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THE CONNECTIVITY AND THE MODIFIED SECOND
MULTIPLICATIVE ZAGREB INDEX OF GRAPHS'

JIANWEI DU*, XTAOLING SUN

ABSTRACT. Zagreb indices and their modified versions of a molecular graph
are important descriptors which can be used to characterize the structural
properties of organic molecules from different aspects. In this work, we
investigate some properties of the modified second multiplicative Zagreb
index of graphs with given connectivity. In particular, we obtain the max-
imum values of the modified second multiplicative Zagreb index with fixed
number of cut edges, or cut vertices, or edge connectivity, or vertex connec-
tivity of graphs. Furthermore, we characterize the corresponding extremal
graphs.
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1. Introduction

Topological indices are mathematical descriptors reflecting some structural
characteristics of organic molecules on the molecular graph, and they play an
important role in chemistry, pharmacology, etc. (see [12,13,18]). The famous
Zagreb indices, first introduced by Gutman and Trinajstié¢ [14], are used to ex-
amine the structure dependence of total m-electron energy on molecular orbital.
The first Zagreb index M; and the second Zagreb index Ms of a graph G are
defined as:

Mi(G)= ) de(v)’, Ma(G)= ) da(u)dg(v),

veV(G) uwveE(G)

where dg(u) is the degree of vertex w.
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These two classical topological indices (M7 and Ms) and their variations have
been applied in studying heterosystems, ZE-isomerism, chirality and complexity
of molecule, etc. Todeschini et al. [19] presented a version of Zagreb indices
which nowadays are called multiplicative Zagreb indices, and they are expressed
as:

L(G) = [] dew)? (G = ][] de(wda(v).

veV(G) weE(G)

Recently, Gutman, Eliasi and Iranmanesh, respectively [8, 11] introduced the
modified first multiplicative Zagreb index (also called the multiplicative sum
Zagreb index) of a graph defined as

(G = [ (de(u)+da()).

uwveE(G)

Relevant results on the modified first multiplicative Zagreb index can be found
in [2,5,7,8,11,22].

In 2016, Basavanagoud et al. [3] introduced another multiplicative version
called the modified second multiplicative Zagreb index (denoted by II;) and
defined as

I5(G) = H (dg(u) + dG(U))(dG(u)+dg(v)).
weE(G)

Basavanagoud et al. [3] studied several derived graphs. Wang et al. [20] de-
termined the maximal and minimal modified multiplicative Zagreb indices of
graphs with vertex connectivity or edge connectivity at most k.

In this work, we only deal with simple connected graphs. Let G = (V(G),
E(G)) be the graph having vertex set V(G) and edge set E(G). Given a graph
G, we use G — x or G — zy to denote the graph that arises from G by deleting
the vertex € V(G) or the edge xzy € E(G). Similarly, G + zy is a graph that
arises from G by adding an edge 2y ¢ E(G), where 2,y € V(G). Let E' C E(G),
we use G — E’ to denote the subgraph of G obtained by deleting the edges of
E’. For X C V(G), G — X denotes the subgraph of G obtained by deleting
the vertices of X and the edges incident with them. A block of a graph is a
maximum connected subgraph with no cut vertex. If a block has at most one
cut vertex in the graph as a whole, we call it an endblock. A clique of a graph
G is a subset W C V(G) such that G[W] is complete. As usual, we use P,, K,
and S, to denote the paths, the complete graphs and the stars on n vertices,
respectively.

Let P, = xox1---2 (r > 1) be a path of graph G with dg(r1) = --- =
de(zr—1) =2 (unless r = 1). If dg(xo),dg () > 3, then P, is called an internal
path of G; if dg(x9) > 3,dg(z,) = 1, then P, is called a pendant path of G.
G1 UG5 denotes the vertex-disjoint union of the graphs G; and G, and GV G2
denotes the graph arising from G; UG4 by adding all possible edges between the
vertices of G1 and the vertices of G2. We denote by 7(G) = |E(G)| — |[V(G)|+1
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the cyclomatic number of graph G. The k cyclic graph is the graph whose

cyclomatic number is k. For v(G) =0, G is a tree.
Uy
v

U2

V2

Vk

2
Gn,k

Figure 1. K, G}%k, G%,k and Gi,k.

Let K* (as shown in Figure 1) be the graph obtained by identifying one vertex
of K, _j with the central vertex of star Siy1. Let G;,k (as shown in Figure 1)
be the graph arising from K, _; by attaching at most one pendant edge to each
of its vertices, where 0 < k < &. Let G2, (as shown in Figure 1) be the graph
arising from K,,_j by attaching one pendant path of length 2 to 2k — n vertices
(uy, -+ ,usg—n) of K,,_k, and attaching one pendant edge to the other 2n — 3k
vertices (Uok—n41, " ,Un—k) Of Ky, where § < k < %" Let Gi,k (as shown
in Figure 1) be the graph obtained from K, by attaching exactly one pendant
path of length greater than 1 to each vertex of K,,_j, where 2?” <k<n-3,
lo+ls+ - +1l,=n—kand 2l + 3l3+ -+ ml,, =k (I; is the number of
paths with length ¢, t = 2,3,--- ,m). We can see [4] for other terminologies and
notations.

There are many papers on the topological indices and the connectivity of
graphs, such as [1,6,7,9,10,15-17,20,21,23]. Inspired by this, we go on studying
the mathematical properties of the connectivity and the modified multiplicative
Zagreb indices of graphs. The authors of this paper obtained some results on
the connectivity and the modified first multiplicative Zagreb index of graphs
[7]. The values of the modified second multiplicative Zagreb index are usually
more difficult to determine. In this work, we present the maximum values of the
modified second multiplicative Zagreb index with fixed number of cut edges, or
cut vertices, or edge connectivity, or vertex connectivity of a graph. Furthermore,
we characterize the corresponding extremal graphs.

