Proof of Corollary 1.7 Using Lemma 2.2, we get

N—-1
> be(N)g¥ =1-18 Y AN)gV +135 ) (Z AOAN — t)) ~

N>0 N>1 N>2
—540 > Ma)A(B)Me)g"

at+btec=N

N>3

+1215 > A@ABAANd)Y

atbtctd=N
N>4

1458 Y A@AOAANDA(e)"

a+tbtctdte=N
N>5

+ 729 > Ma)ADA NN f)gY.

atbtetdtetf=N
N>6

Meanwhile, using Lemma 2.1, we have

> be(N)g" = (Z bz(N)qN> = (1—62&(1\7)61]\’)
=1-18 Y 4(N)q +1082<Z &N—k)>qN

N2>1 N>2 k=1
— 216 Z a)é(b)(c)
a+b+c=
N>3
N—-1
=143 by(N)gV +108 > (Z >qN
N>1 N>2 1
-216 Y 6(a)e(d)s(o).
a+bte=N
N>3

By Lemma 2.2 and Corollary 1.4,

> ba(N)gN =6 > ANV +9Y (Z t)> &

N2>1 N>1 N2>2

and
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9
+7 > A@AB)AA).
a+b+c+d=N
So we obtain for N > 6,

N—-1
—18A(N) +135 > A(DAN — 1)) =540 Y A@)A(b)A(c)
t=1 a+b+c=N
+1215 > Ma)A(B)A(e)A(d)
a+b+ct+d=N
—1458 > Ma)ADIA()A(d)A(e)
a+b+ct+d+e=N
+ 729 > Ma)AD)A(MA)A(E)A(Sf)
a+b+c+d+e+f=N

N-1
= —18A(N) +135 3 ABADN —1) =324 > Ma)A(b)A(c)
t=1 a+b+c=N

+ 243 > A@)ABA)AMdA(e) =216 Y &(a)5(b)6(c).

a+b+c+d+e=N a+b+c=N
Finally, for N > 6, we have

Y sla)ad)oc) = D> Ma)Ab)A(e)

a+b+c=N a+b+c=N

_9 ST AM@AB)AEA)

a+b+c+d=N

+% S A@ABAADA(e)

a+b+c+d+e=N

_ % 3 A@ABAC)ANDAE)A(S).

a+b+ct+d+e+f=N
For N = 3,4,5, the result is also true.
Proof of Corollary 1.8 Using Lemma 2.2, we get

N-1
> be(N)g¥ =1-18)  AN)gV +135 ) (Z AMOAN — t)) ~
N2>0 N>1 N>2 t=1

_ 540 Z Ma)A(D)A(c)g™

+1215 > A@ABAAd)Y

atbtctd=N
N>4

—1458 D> A@AB)AADA )"

377
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+ 729 > Ma) AN

atbtetdtet f=N
N>6

Meanwhile, using Lemma 2.2, we have

2 2
S b6(N)g" = (Z bg,(N)qN) - (1—9 3 a-zuv)qN)

N>0 N>0 N>1
N-1
=1-18) a(N)gV +81) <Z G (k)oa(N — k)) I
N>1 N>2 \ k=1
N-1
=142 bs(N)gV +81) (Z G (k)oa (N — k)> 7.
N>1 N>2 \ k=1

Since by Lemma 2.2

N-1
D bs(N)gN =9 > AN)gN +27 ) <Z MOMN — t)) T

N>1 N>1 N>1 \t=1
—272( 3 A<a>A<b>A<c>> ¢,
N>3 \a+b+c=N

we obtain for N > 6,

N-1
—18A(N) +135 > ADAN — 1) =540 > Aa)A(D)A(c)
t=1 a+b+c=N

+1215 Y A@)AB)Ae)A(d)
a+b+c+d=N

—1458 > AMa)AD)A()A(d)A(e)

a+b+ct+d+e=N

+729 > AMa)A(B)A()AMd)A()A(f)

a+b+c+d+e+f=N

N—-1
= —I8A(N) +54 > A(DAN — 1)

N-1
=54 > Ma)AD)Ae) +81 Y aa(k)oa(N — k).
a+b+c=N k=1

Finally, for N > 6, we have

N-1

N—-1
> (k)N —k) =D ADAN =) =6 > Aa)A(B)A(c)

k=1 t=1 a+b+c=N
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+15 > Ma)AD)A(e)Ad) - 18 > Ma)A(B)A()A(d)A(e)

a+b+c+d=N a+b+ct+d+e=N

+9 > Aa) MDA )N ()A(S).

a+b+ctd+e+f=N

Now using the main theorems, we have the desired result for N > 6. For
N =2,3,4,5, the result is also true.

Conclusion: The study of convolution sums for restricted divisor numbers
is very interesting study in elementary number theory and combinatorics. Many
mathematicians approach from various perspectives and re-interpret the meaning
of each field. From this point of view, this paper can be understood as a field
of theory to understand the number of restricted divisor numbers using infinite
product and sums. A study of eta quotients is a frequently used functions in the
modular form theory, and it is also a curious attempt to utilize these restricted
divisor numbers. By using well-known properties, we derived various interesting
results of coefficients derived from eta quotients related to 3. Consequently, the
results of this paper may potentially be used, not only in number theory, but
also in other areas.
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