2. Preliminaries

By the definition of II5, the following Lemma 2.1 is immediate.

Lemma 2.1. Let G = (V(G), E(G)) be a simple connected graph. Then
(i) For each e € E(G), II5(G) > II5(G —e);
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(i) For each e = uv ¢ E(G), u,v € V(G), II3(G) < II5(G + ).

(x+a)1’+a
oS

Lemma 2.2. Let l(z) =
increasing for x > 1.

, where x > 1 and a > 1. Then l(x) is

Proof. Let L(z) =Inl(z) = (z +a)In(z + a) — 2Inz. Then L'(z) = In 2 > 0.
Thus () is increasing for > 1. O

Lemma 2.3. Let ni,ns, s be positive integers, where no > ny > 2 and s > 1.
Then
71,22+1)

(2711 + 25 — 4)(2n1+2574)(n12_1) (2n2 + 25)(2n2+25)(

> 1
(2n1 + 25— 2)(2n1+28_2)( 21)(2712 + 25 — 2)(2n2+28_2)( 22)

Proof. Let f(z) = (22+x)(22+25) In(22+25) — (2% —2) (22+25—2) In(22+25—2)
be a real function in z, where z > 1. Then
f'(x) =2[(2z+1)(z+5)+2° +z] In(22+25)

—2[(2z—1)(z4s—1)+2%—z] In(2x+25—2) +4x.

Since (2 + 1)(z + s) + 2 +z > (22 — 1)(z + s — 1) + 2% — x, then
f(x) >2[(2z — 1)(x 4+ s — 1) + 2? — 2] In(2x + 25)
—2[(2z — 1)(z +s—1) + 2% — 2] In(2z + 25 — 2)

(2z + 2s)

=2[(2z — 1)(z +s—1) + 22 —m}lnm

> 0.

Thus f(ng) > f(n1 — 1), that is,
(n3 + n2)(2ng + 25) In(2ny + 25) — (n3 — ng)(2ng + 25 — 2) In(2ny + 25 — 2)
> (n? —ny)(2n1 + 25 — 2) In(2ng + 25 — 2)
—((n1 —1)* = (ny — 1))(2n1 + 25 — 4)In(2n1 + 25 — 4)

—1 -2 +1
(nl )2(711 ) 1H(2n1 2874)(27114’25‘4) (n2 5 )7?,2 111(2712 28)(2n2 2s)
1 -1
ni (n21 ) 111(27’1,1 25—2)(2n1+2572) no (n22 ) ln(2n2 28_2)(2n2+2572)

= In ((2n1 + 25 — 4)(2n1+2s—4)w (2ns + 28)(2n2+23)("2+21)n2>

ni(ny—1)
2

> In ((2’)7,1 4+ 95— 2)(2n1+25—2) (2n2 + 25— 2)(2n2+23_2)"2(n221)>

(n1—1)(n3—-2)
2

—(2ny + 25 — 4)(Fmt2s-4) (2ng 4 25)(2nat2s) 2240m2

ni(ng—1)
2

> (20 + 25 — 2)(Bma+2s=2) (2ny 4 25 — 2)(n2F25-2) malp=h

This finishes the proof. O



The Connectivity and the Modified Second Multiplicative Zagreb Index of Graphs 343

Lemma 2.4. Letn,a,ny,ng be positive integers, whereng > ny > 2, ni+ng <n
and a>n—1. Then

(a4n; — 1)(a+n1—1)(n1—1)(a +ng + 1)(a+n2+1)(n2+1)
(a + nq)(@tn)n (g + ny)latnz)ne

> 1.

Proof. Let g(z) =z(a+2)In(a+2z) — (x —1)(a+ 2z —1)In(a+ 2 — 1) be a real
function in z, where a > n — 1,x > 2. Then
J@)=14+2r+a)ln(a+2z)— 2x+a—2)In(a+ 2z —1)
>2z+a—-2)In(a+2)— 2zx+a—2)In(a+z—1)
— (rta-2)m 21T
a+z—1
Thus g(ng + 1) > g(nq), that is,
(ng+1)(a+n2+1)In(a+n2+ 1) — na(a+ na) In(a + n2)

>ni(a+ni)ln(a+n1) — (ny —1)(a+ny —1)In(a+ny — 1)

—1In <(a + g + 1)(a+n2+1)(n2+1)(a +ny — 1)(a+n11)(n11))

> In ((a + nl)(a+”1)"1 (a + ng)(‘H'""’)"Z)

:>(a +ng + 1)(a+n2+1)(n2+1)(a +ng — 1)(a+n1—1)(n1—1)
> (a+ny) @t (g 4 ng)latnaing,

This completes the proof. O

3. Modified second multiplicative Zagreb index of graphs with fixed
number of cut edges

We use Gg(n, k) to denote the n-vertex graphs with & cut edges.

z
()~e) == (e
x Yy
X
G G’
Figure 2. Transformation A;.

Transformation A;: Suppose G1 and G are graphs with ny > 3 and ny > 2
vertices, respectively, where G is 2-edge connected. Suppose G is a graph, as
shown in Figure 2, obtained from G; and G2 by adding an edge from a vertex
x € V(Gy) to a vertex y € V(G3). Then zy is a non-pendant cut edge in G.

Let G’ be the graph obtained by identifying = of G; with y of G5 and adding a
pendant edge to x(y), as shown in Figure 2.

Lemma 3.1. Suppose G’ and G are graphs in Figure 2. Then II5(G’) > 1I5(G).
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Proof. Denote N¢, (z) = {x1,22, -+ , x4, } and Ng,(y) = {y1,y2, - ,Yd, }- Since

the function (z+a)*™® (z > 1,a > 1) is increasing for z, by the definition of II}
, it follows that

s (ditdg+2)(Btdt) ( H (d, (x:)+dy +dp+1) 96 (IlHdﬁ'dzﬂ))
115(G")

_ i=1
* B d
HZ(G) (dl +ds + 2)(d1+d2+2) ( 1_1[ (dGl (xz) +d; + 1)(dcl (xi)+d1+1))
i=1
d
T (d (4)+d -+ da1) e O etz
= 1d2 > 1.
[ (desy () + da + 1ozl et
J_
The proof is completed. O

Y1
Y2 A2

Yr

Figure 3. Transformation As.

Transformation As: Suppose G is a graph as shown in Figure 3, where xy is
a non-pendant cut edge of G, Gy is 2-edge connected, dg(x) > 2, Na(y)/{z} =
{y1,92,- -,y } (Y1,92, -+, yr ave pendant vertices). G' = G—{yy1,yy2, -, yyr}
+{zy1,zys, - , 2y, }, as shown in Figure 3.

Lemma 3.2. Suppose G and G’ are graphs in Figure 3. Then II5(G") > II5(G).

Proof. Denote Ng, (z) = {x1,22, -+ ,xs}. By the definition of II}, it follows
that

myc) Tt 2)(rtst2) ( I (de; (i) +r+5+1)(don (@ ””S“))

(r+s+2)rtst2)

A

ﬁ (dg,(zs) + s+ )(dcl(wi)+s+1)>

H (s4r+2)str+2)

. > 1.
H (r+2)r+2)

j=1

This finishes the proof.
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X2 T3 Xr

Figure 4. Transformation As.
Transformation A;: Let P = uxjza---z,v (r > 2) be an internal path in
G, ie., dg(z;) = 2 fori =1,2,---,r, dg(u) > 2 and dg(v) > 2. Let G' =
G — {$2173,333l‘4,"' 7xr—1xra$TU} =+ {9515637961%17"' ,1?15'3r,171v}7 as shown in
Figure 4.

Lemma 3.3. Suppose G and G’ are graphs in Figure 4. Then II3(G’) > II5(G).

Proof. Denote dg(u) = s and dg(v) =t . By the definition of II3, it follows that

ey s DO )R (] (4 2)042)
H2(G) _ 1=2 > 1.

(5 4+ 2)(+ (¢ + 2)(t+2)( I 44)
i=2

This finishes the proof. O

Gg(n,n —1) is a tree, we give a theorem below.
Theorem 3.4. Suppose G € Gg(n,n — 1), i.e., G is a tree. Then
I15(G) < =)
with equality if and only if G = S,,.

Proof. Repeating Transformation Ao, any tree T of size s attached to graph G
can be changed into a star Sgy1. And the II5(G) increases by Lemma 3.2. Then
G with maxium II5 must be a caterpillar. Considering Transformations A; and
As, from Lemmas 3.1 and 3.3, we conclude that any caterpillar can be changed
into star S, with a larger II5. Thus the result follows immediately. O

Let G € Gg(n,k). If v(G) > 1, then k < n — 3. Thus, in what follows, we
discuss the case of 1 <k <n —3 when G € Gg(n, k).

V4

vy, V1

Figure 5. The graph G*.
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Remark 3.1. For any G € Gg(n,k), if necessary, by repeating the graph
transformation A; or As, any cut edges in G can changed into pendant edges.
That is, if necessary, by a series of transformation A; or As, we can change G to
G* (as depicted in Figure 5), where G1,Ga, - - - , G, are 2-edge connected graphs.

Vg

. % Ui :
Figure 6. The graph H.

By Lemma 3.1, 3.2 and Remark 3.1, the following Lemma 3.5 is obtained
immediately.

Lemma 3.5. Suppose G € Gg(n,k). Then II5(G) < II5(G*), where G* are
graphs as depicted in Figure 5.

Let K,, (1 < i < r) be a clique which is obtained by adding edges in G;
(1 <4 <r) and changing G; into complete subgraphs, where G1,Ga, - ,G, in
G* are 2-edge connected graphs. By Lemma 2.1, we get the following Lemma
3.6.

Lemma 3.6. Suppose H is the graph as depicted in Figure 6, where K,, (1 <
i <) are cliques as above. Then II5(H) > TI5(G*).

Figure 7. Transformation Ay.
Transformation A4: Suppose G is a graph as depicted in Figure 7, V(K,) =

{z,y,21, -, zp—2}, each vertex on K, either is of degree p — 1 or has some
pendant edges attached, where p > 3, Iy, -+ ,l,—2 > 0. x1,22,---,2¢ and
Y1,Y2, - ,Ys are pendant vertices adjacent to x and y, respectively, where

t,s > 1. Let G' = G — {zx1,z29, - ,22¢} + {y21, Y22, - , Y2}, as depicted in
Figure 7.

Lemma 3.7. Suppose G' and G are graphs in Figure 7. Then II5(G’) > 1I5(G).
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Proof. Tt is evident that dg/(z) = p—1,dg(z) =p—1+t,de(y) = p—1+t+s,
de(y) = p— 1+ s. By the definition of II5 and Lemma 2.2, we find that

I5(G) (20 =24t 4 5)P2H0) (p 4§ 4 ) PHFFS)

I5(G)  (2p— 24t + s)@p=2+t45) (p + £) P+ (p + ) (PHs)s
p—2

i=1
=

T ((de(z0)+p—1+48) (e Gw0 (dg (2) +p—145) (e Gorptia) )
i=1

_((p +t + 5)PtHtts) >t ( (p+t+ 3)(p+t+s))s
B (p + t)(P"!‘t) (p -+ 3)(P+S)
p—2 (dG(Zi)+p71+t+5)(dG(zi)+p_1+t+s)
) H ((dg (zi)+p—1+s)daz)tr—1ts) 1

e )
i=1 (de(zi)+p—1)da(z)+r=1

The proof is completed. O
Theorem 3.8. Suppose G € Gg(n, k), where 1 <k <n —3. Then

I(G) < 0™ (20 — k — 2)@n—k=Dn=k=1) (9, _ 9 _ 9)(2n-2k-2)(""37")
with equality if and only if G = KE.

Proof. Assume that G € Gg(n, k) has the maximum II3(G). By Lemma 3.5
and 3.6, it follows that II5(G) < II5(H).

Next, we prove that » = 1. By contradiction. If » > 2, suppose without loss
of generality that there exists an edge e = vy ¢ E(G), z € V(Ky,), y € V(Ky,),
1<i<j<r, and x,y is not the common vertex of K,,, and K,;. By Lemma
2.1, it can be seen that II5(G + e) > II5(G), a contradiction. So r = 1. Thus
G is a graph obtained from K, _j by attaching some pendant edges to some
vertices of K,,_j (the number of all pendant edges of G is k). By Lemma 3.7,
G =Kk a

4. Modified second multiplicative Zagreb index of graphs with fixed
number of cut vertices

We use Gy (n, k) to denote the n-vertex graphs with &k cut vertices. Since
Gy (n,n — 2) is a path, thus, in this section, we always discuss the case of
1<k <n-3when G € Gy(n,k).

p—1 ’

Figure 8. Transformation Bj.
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Transformation By: Suppose G is a graph as depicted in Figure 8, K, (p > 2)
and K, (¢ > 3) are two cliques of G, where K, is an endblock. V(K,) and
V(K,) have one cut vertex, say u, in common. V(K,) = {u1,ug, - ,up_1,u},
V(Ky) = {v1,v2, -+ ,v4-1,u}. G; (1 <i<p—1)is the subgraph attached to u;
(1<i<p-1)(da(u1) > 2whenp=2). Let G' = G—{v1v2,v103, - -+ , V1041 }+
{u1va, urvs, -+, wrvg_1} 4+ - - + {up—1v2, Up—1V3, - -+ , Up—_1V¢g—1}, as depicted in
Figure 8.

Lemma 4.1. Suppose G' and G are graphs in Figure 8. Then II3(G') > 1I5(G).

Proof. Observe that dg(u) = de(u) =p+q—2, dg(v1) = q¢—1, der(v1) = 1,
der(wi) = da(u;))+q—2 (i =1,2,--- ,p—1),de(v;) =p+q—3 (j =2,3,-- ,q—
1). For z € Ng, (u;), dgr(u;) +dgr(x) = da(ui) +da(x) +q—2 > da(ui) +da(x),
i =1,2,---,p— 1. Then Werdda @) e "INy (o6 & e Ne, (u;)
i=1,2,---,p— 1. Then =8 et TG , where x G, (u;),
i=1,2, ,p—1.

If p=2, dg(ur) > 2, by the definition of I and Lemma 2.2, it follows that
(G (de(u) + der (vl))(dc/(u)+dc/(v1))(dG, (u) + dG/(ul))(dG’(u)+dG'(u1))

II3(G) B (da(u) + dg(vy))deW+de () (dg(u) + dg(uy))de(@+de (1)
1 -1
qH(dG,(ul)_|_dG/(fUi))(dc/(u1HdG/(vi)) qH (dG,(u)+dG,(Ui))(dG/(u)+dG/(vi))
i=2 i=2
' q—1 q—1
H (dG(Ul)+dG(’l}i))(dG(’Ul)+dG(vi)) H (dG(U)—l—dg(vi))(dG(“HdG(“i))
i=2 i=2
[I  (de(ur) + de (z))der (w)+der (@)
. z€Ng, (u1)
I (do(ur) + de(@) et da@)
z€Ng, (u1)
(q+1)(q+1)(dG(ul)Jrzq,g)(dc(ulWH) (dc(ul)+2q,3)(dc(ulﬁ2cr3)(rr2)
- 20— 1)) (dfu (do(unra) (29 —_2) a2 (a2)
(2¢—1) (de(u1)+q) (29-2)
do (uy)+2q—2) ¢ (v1)+24-2)
et TS ((dolu) + 2 = 3)(0D I 0z
(2q—1)2a—1) ’ ( (2q — 2)(2q72) ) > L
e

If p > 3, we have

p—1
(dG’ (’U,) +dgr (Ul))(dG’ (urdgr (v1)) H (dG’ (U) +de (ui))(dc" (uHdgr (ui))

= i=1
m03(G)
(dg(u) + dg(vy))de+de () TT (de(u) + dg(u;))(de (@) +de (ui))
i=1
1 (do(wi)+dg (uj)) der (wirder (us))

1<i<j<p—1

I (de(u) + de(uy)) et tda ()

1<i<j<p—1
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g1
H(dG/(U)+dG/(vi))(dcl(u)‘|’dcl(vi)) H (dGl(U»L')+dG/(”Uj))(dG'(’Ui>+dG’(Uj))
=2 2G<j<q-1
q—1
(dg(u) + dG(Ui))(dG(’u)+dG(’Ui)) 11 (dg(vi) + dg (v ))(dc(v1)+dc(v ))
2<i<j<q—1

=2

p—1 g1
(dG’(ui)+dG/(vj))(dc/ wiHdgi(v;)) H H
J

i=1j=2 i=1 zeNe, (u:)

g1
(defus) +def ) (@ew ()

(dG/('U,Z') —|— dG/(x))(dG’(ui )—I—dc/(:p))

(defv1) +dc(v;))(dolviHda(v:)) H 1

=2 i=1zeNg,(ui)

(p+q—1)PFe=D H (de(u;)+p+2q—4) (e (uirpi2e)
=1
"
(p+2q —3)P+20-3) T (de(wi) +p+q—2)
=1
T (do(wi)+da(uj)+2q—4)de (wirtde (u;2a4)
1<i<i<p-1
H (dG(uz) + dG(
1<i<j<p-1
q—1
[1(2p+2q—5)2+2a-5 ]  (2p+2q—
2<i<j<q—1

=2
. —
[1(+2¢—3)r+2a=3 T (2¢—2)2

i=2 2<i<j<q-1

>
(da (ui)+p+q—2)

))(dg(ul)+dc(u]))

6)(2p+24-6)

p—1g—1
1T II (da(us) +p+2q — 5)(dc(u7:)+p+2q 5)

i=1j=2

qg—1
I1 (2q — 2)(2a-2)

=2

p—1g—1
(p+q—1)pta=D) 1_1 1:[2(dg(ui) + p + 2q — 5)(de(wi)+p+29-5)

>
—1
(p —+ 2q — 3) (p+29-3) qH (2q — 2)(2‘1_2)
i=2
5)(da (u1)+p+29-5)(g-2)

_nda(ur)+p+2q—
> _ 1)(p+q 1)( G\%1
2lp+a—1) (p + 2q — 3)(P+2a-3)

(da(ug) + p 4 2q — 5)(da(w2)+p+24=5) \ g—2
' ( (2q — 2)2a-2) ) > 1

This completes the proof.
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G

2 Ul W1 Wi—1

Gp_1

Figure 9. Transformation Bs.
Transformation By: Suppose G is a graph as depicted in Figure 9, K, is a
clique of G, where p > 3, V(K,) = {uo,u1,- -+ ,up_1}. P =uwjwi---w; (t > 2)
is a path attached to u;. Ng(uo) = {u1,ue, -+ ,up—1}, Na(u1) = {uo,u,- -,
up—1,w1}. G; (2 <i < p—1)is the subgraph attached to u; (2 <i <p—1).
Let G' = G — wy_1w; + uowy, as depicted in Figure 9.

Lemma 4.2. Suppose G' and G are graphs in Figure 9. Then II3(G") > II5(G).

Proof. If t = 2, for p > 3, by Lemma 2.2, we have

p—1
(2p)%(p + 1)V (p 4+ 1)@+D T (de(u;) + p)de wite)

H;(G/) _ =2
13(G p—1
3(G) (2p — 1)@= (p + 2)(P+2)33 1:[2<dG(ui) + p — 1)(de(w)+p=1)
% (p+1) p—1 (d (wi)+p)
_ Gy (p+ DY 11 (dg(u;) +p)etet®
Egﬁg% 33 12 (o (us) +p — 1)ldstu+r=1)
If t > 3, then
p—1
myey  PTEEE D T [da(u) +p) oot
* = —1 —
I5(G) (2p — 1)(2p—1)4433 pH (de:(u;) + p — 1)(de (ui)+p=1)
i=2
_ ep®  (p+1)HY ’ﬁ (dolw) +p)et0
C@p-neeh 4 L (do(u) +p— DWe(w)re1) T
The proof is completed. 0
¢ ¢ U1 W1 Vs
By
= Uo 1 V3 Vo1 s _ Uo D1 U3 Vsoa Ds_1
p—1 G 1 G/

Figure 10. Transformation Bj.
Transformation B): Suppose G is a graph as depicted in Figure 10, K, is a
clique of G, where p > 3. V(K,) = {uo, w1, - ,up—1}. P1 = upv1---vs (s > 3)
is a path attached to up and ujw; is a pendant edge attached to uy. Ng(ug) =
{u17u27 T ,up717v1}7 NG(ul) = {UO,UQa e 7up717w1}~ Gz (2 < ? < p—= ]-) is
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the subgraph attached to u; (2 <i <p-—1). Let G' = G — v5_105 + wyvs, as
depicted in Figure 10.

Lemma 4.3. Suppose G’ and G are graphs in Figure 10. ThenII5(G") > II5(G).

Proof. By Lemma 2.2, we notice that

1+9)(@+2)
M(E) _ (p+2®¥F _ Gihem
M(G) — (p+1)eadss — 4 '

Gp-1 G Hg 1

Figure 11. Transformation Bs.

Transformation Bs: Suppose G is a graph as depicted in Figure 11, K, (p > 3)
and K, (¢ > 3) are two cliques of G. V(K,) and V(K,) have one cut vertex, say
u, in common. V(K,) = {u1,us, - ,up—1,u}, V(K,) = {v1,v2, -+ ,v4-1,u}.
P =vw; ---we (t > 1) is a path attached to v; and Ng(v1) = {u,vs,- -+ ,v4-1,
wi}. G; (1 <i<p-—1) is the subgraph attached to u; (1 <¢<p—1) and H;
(2 < j < g—1) is the subgraph attached to v; (2 < j <g—1). Let G =G -
{uwuy, uug, - - w1, uor, wvg, -+ uvg—1 A+ {wput +{ugvr, ugve, - uvg—1 F+
o+ {up_1v1, up_1v2, -+ ,Up—1Vg—1}, as depicted in Figure 11.

Lemma 4.4. Suppose G’ and G are graphs in Figure 11. ThenII5(G") > II5(G)

Proof. Tt can be seen that dg(u) = p+q—2, der(u) = dg(we) = 1, dgr(wy) = 2

dG(U1) =4q, dG’(Ul) =p+q-2, dG’(u’i) = dG(uz) +q—2 (Z =12, ,p— 1)

dc/(’l)j) = dG(’Uj)+p72 (] =2,---,q— ].) For z € NGi(ui), d(;/(ui) +d(;/(l’) =

dG(ul) + dg(il') +q—2> dG(ul) + dG(x)a i=1,2,--- ,p—1. Forye€ NHj (,Uj)a

dG/(Uj) +dG/(y) = dg(’l)j) +dc;(y) +p—2> dg(vj) —l—dc;(y), 7=2,3,---,q—1.
If t =1, by the definition of II3, it follows that

)
)

p—1
33(p+q) P T (dg(us) +p+2q—4)(de(wirtpi2e)
i=1

Y

p—1
(q+ D6 T (da(u) + p + ¢ - 2)(detatpta=
=1
(dG(ui)+dG(uj)+2q_4)(dc(uinc(ujH20—4)
1<i<j<p-1
[T (dolur) + do(u) el 7 Te)

1<i<j<p—1
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qg—1

I (da(vi) +2p+q — 4)(dc(vi)+2p+q74)
1=2
. —
H (q + dg(’[}i))(Q'f‘dG(vi))
i=2
[I (de(v;) + de (Uj) +2p — 4)(dG(Ui)+dG('Uj)+2p—4)
25i<y<gl
I (da(v) + dg(v;))delv+dav;)
2<i<j<q-1
p—1lg—1
H H (dG(Uz) + dG(Uj) +p+q— 4)(dG(Ui)+dg(’Uj)+p+q_4)
i=1 j=2
. —
(p+ 2q — 2)P2a=2) T] (dg(vs) + p + q — 2)(de i) +p+a—2)
1=2
33(p 4+ q)Pt9
g (q + 1)a+D) (p + 2q — 2)(P+29-2)
p—1lg—1
[T II (da(ui) + dG(’l}j) +p+q— 4)(dG(ui)+(iG(Uj)+p+q_4)
i=1j=2
. —
H (da(vi) +p+q— 2)(dG(vi)+p+q72)
i=2

8 (p +9) " (d () + dg(va) +p+ g — 4o bty
> (q+ 1)(q+1)(p +2q — 2)(p+2q—2)
83(p+ )7 (2p + 2q — 6)20 210
(q + 1)(<1+1)(p +2¢ — 2)(p+2q—2)
I3 (G")

since dg(u1) > p—1and dg(ve) > g—1. If p > 4, then @) > 1. If p = 3, then

I3 (G') 3%(q+3) 1) (29)%7 _ _3%(g+3) 1TV (29
nzg(c) 2 @)@ (2gF D - Let h(q) = (i) @ (2¢1 1) (a1 » where ¢ > 3.

Then Inh(q) = 31In3+(¢+3) In(g+3)+2¢1n(2q)— (¢+1) In(g+1)— (2¢+1) In(2¢+
1) and (Inh(q)) = In ~E3CD_ Note that (g + 3)(2¢)% — (¢ + 1)(2¢ + 1)2 =

(¢+1)(2¢+1)2
* ’ 3,66
4¢q®> — 5q — 1 > 0 for ¢ > 3. Therefore ?12;((%)) > h(3) =258 > 1
The case of t > 2 can be proved similarly. O
&1 'wt . u
By

G Ha—1
Figure 12. Transformation Bj.

Transformation B,: Suppose G is a graph as depicted in Figure 12, K,

and K, are two cliques of G, where p,q > 3. K, connects K, by an in-

ternal path P = w---u' with length s > 1. V(K,) = {ui,ug, - ,up_1,u},
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V(Ky) = {vi,v2, -+ ,v4-1,u'}. Pip1 = vqwy---wy (¢ > 1) is a path attached
to v1 and Ng(v1) = {w,v2, -+ ,vg—1, w1 }. Gi (1 <i < p—1) is the subgraph
attached to u; (1 <i <p—1)and H; (2 < j < ¢g—1) is the subgraph attached to
v; (2<j<qg—1). Let G = G —{uui,uug, - ,utp_1,u'v1,w'va, -+ ,uvg_1}+
{wiu} +{uvr, uve, -+ s urvg—1 } 4 F{Uup_1v1, Up_1V2, -+ Up_1Vg—1}, as de-
picted in Figure 12.

Lemma 4.5. Suppose G’ and G are graphs in Figure 12. ThenII5(G") > II5(G).

Proof. We notice that dg/(u) = 2, dg(u) = p, dg'(v') = 1, dg(v') = q, dev (we) =
2, dg(w) = 1, dgr(v1) = p+q— 2, dg(v1) = ¢, der(wi) = dg(ui) +q — 2
(i =12, ,p—l), dG’(Uj) = dG(vj)+p_2 (.7 =2, 7q_1)' Forx € NGi(ui)a
dor(ui) + dg(xz) > dg(u;) + dg(x), i = 1,2,--- ,p — 1. For y € Ny, (v;),
de(Uj) + dG/(y) > d(;(’l)j) +dg(y), j=2,3,--- ,q— 1.

If t = s =1, in view of the definition of II3, it can be concluded that

-1

P
v B+ T (de(ui) +pt2g—4) o (uaripi2at)
I3 (G") i=1

3(G) ~

p—1
(p+ q)PTD (g + 1)(a+1)(2¢9)2¢ [] (dg(u;) + p)lde(ui)+p)
i=1

(dG(uz) +dG(Uj ) —|—2q_4)(dc(ui)+dg(uj H2¢—4)
1<i<i<p—1

[T (dg(ui) + dg(uy))ldeuitde(u;)

1<i<j<p—1

q—1
[T (de(vi) +2p + g — 4)de o F2rra=
1=2

g—1
T1 (¢ + des(v) (@40
=2

[T (dowi) + da(o;) +2p — 4) e 0ol 120
2<i<j<g-1

1  (da(v) + dg(v;))dewitdav;)

2<i<j<q—1

p—1g—1
[T I (de(ui) + da(vy) + p+ g — 4) e ludtde ) rra=)
i=1 j=2

q—1
H (dG’(Ui> + q)(dG(U'i)"FQ)
=2
p—1g-1
s 111 (dG(ui)+dG(vj)+p+q74)(dG(ui)+dG(’Uj)+p+q_4)
i=15=2
> .
+1)(at) (2¢)2a ¢l
(g+1)(H) (2q) T] (de(v:) +q)(deviria)
=2
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If ¢ = 3, then
I5(G") > 4433(dG(U1) +dg(v2) +p— 1)(dG("1)+dG(U2)+p—1) -
15(G) 4466 -
If ¢ > 3, then
I5(G") 433 (de(ur) +da(ve) +p+q—4)(de(uirde (varipta)
I5(G) (q +1)(@t1) (2g)%
. (d(;(ul)+dg(1)3)+p+q74)(dG(“1HdG(03)ﬂ’+q—4)
>4433(2p +2q — 6)(2P+24=6)(2p 4 2¢ — 6)(2P+22-6) -

- (g + 1)la+1)(2¢)2

The cases of t,s > 1;t=1,s >1ort > 1,s =1 can be proved similarly as
the case of t = s = 1, and we omit the details. O

Let G € Gy (n, k). In order to get the maximum IT3(G), we first provide a
definition and a notation. Suppose K, (p > 3) and K, (¢ > 3) are two cliques in
G. If K, connects K, by a path P (perhaps |E(P)| = 0, namely K, and K, has
a vertex in common which is a cut vertex of G) such that P doesn’t intersect
some other cliques K, with » > 3, we call K, and K, are adjacent. Denote
G, ={G| G € Gy (n, k) is the graph obtained from K,,_j by attaching at most
one pendant path to each of its vertices}. Clearly, {G}l,k, Gi,k, Gi,k} C Gk

Theorem 4.6. Suppose G € Gy (n, k), where 1 <k <n —3. Then
(i) if 1 <k <2, I5(G) < (n—k+ 1)n—F+Dk2n — 2k)n=20)(3) (27, —

2
2k — 2)(2"_2’“_2)("72%)(271 — 2k — 1)@n=2k=Dk(n=2K) wyith equality if and only if
G =~ Gl s

(if) if 2 < k < 20, TT3(G) < (n—k+2)(n=k+2@k=n) (97 _ o) 2n=20)("5") (5
k4 1)kt @n=3k)33Ck=n) with equality if and only if G = G} i

(idd) if 2 < k <n—3, I3(G) < (n—k+2)n= k=R (2 2k)@n=21("")
33(n=k)g4Bk=2n) with equality if and only if G = Gi,k'

Proof. Suppose G € Gy (n, k) has the maximum II. First some claims will be
given.

Claim 1. Each cut vertex of G connects exactly two blocks, and all blocks of
G are cliques.

Proof. By contradiction. Assume that x is a cut vertex in G, and G — z =
Ui, Gi, where r > 3. Choose y € V(G2)\{z} and z € V(G,)\{z}, and let
G* = G + yz. Clearly, G* € Gy (n,k). By Lemma 2.1, it follows that II3(G) <
IT5(G*), a contradiction. Thus, we get that each cut vertex connects exactly two
blocks of G. Moreover, by Lemma 2.1, we can conclude that all blocks in G are
cliques. O
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By Claim 1, the following Claim 2 is obtained.
Claim 2. If two cliques K, K, with p,q > 3 of G are adjacent, then the path,
say P, connecting K, and K, is either |E(P)| = 0 or an internal path.
Claim 3. Let K, be an endblock of G. Then ¢ = 2.

Proof. We prove this claim by contradiction. Suppose that ¢ > 3. Let K,
(p > 2) be a clique such that K, connects K, by a cut vertex, say u. By Claim
1, w is not the cut vertex of some other cliques. By Lemma 4.1, G can be changed
to G’ by transformation B; with a larger II5, which contradicts the choice of G.
Hence, ¢ = 2. U

By Claim 1, we suppose that K, , K,,, -, K, are all of the cliques in G.
Claim 4. Let K,,,, K,,, -, K,, be all of the cliques in G. Then there is only
one clique K,,, with n; > 3.

Proof. To the contrary, suppose that there are two cliques K,, K, (K,, K, €
{Kn,,Kn,, -+, Ky, } and p # ¢) such that K, is adjacent to K, where p,q > 3.
By Claim 3, it can be seen that K, and K, are not endblocks. Furthermore,
by Claim 1, we can choose two such blocks such that at least one of them has a
pendant path attached to one of its vertex. Suppose without loss of generality
that K, is one of such cliques which has a pendant path, say P11 = viwy - - wy
(t > 1), attached on v1 € V(K,). By Claim 2 , we can see that K, connects K,
by a cut vertex u or an internal path P = u---u’ with length s > 1. By Lemma
4.4 or 4.5, G can be changed to G’ by transformation B3 or By with a larger
IT5, a contradiction. d

Claim 5. Suppose K, is the only clique with p > 3. Then p =n — k.

Proof. In view of Claim 1 and Claim 4, it can be concluded that there exist k41
cliques in G and among them, k cliques are isomorphic to Ks. Furthermore, G €
Gy (n, k), and each cut vertex belongs to two cliques, we can get immediately
that 2k +p—k =n. Asaresult, p=n—k. O

Claim 6. Let H € Gy . Then IT5(H) < TI3(G), ) or TI3(H) < II5(G} ;) or
I3 (H) < I5(G5, ).

Proof. Let H € G,, , such that H has the maximum II5. If H = G}z,k or Gi,k
or G2 ., the claim holds. Otherwise, H € G”yk\{G’}L,k7G’IQ’L,k7G§L,k}' Then H
satisfies the following (i) or (i4).

(i) There is a vertex of K,_j with no pendant path attached in H, and H
has a pendant path with length equal or more than 2;

(#¢) H has a pendant edge and a pendant path of length greater than 2.

By Lemma 4.2 or 4.3, H can be changed to H' by transformation By or B}
with a larger IT%, which contradicts the assumption of H. O
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By Claim 4 and 5, it follows that G € G, . By Claim 6, it follows that
II3(G) < M3(GL ;) when 1 <k < % 1I3(G) <TI5(G?% ;) when % < k < 2 and
I3 (G) < H;(Gf’l’k) when %” <k<n-3. O

5. Modified second multiplicative Zagreb index of graphs with fixed
vertex connectivity or edge connectivity

Lemma 5.1. Let G2 K,V (K, UK,,) and G' 2 K,V (K,,,_1UK,,11), where
ni+ng=n-—s,ny >n1>2. Then

5 (G > I5(G).
Proof. By the definition of II3, it follows that

TI5(GY)  (2ny + 2ny + 25 — 2)@miF2nat2s-2)(5)

I3(G) (2n) +2ns + 25 — 2)(2”1””2*25*2)(3)
(201 + 25 — 4)2m+2s=0("% ) (9, 4 2)(2n2t29)(
. (2n1 + 2s — 2)(2”1*‘25_2)(731)(2712 + 925 — 2)(2n2+28—2)("22)
(21 + g+ 25— 3)2rrtnztB8)s(ni—1) 2y 4y 25— 1 f(Drtnat2s-1)s(nztl)
(201 +ng+2s—2)2ntnat2s2)sm (2, 4y +25—2) (2natnat2s—2)sns
(2ny + 25 — 4)@mF2s— OG0, 4 9 g)(2na+2s) 1250
(2 + 25 — 2)@m+2s-2) A= 0 | o5 9y(2na+25-2) 22020

(n4s—34ny \rte3tmlna=l) (n 45— 1 4, frtstna)natl)
. ((TL Ts_92+ nl)(n+s—2+n1)n1 (n4+s—2+ n2)(n+s—2+n2)n2 >

n22+1)

By Lemma 2.3 and 2.4 (a = n + s — 2), we have % > 1. O

Theorem 5.2. Suppose G is a graph of order n > 4 with vertexr connectiv-
ity K < n — 1. Then I5(G) < (k +n — 1)tn=Dr(2n — 2)(2"*2)(3)(271 -

3)(@n=3)r(n=r=1)(2p — 4)(2”’4)(%571) with equality if and only if G =2 K, V
(K1 UKy —1).

Proof. Choose G such that G has the maximum II5 among all graphs of order
n with vertex connectivity x. Assume that X is a vertex cut with |X| = k of
G such that G — X has k components, say G1,Gs,- - , Gy, where k > 2. Let
ny = |V(Gy)| and ny = |[V(G2 U --- UG,)|. Tt is clear that G is a spanning
sub-graph of K,V (K,,, UK,,). By Lemma 2.1, II5(G) < II5(K, V (K., UK,,)).
Moreover, by Lemma 5.1, G 2 K, V (K1 U K;,_x—1). O

Theorem 5.3. Suppose G is a graph of order n > 4 with edge connectiv-
ity A\ < n—1. Then I5(G) < (A +n — 1)Atn=DA(2p — 2)(2"_2)(3)(271 -

n—A—1

3)@En=3)A(n=A=1)(2p — 4)(2"74)( >7") with equality if and only if G = K, V
(Kl U an)\fl)-
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Proof. Choose G such that G has the maximum II5 among all graphs on n
vertices with edge connectivity A\. Suppose the vertex connectivity of G is . It
follows that kK < A < n—1. By Theorem 5.2, we have G = K,V (K1 UK,,_x_1).
Furthermore, K,V (K1UK,,_._1) is a spanning sub-graph of KV (K;UK,_»_1)
for k < A, in view of Lemma 2.1, the theorem holds immediately. O

Remark 5.1. In [20], Wang et al. determined the graph K* (obtained by adding
a vertex to a clique K, _; and joining the vertex to exactly k < n — 1 vertices of
K,,—1) which has the maximum modified multiplicative Zagreb indices in graphs
with vertex connectivity or edge connectivity at most k. The values of modified
multiplicative Zagreb indices of KZ in [20] are wrong. It is clear that Kfl =
K V (K1 UK,_k—1). When we obtain the maximum modified multiplicative
Zagreb indices in graphs with vertex connectivity or edge connectivity at most
k, it seems easier to read writing like this section.
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